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INEXACT LINEAR SOLVES IN THE LOW-RANK
ALTERNATING DIRECTION IMPLICIT ITERATION FOR
LARGE SYLVESTER EQUATIONS*

PATRICK KURSCHNER'

Abstract. We consider iteration for approximately solving large-scale algebraic Sylvester equations. Inside every
iteration step of this iterative process, a pair of linear systems of equations has to be solved. We investigate the situation
when those inner linear systems are solved inexactly by an iterative method such as, for example, preconditioned
Krylov subspace methods. The main contribution of this work are thresholds for the required accuracies regarding
the inner linear systems, which dictate when the employed inner Krylov subspace methods can be safely terminated.
The goal is to save computational effort by solving the inner linear system as inaccurately as possible without
endangering the functionality of the low-rank Sylvester—ADI method. Ideally, the inexact ADI method mimics
the convergence behavior of the more expensive exact ADI method, where the linear systems are solved directly.
Alongside the theoretical results, strategies for an actual practical implementation of the stopping criteria are also
developed. Numerical experiments confirm the effectiveness of the proposed strategies.
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1. Introduction. We consider the numerical solution of large-scale algebraic Sylvester
equations of the form

(1.1) AX + XB = —fg*

with large coefficient matrices A € R"*" and B € R™*™, the sought-after matrix X €
R™>" and a factorized right-hand side with f € R™*" and g € R™*" which have full column
rank r < n, m. Sylvester equations play a vital role in many application areas, for instance,
control theory, model order reduction [1, 38], and image processing [11], and they often arise
as a crucial ingredient in algorithms in more complicated matrix equations [10, 20, 29, 39].
We refer to the survey article [35] for further details and examples.

For equations defined by small to medium-sized coefficient matrices, methods based on
matrix factorizations can be used, such as the Bartels—Stewart and related methods [2]. When
only one coefficient matrix (A or B) is large and sparse, while the other one is small and dense,
special methods are applicable [5, 38]; and see [17, Section 7.6.3].

In this work we treat the case when both coefficients, A and B, are large and sparse
matrices and the right-hand side is of low rank. For this scenario, one can show that the singular
values of the solution X typically decay rapidly towards zero [13, 18, 31]. This motivates the
computation of a solution approximation of low rank in factored form X ~ ZI'Y*, where Z
and Y are thin rectangular matrices and the middle matrix I" has conforming size. In recent
years, different (rational) Krylov subspace projection methods have been proposed for this
purpose; see, e.g., [10, 12, 16, 19, 21, 30]. Another method for this situation, and the focus of
this study, is the low-rank (LR) version of the alternating direction implicit (ADI) iteration
[6, 8, 11,40, 41].

Inside every step of the Sylvester ADI iteration, linear systems of equations must be
solved. Solving these inner linear systems is computationally the most expensive part of
every iteration step, and, if direct solvers are not applicable, a further, inner iteration can be
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used in order to obtain approximate solutions. Typically, one uses preconditioned Krylov
subspace methods for this purpose. We develop estimates for the required accuracies regarding
those linear systems which will dictate when the inner Krylov subspace methods can be
safely terminated, thus potentially saving some computational effort without endangering
the functionality of the low-rank Sylvester ADI method. A peculiarity of the Sylvester ADI
approach is that a pair of linear systems must be solved in every step. These linear systems are
defined by shifted versions of the coefficient matrices A and B. Hence, one must determine
two connected stopping criteria, for which we present strategies.

The paper is structured as follows. In Section 2 we review the Sylvester ADI iteration
and its properties, which we then modify to incorporate inexact solutions of the inner linear
systems. Afterward in Section 3, we develop dynamic inner stopping criteria for the iterative
solution of the arising linear systems and analyze their effect on the Sylvester ADI iteration.
We also discuss the actual implementation of these stopping criteria inside the ADI iteration.
Section 4 demonstrates the findings by some numerical experiments, and Section 5 concludes
and gives some potential future research directions.

1.1. Notation. Throughout the paper, if not stated otherwise, we use || - || to denote
the Euclidean vector and associated induced matrix norm; and (-)* stands for the transpose
(respectively, complex conjugate transpose) for real (respectively, complex) matrices and
vectors. The identity matrix of dimension k is denoted by [; with the subscript omitted
if the dimension is clear from the context. The kth column of the identity matrix is de-
noted e;, and 1j, := [1,...,1]* € R*. The spectrum of a matrix A € C"*" and a matrix
pair (A, M) is denoted by A(A) and A(A, M), respectively. The smallest (respectively,
largest) eigenvalue in magnitude of a matrix A is denoted by Anin (A) (respectively, Amax(A4)),
p(A) = max{|A|, A € A(A)} is the spectral radius, and W(A) = {z = 2*Ax : 0 # z €
C™, ||z|| = 1} is the field of values. The symbol ® denotes the Kronecker product. For
AeC" " geC,and o ¢ —A(A), a two-parameter Cayley transformation is given by

(1.2) C(A,a,B8) = (A—BL)A+al,) ' =1, — (B+a)(A+al,) ™"

2. Inexact low-rank ADI iteration for Sylvester equations. The Sylvester equations
(1.1) have a unique solution, if and only if A(4) N A(—B) = (. This is, in particular, fulfilled
if A(A),A(B) Cc C_ (or A(A), A(B) C C,), which is assumed in the remainder of the paper.

2.1. Derivation and review of basic properties. For every 5 ¢ A(A), o ¢ A(B),
« # f3, the continuous-time Sylvester equation (1.1) is equivalent to the discrete-time Sylvester
equation

X =C(A,B,0)XC(B,a,B) + T(a, B),
where
T(a,B) :=—(B+a)(A+BL,) " fg"(B+ aly,) "

and C(-, -, -) are two-parameter Cayley transformations (1.2). This motivates the non-stationary
iteration for k = 1,2,.. .,

X =C(A, Br, o) Xp—1C(B, au, Br) + T(a, Br)

2.1
( ) :Ck(A)kalck(B) +Tk:7

where we have introduced varying parameters a;, and [ throughout the iteration. This is the
alternating direction implicit iteration for algebraic Sylvester equations [40].
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The error and the Sylvester residual matrix after & steps of the Sylvester ADI scheme (2.1)
are given by

(22) Xk — X = Ak(Xo — X)Bk, Rk = AXk + XkB + fg* = AkRoBk,

k k
Ak = HC(A7ﬁi7ai)v Bk = HC(Baa’MﬁZ)

=1 i=1

The iteration is convergent, for example, when p(Cr(A))p(Cr(B)) < 1 for all k > 1. A rapid
decrease of error and residual can thus be achieved by minimizing this product of the spectral
radii of Ay, and By, which leads to the ADI shift parameter problem,

k

2.3) min max H
a;,pi€C | 1<4<n -
1<j<m =

(Ao — ai)(pj — Bi)
(Ae + Bi) (s + i)

. A€ A(A), pj € A(B).

Various approaches have been proposed for (2.3), e.g., pre-computing shift parameters
[8, 31, 41] in an offline phase before the actual ADI iteration, based on either elliptic func-
tion regions or heuristic strategies. In contrast, more recent developments were focused on
computing one pair (ay, B ) of parameters at a time online during the running ADI iteration
[7, 22]. In this study, we assume that the pairs (ay, i) that guarantee convergence of (2.1)
are given in advance. This is purely for reasons of simplification, as the upcoming results on
the stopping criteria do not depend on the way the shifts are generated.

A low-rank version' of the ADI iteration [8] is obtained by setting Xy = 0 in (2.1)
and exploiting that the matrices (A + Bx1)~! and (A — oy I) as well as (B + axI)~! and
(B — B 1) commute. This allows us to formulate (2.1) for £ > 1 as

(2.4a) 2= (A+p/lL)""f, s1=(B+oaln) g,
(2.4b) 2p = zp—1+ (Be — ar—1) (A + Biln) Lz,
(2.4¢) Yk = Yr—1 + (o — Br—1)(B + L) Typ_1,

which produces solution approximations in low-rank format:
X =~ Xy = Z,TLYY  with  Z = [21,..., 2] € C™FT,
Iy = diag (Fk—h (Bk — Oék)IT) S CkTXkr, Y. = [yl, Ce ,yk] S mekr'

The column dimensions of Zj and Y}, grow by r columns after each iteration step, so that also
their ranks grow. To reduce the memory demand, column compression techniques can be used,
for instance after the iteration terminates.

It can be shown [6, 22] that the residual matrix (2.2) at step k has at most rank r and is
given by the low-rank factorization

(2.5a) Ri = wity,

where

(2.5b) wy = A f = wo + Ziyy, = wi—1 + (A + Bel) M wp_q € TV,
(2.5¢) i = Brg = to + Vv, =tk + T(B + apl) tp— € C™X7,
with

(2.5d) wo:=f, to:=g, Y= ®L, Yki=—(Bk+ )

IThis version is also called factored ADI iteration (fADI).
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This allows one to compute the residual norm ||Ry|l2 = ||wit}||2 more efficiently, and
the residual factors wy and t; can be directly integrated into the low-rank Sylvester ADI
iteration (2.4), which then becomes

(2.62) 2= (A+ Bel) 'wp—1, wi =wp—1 + Wz, wo = f,
(2.6b) = (B+apl) "tr—1, th=tpg—1+Veyr, to:=g-
This is the form of the iteration used nowadays.

Generalized Sylvester equations. For two given additional non-singular matrices
M € C"*™ and C € C™*™, generalized Sylvester equations are of the form

2.7 AXC+ MXB=—fg".
The low-rank ADI iteration can be generalized in a straightforward manner to

Xi =C(AM ™, By, a) XC(C' B, By, o) + T,
with
Tr = —ve(A + M)~ fg* (B + o, )7L

The corresponding low-rank iteration (2.6) transforms in that case [6, 22] to

(2.82) 2 = (A4 BM)  wp—1, wp =wp—1 + Mz, wo = f,
(2.8b) yp = (B+aC) "tp—1, e =tpe1 +CYr, to:i=g.

The spectra A(A) and A(B) in (2.3) have to be replaced by the spectra A(A, M) and A(B, C),
respectively.
REMARK 2.1. Note that

wi = wi—1 + WM (A + B M) wp—1 = (A — apyM)(A+ BeM) twi_4
= (AM™ — ap )(AM ™ + B I) " twp— 1 = Co(AM ™ Ywy,_q,

ty =the—1 + TC*(B+ aC) "tg—1 = (B — BC)" (B + C) ™ "tr—1
=(C'B =B )*(C'B+ apI) *ty_1 = C;(C'B)ty_1,

indicating that the matrices of AM ~! and C~! B appear only for notational purposes and will
not be formed explicitly in an actual implementation.

We will mostly consider the more general version (2.8) in the remainder of the paper.

The most expensive parts inside each step of the outer ADI iteration (2.6) and (2.8) are the
solutions of the inner shifted linear system with (A + 8, M), (B 4+ o, C)*, and r right-hand
sides for zj, and y.

In this study, we discuss the situation when 2z and y, are only approximate solutions of
the linear systems but the remaining steps in (2.6) and (2.8) are kept unchanged. This gives
the inexact low-rank ADI iteration illustrated in Algorithm 1. Let

= w1 — (A+ M)z, with |Jrg | < 67,

(2.9) .
e i=te — (B+ BC) 'y with [[rf]] <67

be the residual vectors with respect to the linear systems. We generally refer to rf and rf as

inner residuals. The quantities 5,‘3, ] ,]f > ( indicate the residual tolerances with respect to the

inner linear systems at outer step k of the inexact LR-ADI iteration.
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Algorithm 1: Inexact low-rank ADI (LR-ADI) method for Sylvester equations

Input : A B, M,C, f,gasin (2.7), shift parameters {a1,...,ar}, {B1,.- -, Bk}
and tolerance 0 < 7 < 1.

Output: 7, € C"*"* Y}, € C™*"F T, € C™**"* such that Z, T, Y, ~ X.

wo=f,to=9,Zo=To=Yo=[],j=1

while | w1 T ||| > 7||FG*| do

3 Approximately solve the linear systems for 2y, yx:

[ ST

(A+ BM)zy, = w1, it = llwk—1 = (A+ BpM)zi| < 67,
(B+axC)yp = tier, il = lte—1 — (B + axC) yi|| < 6.

Ve = —(Br + o).

4 W = Wr—1 + Mz, tp =tpi—1 +7C Y.

5 Z = [Zk—1, 2], Yie = [Yi—1, vk}, T = diag (Tr—1, vlr).
k=k+1.

REMARK 2.2. In this work, “inexact” means that the solution process of the linear
systems is the only source of inexactness in the LR-ADI iteration. We do not consider other
errors introduced, e.g., by the finite-precision arithmetic.

REMARK 2.3. An inexact version of the dense iteration (2.1) for positive definite A, B,
M =1,, C = I, and fixed shifts a, = «, B = B, V k > 1, is discussed in [27]. The
motivation in [27] is to ensure asymptotic convergence of (2.1) under inexact inner solves. In
contrast, our analysis is focused on the low-rank iteration with variable shifts and, moreover,
pursues the goal to make the behavior of the inexact ADI iteration as close as possible to that
of the exact ADI iteration. Note that, by our assumptions on the shift parameters, the exact
ADI iteration converges.

2.2. Properties of inexact low-rank Sylvester ADI iteration. Before we can investigate
stopping criteria for the inexact low-rank Sylvester ADI iteration, we need to generalize
some results for the exact iteration [22, Corollary 3.16] as well as for the inexact iteration for
Lyapunov equations [24, Theorem 3.2].

THEOREM 2.4. The low-rank solution factors Zy, and Yy, constructed after j steps of the
inexact LR-ADI iteration (Algorithm 1) satisfy the identities

(2.10) AZy = MZyof + wiEf — S{t,  B*Y;, = C*Yyoh + t,Ef — SE,

with _
a B
Ok = [7 o ® I, op=| " ® I, € G,
Yk o TVk Ok T —'Tkm
Ey:=1,®1I, e R/,
SA =, ] e CVE, SB =B ... rPleCmxrt

containing the residuals of the linear systems (2.9).

Proof. The result for Si* = 0 and SP = 0 has been established in [22]. By construction, it
holds that w; 1 = w; —v;Mz; and Az; = w;—1 — B M z; — r{‘ fori =1,..., k. Combining
the two relations yields Az; = w; + a;Mz; — r;-“. Moreover, successively inserting the
defining relation (2.8a) for the previous residual factors w;, with j = k —1,...,% > 1, into
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the formula for wy, gives, after rearranging: w; = wy, — M Zf;i Vk—j+1%k—j+1. Inserting
this into the expression for Az; gives

k—1
Az; :wk—l—aiMzi—MZ'yk_szk_jH —7“;4, i=1,...,k,
=1
such that
[e5}
—7Y2 G2
A[zl,...,zk]:[wk7...,wk]+M[zl7...,zk]( _ N ®I,,>—S’;€4,

—Yk =Yk Qg

which is the result in (2.10) for AZj. The result for B*Y}, is developed in the same way using
the corresponding relations for ¢x, yx, and r,? . 0

THEOREM 2.5. After k iteration steps of inexact LR-ADI applied to (2.7), the Sylvester
residual matrix is given by

Ry = AZ DY C + MZDWYE B + fg* = with —nit —nP,

(2.11) . X
nit = SETWYEC, ng = MZTR(SP)™
Proof. By construction, it follows from (2.5) that f = wip—M Zy~v,, and g = ¢, —C* Y 7,.
Plugging this and the identities of Theorem 2.4 into the Sylvester residual matrix yields

Ri = MZ, (a0Ty, + Ti(op)" +v7;) YirC + wity — MZ T (SP)* — ST, Y5 C.

The claim follows upon realizing that Iy, is the solution of the following Sylvester equation:
ol + (o) +v,7;=0. O

In the following we call R}"™" = wyt} the computed residual, which refers to the

computation of its norm by means of the outer product of the residual factors wy, and tx, just
as done in the exact LR-ADI. As stated earlier, the norm of this outer product can be computed
efficiently. Plugging X, = Z;,I',Y}" into the Sylvester equation gives the true residual R}
from (2.11). The above properties show that, in the presence of inexact linear solves, there is
a discrepancy between the computed Sylvester residuals R and the true residuals Rj"
given by (2.11).

DEFINITION 2.6 (Residual gap). The residual gap after k iteration steps of the low-rank
Sylvester ADI is defined as

ARy i= R — R = ST Y C + M Z T (SPY* = nit +nf.
Hence, the efficiently computable quantity ||R;™"" || = ||wgt}| is not the correct value of
the norm of the Sylvester residual for the current solution approximation Z;I';Y};". Using it
might give a wrong impression of the iteration’s progress. One would need to estimate the
true residual norm, e.g., by means of a Lanczos process applied to R*R, which is more costly
(see comparison in [6]).

3. Dynamic residual thresholds for inner linear systems. In this section, we investigate
strategies to make the inner residual norms ||r!|| and ||rZ|| as large as possible without
endangering the functionality of the outer ADI iteration. The goal is to achieve that the inexact
low-rank ADI iteration mimics the exact counterpart up to a very small deviation.

Similar to the low-rank ADI iteration for Lyapunov equations, it can be shown that the low-
rank factors Zj, and Y}, span (block) rational Krylov subspaces for AM ~! and, respectively,
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C~*B* [3, 15, 26]. Hence, the low-rank ADI iteration can be seen as a (two-sided) rational
Krylov subspace method. A commonly used approach in inexact (rational) Krylov and related
methods is to enforce a small norm of the residual gap: [|ARy|| < e. If [R;™|| < e, thena
small true residual norm || R || = || Ry™ 4+ ARy| < 2e can be expected. This technique is
often coined relaxation because it usually leads to increasing (relaxed) inner residual norms if
the outer residual norm decreases [9, 34]. The next theorem generalizes [24, Theorem 3.3]
and provides a theoretical strategy for reducing || AR || in the inexact low-rank Sylvester ADI
below a desired threshold after a pre-specified number of outer steps.

THEOREM 3.1 (Theoretical inner stopping criterion for the inexact Sylvester-ADI). Let
the residual gap be given by Definition 2.6 with wy, ti, and i as in (2.8). Let kyax be the
maximum number of steps of Algorithm 1 and 0 < € < 1 a small threshold. Furthermore,
let ¢t := ||C(AM™Y)||, B := ||Ck(C™1B)||, and &, := max(cf, cB) + 1. If, for 1 <k <
kmax, the inner residuals satisfy

g

= A A
G.D Er (I Mltn—o + w1l + 2l [l 1) <

)
kmax

then ||ARk,,.. || < e
Proof. Consider the following estimate:

IAR o | < 1M Z4Tw(S)* || + 1K TRY Cl

(3.2) bmay e
< D MM zil] + i [1ARC* gl
k=1

Moreover, we can bound

lye Moz = M (A + B M)~ (we—y — i) || = [(C(AM ™) = L) (wi—1 — 7)) |
< (i + D([lw—a ]l + [Ir£'1D),

FEC yill = 7eC™ (B + axC) ™ (tu—r — )|l = 1CE(CTB) — Ln) (te—1 — 70|
< (e + D lte=all + 2 1),

and get
kmax
A A A
IAR | < Y (et + Dl (lwr—1 |+ 72D + (e + DI te—all + 72 1)
k=1
Kmax kmax c
. A A
< e llws— |l + [ Nies—all + 207 Hir2 D < D =€
k=1 k=1 ~max

if (3.1) holds. a

Discussion and consequences. We have already observed one striking difference com-
pared to the Lyapunov situation: We do not get a single combination for the largest possible
inner residual norms but instead infinitely many admissible combinations of ||r;}|| and ||rZ]|
that satisfy (3.1). We introduce the following notation:

g ° from (3.1).

max
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B A
[l — ([, IrPl) = 0
é\ admissible tolerances
éllwll == = largest admissible tolerances

_&
eflell

F1G. 3.1. Illustration of the region of admissible inner residual norms with the boundary curve ¥ = 0, where
the thick dashed portion is the set of admissible combinations of largest tolerances. The ADI iteration indices were
left out for readability. The data were generated here with ¢ = 3, & = 10~8, ||t|| = 1072, and ||w|| = 2 x 1073,

Due to the non-negativity of the residual norms, the bounds (3.1) dictate that admissible values
are from the region bounded by

13
<——n 0<|PP € ——\
(3.3) Celltr—1l Cr|lwr—1 ||

U, y) = e (2(ltha ]l + y) + y([wp—all + )

0<[rill < and (|l [, I ll) <&,

The largest admissible inner residual norms are located on the planar curve
0 =(lrill, el = w(lritll, 1) =&,

which is illustrated in Figure 3.1. How to select one particular combination will be discussed
later.
By solving ¥ = 0, e.g., for ||r?

s

” B” _ ac:7ék”frllcqHHtk—ln

(3.4) =- :
Cr 2l [+ llwr—1ll)

we can infer an upper bound for one inner residual from the other. While obeying the
constraints (3.3), the smaller that ||7{|| is chosen, the larger ||rZ|| can be, and vice versa.

If the computed Sylvester residual decreases in norm, the product of the norms of the
residual factors ||wg—1]|||¢x—1] will decrease as well but not necessarily the norms of the
individual residual factors ||wg—_1]| and ||tx—1||. Hence, the absolute inner residual norms
do not need to increase as the outer residual norm ||R;""" || decreases, which forms another
difference to the Lyapunov situation. However, we observe increasing relative inner residual
norms

£ : g Bl :
— v —_ > K
]l = Gl ] Tteall = Tl

since ¢ can be bounded by a moderate constant, as we will discuss later. Note that, for r = 1,

we even have |[Ry™"7|| = |lwk—1|||tk—1], so that

A
Tl el = @R
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3.1. Distance between exact and inexact Sylvester ADI with dynamic inner solve
tolerances. We now establish a relation between the (norms of the) computed Sylvester
residual matrices of both exact and inexact Sylvester-ADI, where the dynamic inner stopping
criteria from Theorem 3.1 are used in the latter.

THEOREM 3.2. Assume kmax Steps of both exact and inexact Sylvester-ADI are applied
to a Sylvester equation using the same set of shift parameters (g, Br), 5 = 1,. .., kmax. We
denote the quantities of the exact LR-ADI iteration by superscript ** and 0 < ¢ < lis a
small threshold. If the condition (3.1) is used in the inexact ADI iteration, then

IRie |l < IR + OCe).

kmax kmax

Proof. First, following the construction of the residual factors wy, and ¢ in Algorithm 1,
we find that

wy = Cu(AM  Ywy—1 + (I — CL(AM~Y))rt
k k
:'”:wzxact_’_z H CZ(AMl)‘| (]—Cj(AMfl))T’f,
j=1 Li=j+1
th = Ce(CT'B) 1 + (I — C(CT'B)* )i

k k
_ t;:cxact + Z H 61(071

j=1 Li=j+1

| =C(CTIB) )y,

which generalizes [24, Lemma 3.1]. Then,
IR | = llwntil
< [[(Cu(AM ™)) wye—1t;_1 Cu(CT' B)|
+ (e + ek it Mite-1ll + (e + el Hllwe—]
+ (e + (et + Dl 2,
where we have used the constants cﬁ and ckB introduced in Theorem 3.1. Consequently,
(c;;‘ + DBl el + (€ + Dl llwe— ]l + (cf + (el + DlrlIrE |

3
Rl M I+ I Ml |+ 20l 1) < e

max

Repeating this process again for wy_; and ¢t5_1 for 1 < k < k. — 1 eventually yields

IR || = H ( ﬁxck AM™ >w0t0< ﬁxck >

kmax

= IRl + & Z & 0

mwx

kmax

+ch

max

Combining Theorems 3.1 and 3.2 yields the following conclusion.
COROLLARY 3.3. Under the same conditions as in Theorem 3.2 we have

IR | < IRGe I+ ARk | < IR+ | 1+ Z
kmax kmax
Hence, if (3.1) is used, then the true Sylvester residual norms in the inexact LR-ADI are a
small perturbation of the residuals of the exact method, provided that the ¢ are bounded by
moderate constants, which we will discuss next.
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3.2. Practical and implementational considerations. Here, we discuss some ways for
the practical usage of the stopping criterion (3.1) in an actual implementation of the low-rank
Sylvester ADIL

3.2.1. Estimating the spectral norms. First, we are going to bound the constants cﬁ,
ckB, and ¢. For this, we require some additional assumptions:
o The rational functions defining both Cayley transforms,

z— B

z+ oy’

r — O

, k> 1
x + Bk

i (z) = i (x) = > 1,

are, for all k > 1, analytic on W(AM ~1) and, respectively, W(C~!B).
e It holds that

A A B B
= max 10) <1, = max 10} <1
1 2EW(AM—1) | k (Z)| e zeW(C—1B) ‘ k (Z)|

Then, by [14],
ch =lIC(AM )| < gt <y, of =|IC(CT'B)| < ¥P¢” <P,

where 4 = 14 /2 (but * = 1 if AM ! is normal) and similarly for 1)” and C~'B. As a
consequence, we can bound the constants as

i <ci=24+V2.
Practical stopping criteria. Additionally, if we use €/(2¢kkmax) instead of €/ kyayx for
the condition in Theorem 3.1, then we achieve

max max max max

IR | < RG4S and (RIS, < RS + &

in Corollary 3.3. Replacing ¢, by the bound c leads to

(335) I el + I |+ 20N | < € = ¢

C max
as the practical realization of (3.1). Here, 0 < ¢ < 1 is a safeguard constant for situations
when the above assumptions are mildly violated. Note that similar small safeguard constants
are common in inexact (rational) Krylov methods [24, 34, 36]. In most of our experiments,
& =1 was sufficient.

3.2.2. Incorporating inner residual norms and residual gaps. The proposed stopping
criterion requires the norms of the inner residuals, which can often be directly obtained from
the employed Krylov subspace methods.

Back-looking . The previous inner residual norms can be used to further refine the
dynamic stopping strategy. Assume the inner solvers achieved

Al |l=— 1%
12 Ml Mzl + I3 AC s <

- kmax

for 1 < j <k — 1. In the bound (3.2) we can at step k try to achieve

e ke
AR < ARkl + [I7 v Mz || + 7 | ARC ]| < :

- kmax
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which leads to

ke

kmax

G0 &l Mtk—rll + [l Mwe—1 |l 202 [ ) + 1ARg-1 ]l < :

As in [24], the reasoning behind this approach is to look back at all previous inner
residuals and also to incorporate the previous residual gap || ARy_1||. Hence, we will refer
to this strategy as “back-looking”. This might allow the incorporation of instances when, at
some of the earlier steps 7 < k — 1, smaller inner residuals than requested were achieved by
the inner solvers, allowing us to use slightly larger inner tolerances at step k.

The back-looking strategy (3.6) requires the previous residual gap to be |ARg—_1]| =
||77,‘€4_1 +nB ||, which might be expensive to compute and, moreover, would require storing
all previous inner residuals. Here, we simply use, for k£ > 2, the approximations

ARkl < llmi sl + iy | < w1 + ve-1,
(3.7 up—1 = tp—2 + el |Mzrallllrg o, wo =0,
vk—1 = ve—2 + [V [|C*yeallllrisll, w0 := 0.

The matrix—vector products M z;_1 and C*yx_1 can be reused from step 4 of Algorithm 1.
As a practical realization of (3.6) we propose

1 ke
38 it lllte—ll + £ Mwe—ll + 2rElllrdll < = |€
¢ |” 2¢kmax

— Up—1 — Vk—1| =: k.

Here, we have again replaced ¢, by ¢, divided the right-hand side of (3.6) by 2¢, and introduced
the safeguard constant £. The subscript &k in £, now indicates the dependence on & on the
right-hand side of inequality (3.8).

3.2.3. Selecting one particular combination of solve tolerances. From the infinitely
many possibilities for the inner tolerances, we have to select one combination in an actual
implementation. First, for reasons of feasibility, we may restrict the inner accuracies to some
minimal and maximal levels via

0< 5?1in S 5]? S 611?13,)(3 0< 551111 S 5kB S 5r§ax'
Then, one simple selection for 5,? could be to pick it somewhere from the middle of the
boundary curve of (3.3) and compute 67 via (3.4), as illustrated in Figure 3.2. A strategy that
worked well in our experiments is to set

5]? = max <1 <min <5£axa 6) - 5rﬁin> 7611?1in) )
2 k-1l

£ — 58 [t
6,’5 = max <min (Wﬁﬁm) vérﬁin) )
2611 + [Jwp—1||

(3.9)

where ¢ is from (3.5). If the back-looking strategy is used, then £ from (3.8) is inserted
in (3.9) instead.

Since any point of the curve ¥ = 0 is admissible, we may move this point so that smaller
inner residuals are favored for the linear system, which is easier and/or less costly to solve,
and thus allow larger residuals for the other linear system. For example, if the linear system
with A 4+ S M can be solved more easily and faster than the one with B + «;C, we set
(3.10) o =64

min

and 672 via(3.9).
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B A
[l (|l P =0
& admissible tolerances
¢llwl| = = = admissible tolerances on ¥ = 0

FIG. 3.2. Extension of Figure 3.1 illustrating the region of admissible inner residual norms with the set of
admissible combinations of largest tolerances (thick dashed line). The square marks one possible combination from
this set. The straight dashed-dotted lines indicate minimal bounds 6r1?1in and 6£in for the inner residual norms.

In the reverse situation, we analogously select 67 = §B, and the largest admissible ;.

As indicators as to how difficult or costly the iterative solution of a linear system is, one could
look at, for example, the size of the matrix, the cost of the matrix—vector products (sparsity
density), the condition number of the matrix, or a mixture thereof. A more general idea for
selecting a combination might be to minimize some cost function (encoding the cost of solving
both systems) constrained to the set of admissible largest tolerances. Experiments with these
strategies led to working tolerances, but, unfortunately, there was hardly any performance
gain at all compared to the simpler selections mentioned before. Additionally, extra costs plus
several further tuning parameters were introduced for solving the constrained minimization.
Hence, these strategies are not pursued further here.

Combination of direct and iterative linear solves. A similar situation arises when the
linear systems of one sequence, e.g., those with A 4+ 8 M, can be solved by sparse direct
solvers, and the other linear systems, i.e., those with B + a4, C, require iterative methods, or
vice versa. Since direct solvers do not need stopping criteria, selecting a residual threshold is
only required in the other sequence. For example, if the systems with A + 8 M are solved
directly and, ideally, we have |7 ~ 0, then the proposed practical stopping criteria (3.5)
and (3.8) simplify to

3

IS 77—
[

g :
k-1l

Note that this bears some similarity with the simplified stopping criterion for the inexact
LR-ADI iteration for Lyapunov equations [24]. There, the bounds are of the form ||rg| <

é/||R§€°flle/2,where |wi—1]| = [R5 "F||*/2. For the Sylvester ADI and 7 = 1, the computed
Sylvester residual norms are |[R;™7|| = [|wg—1]||[te—1]], so that ||wr_1]| = [|Ry"T|P for

some 0 < p < 1.

3.2.4. Further implementation aspects.

Choice of inner iterative solver and preconditioning. The motivation behind low-rank
solvers for large matrix equations was to compute the approximate solution in a memory-
efficient way. This should be maintained also in the inexact low-rank method, and we therefore
strongly advocate the use of short-recurrence Krylov methods for solving (non-symmetric)
inner linear systems. Working with a (non-restarted) long-recurrence method such as GMRES
for solving non-symmetric inner linear systems requires storing the full Krylov basis and
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hence might hinder working in a memory-efficient way (especially if the memory requirements
for GMRES exceed those for the low-rank factors). Of course, having a very effective
preconditioner would limit the memory requirements.

If rank fg* = r > 1, every inner linear system has r right-hand sides. One could
then use special block Krylov methods (see, e.g., [28, 37]). In our experiments, this had
no advantage over simply employing the single vector methods to every column w1 (:, £),
tg—1(:,0), £ =1,...,r. As stopping criterion, we simply used || (:, )| < dx /7.

The proposed stopping criteria require the norms of the residuals r of the underlying
inner linear systems. If left or two-sided preconditioning is used, the preconditioned Krylov
method will internally work with the preconditioned residuals, which might be different from
the true inner residuals. Hence, we therefore used mostly right preconditioning, which does
not suffer from this issue. In the other cases, we computed the true inner residual norms after
termination of the Krylov method and ensured that || || < d5 was met.

Complex shift parameters. For Sylvester equations defined by real but non-symmetric
coefficient matrices, the sets of shifts {a;}¥_, and {8;}%_, can include pairs of complex
conjugate shifts. In order to minimize the amount of complex arithmetic operations and to
generate real low-rank solution factors Zj, I'y, and Y}, the results in [6, 22] can be used.
The main idea is to perform a double iteration step when a complex pair of a-shifts meets a
complex pair of -shifts or two real S-shifts or vice versa. In this way, only one complex linear
system needs to be solved per complex conjugate pair of shifts, but the arising variant of the
low-rank Sylvester ADI involves rather cumbersome formulas. Therefore, here we stick to the
possible complex formulation of the method. Note that in most of the upcoming experiments
the used shifts were entirely real. As in the inexact low-rank Lyapunov ADI iteration, using
the real formulation of the Sylvester ADI only involves some minor adjustments for the
estimate (3.7) when the back-looking strategy (3.8) is used and a double step occurs.

Related matrix equations. In addition to the generalized Lyapunov equation (B = A*,
C = M*, g = f), also cross-Gramian Sylvester equations (B = A, C' = M) and symmetric
Stein matrix equations (B = M*, C = —A*, g = f) are special cases of (2.7). Hence, with
the appropriate adaptations, Algorithm 1 can be employed as well (see [6, 22]) including the
proposed dynamic stopping criteria of this work.

4. Numerical experiments. The following experiments were carried out in MATLAB
2023a on an Intel Core 2 i7-7500U CPU @ 2.7 GHz with 16 GB RAM using the implementa-
tion of Algorithm 1 from [23]. We wish to obtain an approximate solution such that the scaled
Sylvester residual norm satisfies

Re=[IR™|/llfg"ll <& 0<é<1

In all the upcoming experiments £ = 1078 is used.

As inner Krylov subspace solvers, we use BiCGstab for non-symmetric coefficients
A+ BxM, B + a,C, and we use MINRES in the symmetric case. Note that, if 5 € C,
then A + ;M is non-symmetric even if A and M are symmetric, and thus this requires a
Krylov method for non-symmetric linear systems. Sparse-direct solves are carried out by the
MATLAB backslash routine.

Shift parameters for the Sylvester-ADI are generated either by the heuristic approach
from [8] (using 10 Ritz values for each of A and B and 20 inverse Ritz values of A~! and
B~1) or for real spectra also by the analytic approach of Sabino [31, Algorithm 2.1] (using
approximations of the extremal eigenvalues from both spectra obtained with the MATLAB
routine eigs).
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TABLE 4.1
Examples used in the experiments with matrix properties, settings for preconditioners, and shift selection. Here,
iLU(X,v) and iC(X, v) refer, respectively, to incomplete LU and Cholesky factorization of the matrix X with drop
tolerance v. The last column indicates which ADI shift selection strategy (analytic approach by Sabino or heuristic
method) is used.

Ex. n, m | Coefficients r | Sym. | Prec. Shifts
125000 | A: w =0, M =1, 5| yes | iC(—A4,0.1) Sab.
! 27000 | B:w=0,C=1Ip, 51 yes | iC(—B,0.1) Sab.
512000 | A: w = [zsin(z), ycos(y), ezz_l}T, 3| no |iLU(A4,0.1) heur.
M=1,
2 27000 | B: w = [zy(z*—1),1/(y*> +1),¢*]%,| 3 | no |iLU(B*,0.1) heur.
C=1In
125000 | A from Example 1, M = I,, 51 yes | iC(—A,0.1) heur.
3 22500 | B: two-dim. version of (4.1) with 5| yes | — heur.
w=0,C=1I,
106641 | A, M from 2| yes | iC(—A—pBrM,0.1) | heur.
simplifiedMachineToolFineSA1 [32]
4 35408 | B, C from 2| yes | iC(—B—aC,0.1) | heur.
simplifiedMachineToolFineSA2 [32]

The coefficients in some of our experiments come from finite-difference discretizations of
convection—diffusion operators

4.1 L(u) = —-Au+w-Vu on(0,1)*

with different w € R3. A uniform grid with ng points in each spatial dimension was used,
leading to matrices of size n3 x nj. The right-hand side factors f and g are drawn from a
normal distribution and are rescaled so that || f|| = ||g||. Table 4.1 gives an overview of the
examples and the settings for preconditioners and ADI shift selection methods.

Example 2 is set up similarly to an example in [21]. The matrix B in Example 3
comes from a two-dimensional finite-difference discretization, and the arising linear systems
can be efficiently solved by direct methods. Hence, only the inner tolerances 5,? must be
chosen. The matrices of the generalized Sylvester equation in Example 4 come from a finite-
element discretization of the heat transfer across a machine tool [33]. Here, updating the
preconditioners in every ADI iteration step is required to achieve a reasonable performance of
the inner MINRES solver. In all other experiments, fixed preconditioners were sufficient.

We will monitor the performance of Sylvester-ADI with fixed tolerances, using 5;3’]3 =
£/20, and with the proposed dynamically chosen inner solve tolerances. Unless stated other-
wise, Omin = £/20 and dyyax = 0.1 are set as minimal and maximal linear solve tolerances,
and jmax = 50 and & = 1 are used. Only Example 4 required slightly stricter settings:
Omin = €/100, jmax = 100, and £ = 0.1.

The following settings for the dynamic stopping criteria are tested:

e dynamic, no BL, mid: strategy (3.5) without back-looking, combination (3.9) of 6;;‘
and 67 from the middle of the admissible set;
e dynamic, BL, mid: like above, but with back-looking (3.8);
e dynamic, no BL, B: strategy (3.5) without back-looking, inner iterations on the
smaller system (defined by B* + aC"™) are preferred via (3.10); and
e dynamic, BL, B: like above, but with back-looking (3.8).
Inside Algorithm 1, the scaled computed Sylvester residual norm ||R™P|| /|| f¢g*|| is used
for the outer stopping criterion. After termination, we also estimate the (scaled) norm of the
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TABLE 4.2
Experimental results. The columns denote the used inner stopping criterion (fixed or dynamic versions), the
number of required outer iterations it®"!, the column dimension of the low-rank solution factors (dim), the final
obtained scaled residual norm Ry, the total number of inner iteration steps it A and > it™ B for the two linear
systems, the computing times in seconds, and the obtained savings in computing time compared to inexact LR-ADI
with fixed inner tolerances. The best results in the categories regarding the inner solves are shown in bold.

Ex. | Settings inner tol. it™ | dim Ri SitmA STt B | Time | Save (%)
direct solves 29 | 145 | 1.9e—09 — — 114.6
fixed 29 | 145 | 1.9e—09 581 738 343
dynamic, no BL, mid 29 | 145 | 1.9e—09 471 462 26.3 23.32

! dynamic, BL, mid 29 | 145 | 2.0e—09 436 437 25.8 24.78
dynamic, no BL, B 29 | 145 | 1.9e—09 450 597 27.9 18.66
dynamic, BL, B 29 | 145 | 1.9e—09 424 597 28.2 17.78
fixed 25 75 | 4.1e—10 836 428 234.6

2 dynamic, BL, mid 25 75 | 4.1e—10 602 315 1654 29.92
dynamic, BL, B 25 75 | 4.2e—10 596 350 162.8 30.61
direct solves 20 | 100 | 5.3e—09 — — 772

3 fixed 20 | 100 | 5.3e—09 638 — 24.2
dynamic, BL 20 | 100 | 5.3e—09 430 — 18.0 25.62
direct solves 85 | 170 | 1.6e—09 — — 261.5
fixed 85 | 170 | 1.6e—09 4204 3099 242.9

4 dynamic, BL, mid 85 | 170 | 8.9e—09 1934 1871 144.8 40.14
dynamic, BL, B 85 | 170 | 7.7e—09 1818 2301 176.4 27.4

true Sylvester residual matrix ||R"™¢|| by using the eigs routine to get an approximation of
Amax ((R™€)*R™e). The results are summarized in Table 4.2.

For Example 1 we tested the inexact LR-Sylvester-ADI with all of the above dynamic
stopping criteria as well as with fixed inner tolerances and also used the exact ADI (with direct
inner solvers). The data collected in Table 4.2 indicate that, with an appropriate choice for
the inner tolerances, the inexact Sylvester-ADI needs the same number of outer steps and
achieves similar final Sylvester residuals as the exact counterpart, but requires significantly
less computing time. This is also the case for most of the other examples. Secondly, using the
dynamic stopping criteria leads overall to smaller numbers of required inner iteration steps
(columns 3 it™4 and > it™? in the table) compared to fixed inner tolerances. This leads to
reduced computing times with savings between approximately 17% and 25% for Example 1.

Now comparing the various different versions of the dynamic stopping criteria, we observe
that the plain version (3.5) requires slightly more inner iterations than the version with back-
looking (3.8). Since using (3.8) comes with almost no additional costs, we therefore always
use back-looking for the remaining examples. The strategies that allow more inner iteration
steps with the smaller linear system indeed achieve this goal: the numbers 3 it™“ are slightly
decreased while Y it™? are slightly increased. However, for Example 1 this does not lead
to a reduction in the computing time. Some more fine-tuning regarding the selection of a
combination 6;* and 52 might be needed here.

Figure 4.1 shows that, when the scaled computed Sylvester residual norm R decreases
in the course of the Sylvester-ADI iteration, the dynamic stopping criteria lead to increasing
inner residual norms |74 || and |72 ||. Note that the curves for R;""" were visually indistin-
guishable for all the tested variants, and therefore only one curve is shown in Figure 4.1. In
Figure 4.2 the cumulative sum of the inner iteration steps is illustrated for different inner
stopping criteria. We clearly see that the dynamic criteria lead to a significantly reduced slope
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FIG. 4.1. Residual norms for Example 1: Scaled computed residual norms R,,"" and inner residual norms

||7"]‘€4 || and Hrf || against the outer iteration number for different dynamic stopping criteria. Only one curve for R,
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FIG. 4.2. Inner iteration numbers for Example 1: Cumulative sum of the inner iteration steps against the outer
iteration number for fixed inner tolerances and different dynamic stopping criteria.

compared to fixed tolerances, which is reduced slightly further when back-looking (3.8) is

equipped.

For Example 2 we can make a similar observation from the data in Table 4.2. Using the
dynamic stopping criteria leads to savings in the computing times of roughly 30%. Figure 4.3
illustrates again the history of the scaled computed Sylvester residual norms R;”"" and the
inner residual norms ||r;}|| and ||77||. For Example 2, the strategy [dynamic, BL, B] actually
leads to a very small reduction in the computing time due to a small change in the inner
iteration numbers > it™4 and > it™ . This is also visible in Figure 4.3, where the inner
residual norms ||7| in this variant are slightly larger but the ||7Z || (corresponding to the much
smaller linear systems) are kept at a much lower level.
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FIG. 4.3. Residual norms for Example 2: Scaled computed residual norms %Zomp and inner residual norms

||7“;3 || and Hr,f || against the outer iteration number for different dynamic stopping criteria.

In Example 3 only the sequence of linear systems defined by A is solved iteratively, while
direct solvers are used for the other one defined by B. Hence, only the threshold for ||r;}||
must be adjusted by simply setting [|7Z|| = 0 in (3.8). The results in Table 4.2 show again
reduced numbers of inner iterations gained with the dynamic stopping strategies and savings
of approximately 25% in the computing time.

The results for the generalized Sylvester equation of Example 4 are in line with those of
the previous examples. Here, the dynamic criteria lead to runtime savings between roughly
27% and 40%. The strategy [dynamic, BL, B] does lead to higher computation times than
[dynamic, BL, mid], but overall the total number of inner iteration steps as well as the
computing time are lower compared to using fixed inner tolerances. The arising linear systems
in Example 4 seem to be harder for the inner solver (MINRES) compared to the other examples.
That is the reason why we opted to update the preconditioners in every step. Using smaller drop
tolerances for the incomplete Cholesky factorization did not lead to significant improvements.

A further noteworthy observation in these and other experiments (not reported here) is that
sometimes, in the inexact ADI iteration with fixed tolerances, the required residual thresholds
could not or could hardly be achieved by the inner solver. This was much less frequently
an issue with the proposed dynamic criteria because there the smallest inner residual norms
are typically only required in the first outer iteration steps. Moreover, for some examples,
looser fixed inner tolerance might work, too, potentially at an increase of the number of outer
iteration steps. With this setting, however, the residual gap might be larger so that ||JR<™P|
might not be a correct indicator for the achieved accuracy. One would have to estimate the
true Sylvester residual norm (e.g., via a Lanczos process), which is more costly than using the
norm of the computed Sylvester residual. Choosing the fixed tolerances too loose can also
lead to a stagnation of || R"™¢||, although ||R°°™P|| indicates a decrease, which is a common
issue in inexact (rational) Krylov methods.

5. Conclusions and future research perspectives. We considered the inexact low-rank
ADI iteration for large-scale Sylvester equations and proposed dynamic stopping criteria for
the inner solvers which are used to iteratively solve the arising linear systems. We provided
theoretical results showing that, with an appropriate choice for the inner accuracies, the
residuals in inexact ADI iteration are only a small perturbation of the exact ADI iteration.
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Moreover, the practical implementation of the dynamic stopping criteria was discussed, and
numerical experiments confirmed the effectiveness of these strategies, leading to fewer inner
iteration steps and, hence, shorter computing times compared to the case when constant inner
tolerances were used.

A potential next research direction might be subspace recycling techniques for the se-
quences of shifted linear systems by, for example, storing the Krylov basis obtained from
solving one linear system. This was discussed, for example, for the Lyapunov LR-ADI in [25],
and a similar idea was developed in [4], leading to an efficient hybrid method. Corresponding
strategies for the Sylvester-ADI iteration are promising future research directions. Conducting
similar studies for the linear systems inside rational Krylov projection methods for Sylvester
equations [30] is, of course, also a further worthwhile research direction.
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