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Abstract. Many applications in science and engineering require the approximation of integrals of the form
1) 711 f(z)do(z), where f is an integrand and do is a nonnegative measure. Such approximations often are computed
by an ¢-node Gauss quadrature rule G4 ( f) that is determined by the measure. It is important to be able to estimate
the quadrature error in these approximations. Error estimates can be computed by applying another quadrature
rule, Q@ (f), with m > £ nodes, and using the difference Q. (f) — G (f) as an estimate for the error in G (f).
This paper considers the situation when do is a modified Chebyshev measure and shows that two-measure-based
quadrature rules @2 ¢+1 exist, have positive weights, and have distinct nodes in the interval [—1, 1]. The last property
makes them applicable also when the integrand f only is defined in [—1, 1]. Comparisons with other choices of
quadrature formulas Q241 are presented. This paper extends the investigation of two-measure-based quadrature
rules for Jacobi and generalized Laguerre measures initiated in A. V. Pejcev et. al [Appl. Numer. Math., 204 (2024),
pp. 206-221].

Key words. Gauss quadrature rule, averaged Gauss rule, generalized averaged Gauss rule, modified Chebyshev
measure
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1. Introduction. Let do be a Chebyshev measure that is modified by a linear divisor and
a linear factor, i.e., we consider measures of the form

_ T 1
(1.1) do(x) = doy(x) = z—éﬁdm for —1l<az<1,
(1.2) d0($):d02(I):x_g\/1—$2d$ for —1l<z<1,

z—

B =7 [1+w B
(1.3) do(x) = doz(x) = P 1_$d1' for —1<z<1,
where

1 1 1 —1

(1.4) y=—l5¢+c ) 5=—§(c+c ),

and ¢ € R\{0} in the cases (1.1) and (1.2), while ¢ € R\{—1, 0} in the case (1.3) (cf. [5]),
since the zeroth moment cannot be calculated in the case ¢ = —1. Thus, the measure do; ()
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is a modification of the Chebyshev measure of the i-th kind for ¢ € {1, 2, 3}. Quadrature rules
and orthogonal polynomials for modified Chebyshev measures have previously been discussed
by Djuki€ et al. [3, 4, 5, 6, 10] and Milovanovic¢ et al. [14]

We are concerned with the approximation of integrals of the form

(L.5) 1(f) = / fa)do(a)

for some integrand f by an /-node interpolatory quadrature formula

L
Qe(f) = ijf(ﬂﬁj)

with real distinct nodes z; and real weights w;. Let the quadrature error

Ro(f) = 1(f) = Qe(f)

satisfy Ry(f) = 0, for f € Poy_mm—_1, for some 0 < m < £, where P; denotes the set of
polynomials of degree at most j. We then refer to Qy as a (2¢ — m — 1,4, do)-quadrature
formula. If, in addition, all weights w; are positive, then @), is referred to as a positive
(2¢ — m — 1, n, do)-quadrature formula. We say that a polynomial

L
(1.6) te(z) = [J(x — ;)

generates a (20 — m — 1,¢, do)-quadrature formula if ¢, has ¢ simple zeros z; and if the
interpolatory quadrature formula based on the nodes x; is a (2¢ —m — 1, ¢, do)-quadrature
formula. A (2¢ —m — 1, ¢, do)-quadrature formula is said to be infernal if all its nodes belong
to the interval [—1, 1]. A node outside this interval is said to be external.

The unique interpolatory quadrature formula with ¢ nodes and m = 0, i.e., the
(2¢ — 1,¢,do)-quadrature formula, is the Gauss formula with respect to the measure do,

l
1.7) Go(f) =) wif (2F).
j=1

This rule has maximal degree of precision, 2¢ — 1, over all £-node rules, i.e., I(f) = G¢(f)
for all f € Poy_1. Due to this property and the fact that all nodes live in the open interval
(—1,1), Gauss quadrature formulas are powerful general purpose quadrature rules for the
approximation of integrals (1.5).

It is important to be able to estimate the quadrature error

(1.8) Ro(f) = I(f) — Ge(f),

or its magnitude, of the Gauss rule (1.7) to determine a suitable number of nodes ¢. A Gauss
rule with too few nodes results in a quadrature error that is larger than desired, while a Gauss
rule with unnecessarily many nodes requires the evaluation of the integrand at needlessly many
nodes.

The classical approach to estimate the error (1.8) is to compute the (2¢ + 1)-node Gauss—
Kronrod rule, Hop11(f), associated with G(f) and approximate the quadrature error by
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the difference Hapt1(f) — Ge(f). However, Gauss—Kronrod rules do not exist or have real
nodes for various measures do and numbers of nodes ¢; see Gautschi [11] or Notaris [15]
for the definition of and discussions on Gauss—Kronrod rules. This shortcoming of Gauss—
Kronrod rules lead Laurie [13] and M. M. Spalevi¢ [19] to develop (2¢+ 1)-node averaged and
generalized averaged quadrature rules, which we denote by CNT'QZH and @2l+19 respectively,
for the estimation of the error in G similarly as the Gauss—Kronrod rule Hyy1 1. These rules
have 2¢ + 1 nodes, ¢ of which agree with the nodes of the Gauss rule Gy, and they exist when
the Gauss rule G exists.

However, averaged and generalized averaged rules are not internal for certain measures,
among them the measures (1.1) and (1.3); see [3, 4, 5, 6, 8, 9, 10] for analyses. They therefore
cannot be applied for these measures when the integrand f is defined on the interval [—1, 1]
only. A few ways to circumvent this difficulty are described in [6, 7, 18]. Here we analyze
an approach that recently was proposed in [17] for estimating the error in Gy. It is based on
constructing a (2¢ + 1)-node quadrature formula using the measure do as well as an auxiliary
measure dy also with support in the interval [—1, 1]. We refer to these quadrature rules as
two-measure-based generalized Gauss quadrature formulas. They are referred to as new
averaged Gauss (NAG) quadrature formulas in [17]. We also will use this acronym below,
and we denote these rules by Q%H Their application to the estimation of the error in Gy is
particularly attractive when the rule Qg ¢+1 18 internal, but the rules G%H, G2g+1, and Hopyq
are not. The quadrature formulas Q%H are easy to compute; this is discussed in Section 2.
Their nodes generally are distinct from the nodes of . This is not a major concern when it is
inexpensive to evaluate the integrand f at the quadrature nodes. The rule Q2e+1 has the same
degree of precision as the generalized averaged Gauss quadrature rule G2g+1, i.e., at least
20 4 2; see [17]. Typically, the degree of precision of the rule é2€+1 is higher than that of the
averaged Gauss quadrature rule C~¥2g+1, whose degree of precision is at least 2¢ + 1; see [13].

This paper is organized as follows. Section 2 describes the NAG rules @2@4_1, and
Sections 3-5 discuss, analyze, and illustrate the performance of these rules associated with
modified Chebyshev measures of the first, second, and third kinds. Concluding remarks can
be found in Section 6. R

We conclude this section by noting that similar results to the ones for NAG rules Q241
associated with a modified Chebyshev measure of the third kind also hold for analogous
quadrature rules associated with a modified Chebyshev measure of the fourth kind

do(z) = doy(x) = voy Jlow

d for —1 <1
7—5 1+wx or <T R

which are obtained by replacing ¢ by —c in (1.4); see the comment just above Section 4 in [5].

2. NAG quadrature formulas. Let p;, denote the monic polynomial of degree k that is
orthogonal to Pj,_; with respect to the measure do, i.e.,

b
/ Ipp(x)do(z) =0, j=0,1,....k—1.

It is well known that the polynomials pi, £ = 0,1, .. ., satisfy a three-term recurrence relation
of the form

pk+1(:c) = (I - Olk)pk(l’) - ﬂkpk—l(x)a k= Oa 17 cey

where p_1(z) = 0, po(z) = 1, o, € R, and By, > 0 for all k; see, e. g., Gautschi [11] for
details. The zeros of the polynomial p, are the nodes of the Gauss rule (1.7). They also are the
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eigenvalues of the symmetric tridiagonal matrix

ar VB 0
@1 oy = | VB € RO
- - Be—1
0 Be—1 o

the weights of this quadrature formula are proportional to the square of the first component of
the eigenvectors; see, e.g., Gautschi [11] for proofs.

Let du be another nonnegative measure with infinitely many points of support in the
interval [—1, 1] and such that all moments f_ll 2du(z), j =0,1,2,. .., exist. We define the
analogue of the tridiagonal matrix (2.1) for the measure dy,

Y Vo1 0
2.2) JE (dp) = Vo m e RXC.
’ . dp—1
0 do—1 Ve—1

The symmetric tridiagonal matrix J{), , (do,dp) € REHDXCHD agsociated with the

(2¢ + 1)-node NAG rule @gg+1 is obtained by reversing the order of the rows and columns of
the matrix (2.2) and concatenating the matrix so determined with (2.1) for ¢ + 1 nodes and

adding the last entry \//3¢41. Thus, Jz(ﬁll(da, du) is given by

ap VB 0 7

Vb1 aq VB2
Be-1 Q-1

VB ¢ vV Bes1

vV Bes1 Ve-1 dp—1 ’

dp—1 Ye—2

HE

le/E
. 0 Vo

where we circumscribe the last entries determined by the measure do by rectangles. Hence,

the matrix Jéﬁ)ﬂ (do, du) is determined by recursion coefficients for orthogonal polynomials
for both the measures do and du. When dp = do, then the rule Q\%H simplifies to the

generalized averaged (2¢ + 1)-node Gauss rule Ga4; introduced in [19].
Let

N 2041
Qaea(f) = Y &5/ (@)

Jj=1

The nodes Z; and weights &; can be calculated in O(¢?) arithmetic floating-point operations
(flops) by applying the Golub—Welsch algorithm [12] or a divide-and-conquer method [1, 2]
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to the matrix J2(2r1 (do, du). Computed examples reported in [2] illustrate that a divide-and-
conquer method may yield higher accuracy and require less CPU-time than implementations
of the Golub—Welsch algorithm.

The nodes T; of the rule Q2,11 are the zeros of the polynomial

(2.3) tort1 = De - De+1 — Bog1 Pe—1 - Des

where py and py are the monic orthogonal polynomial of degree ¢ that correspond to the
measures do and du, respectively; cf. (1.6). See [17] for details. This result is based on an
analysis by Peherstorfer [16]. R

We will use the quadrature formula Q2441 (f) to estimate the error in G (f), i.e., we will
evaluate the right-hand side and use it as an approximation of the left-hand side of

I(f) = Go(f) = Qaes1(f) — Go(f).

It is attractive to use the NAG quadrature rule @2 ¢+1 defined by the Chebyshev measure of the
second kind,

(2.4) du(z) = (1 —2)Y%da,

because the Jacobi matrix (2.2) associated with this measure is of particularly simple form.
The concatenated matrix J2(2r1 (do,dy) can be written as

[ a0 VB 0 T
VB a1 VB2

Be—1 ap—1

Q
Hi=

VB ¢ V Bes1
(2.5) VBes1 0 i ;
Vi 0

=

0

(@)
=
(an)

QL

see also [17, Remark 5.3] for comments on this choice of the measure
interesting to replace du by another measure in future works.

In general the measure dy can be chosen independently of the measure do, but its support
should be in the interval [—1, 1]. The entries a; (i = 0,1,...,¢)and §5; (i =0,1,...,£+ 1)
in the matrix (2.5) are recursion coefficients for the orthogonal polynomials for the measure
do. For the measures under consideration in this paper, these coefficients are known in a closed
form. This simplifies the construction of the quadrature rules (J2¢1, but it is not required.

1. It might be

3. Internality of NAG quadrature rules éu.,_l determined by modified Chebyshev
measures of the first kind. This section considers the approximation of integrals (1.5) when
the measure do is given by (1.1). We use results and notation from [3]. Let the parameters -y
and § in (1.1) be defined by (1.4) for some real constant ¢ # 0. Changing signs of ¢ and x if
needed, we may assume that ¢ > 0. It is shown in [3, Theorem 6] that the smallest node of the
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averaged rule 62Z+1 for the measure (1.1) is external, and in [3, Theorem 7] that both extreme
nodes of the generalized averaged Gauss formula 62Z+1 for this measure are external. We are
interested in deriving NAG quadrature rules @2@+1 that are internal.

We obtain from [3] that the monic orthogonal polynomials associated with the measure
doy(x) are given by

G0 Bia) = D@ —reli@) - e, - Pen()
=7 Py ()

under the assumption that ng () # 0 for all k; see [3, Eq. (13)]. Here the 13;C are the monic
polynomials

~ 1 )
Py(x) = 21 (Tk(z) + éTr—1(x)) for k> 2,

with Py(z) = 1 and Py () = x + ¢ The constant ¢ is defined by
¢ =min{c,c 1},
and the T}, are Chebyshev polynomials of the first kind scaled so that

Ti(cos§) = cos k€.

Hence, T} (+1) = (£1)*. The corresponding monic Chebyshev polynomials jo“k satisfy

o (D"
Tk (£1) = SR

see [3] for a detailed derivation of the polynomials (3.1).
In view of (1.4), the parameter v = (c) satisfies

2—¢c?

3.2 "(¢) = ——

(3.2) 7)) = —a

and, therefore, v'(¢) = 0 for ¢ = V2. Hence, Yax = 7(\@) = —v2,i.e.,7 < —v2and
x—72x+\/§2—1+\@>0. N

Consider the NAG quadrature rule (Q2¢4+1 that corresponds to the Jacobi matrix (2.5).

This rule is of the form (2¢ + 2,2¢ + 1,do, du), where dy is defined by (2.4). The monic

o
orthogonal polynomial [/ of degree k associated with this measure satisfies

see, e.g., [11, p. 28]. N
The (monic) polynomial t94 1 in (2.3) associated with the rule Qo441 is of the form

o o

taes1(2) = Prsr(x) Ue («) = Bes1 Po(z) Ug-r (@),

which we express as

15@+2($) - 7"1%+1]5€+1(z> T}e (z) — BI+1 EH(:C) — Tzﬁe(x) 5’/—1 (z)

3) ¢ =
(3.3) tari1(w) T — T —x
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where (cf. [3, Eq. 15])

3.4 = > 9
3.4 Be T >2)
and

1 —1 —A 1—¢
(3.5) po=—=2 i

with (cf. [3, Eq. 18])

A 142271y
1+ 22zr;
and (cf. [3, Eq. 16])
2424Vt +4
(3.6) s Chetve d
2c
Note that

o, 42—V +4
Z p— .
2c

Therefore, z = z(c) satisfies z > 1/2 + 1 with equality for ¢ = v/2. The inequalities
3.7) 0<A<z?<1,

shown in [3, Eq. 20], will be used below. R
The largest node of the quadrature rule Qo411 is smaller than or equal to 1 if t9p11(1) > 0
holds. In view of (3.3), this is equivalent to

ﬁ 1) — j5 1) o ~ ﬁ 1) — ﬁ 1) o
r42(1) 1?;1 e (1) Ue (1) = Beya Gall 1)_3 (1) Ue-1 (1) 20,

ie.,

gt (Toga(1) + ¢Tpy1 (1)) — reqag7 (Tega (1) 4 ¢T(1)) O ()
¢
1—x

37 (Tog1 (1) 4 ¢T(1)) Iififll (Te(D) + ¢Tea (1)) Uss (1) = 0.

- B€+1

Substituting the expressions for T;(1) and [}g (1) provided above into this inequality yields

g (L4 —reagr (146 041

1—7 2¢

L (A+6)—reg = (1+¢) ¢ -
1—7 20=1 = 7

— Brs1
Multiplying this inequality by 2 - 4° - (1 — ) /(1 + ¢) gives

(1= 2rp 1) (0 +1) — 4By 10(1 — 2r) > 0


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

164 D. LJ. DJUKIC ET AL.

and using (3.4), we obtain

1—27‘g+1> Y4 To+1
1-2rp, ~ 041 70~

Application of (3.5) now yields

_ gt C_ A —t
1— 2(f1)$ f1$
2/ -1 _ A 11—t / 9 =1 _ A 1t
1 —o(_1 27— AR T4+ 12— A
- (_i)ze—z — Az2—t T9 -2 A2t

This expression simplifies to

. Vs / 2t — Azt
2072 A0 T 4] 2l — AR

which gives
(C+1) (2272 — A— A1 + A2 4 A2 7200
>/ (22@2 — Az - Az 4+ A%+ Azz’%“) )
This reduces to
272 LA = 2) (272 = 1)+ A% > AL 427,
The last inequality holds for £ > 2 since in view of z > V2 + 1 and (3.7), we have
(A1 —2)(z72 1) >0, A%272F1 >0,
and
22> (14 V)2 > (14 V22 =3+2v2> A1+ 271 € (0,2).

We turn to the smallest node of the NAG quadrature rule @gg+1. It will be larger than or
equal to —1 if t5p11(—1) < 0 holds. Proceeding similarly as above, this is equivalent to

() (29 ~ren(D*E (129 el
—1 -y 2é
s (DT (=) —r(—D) ' (1 -6 -1 ¢
_ -1 <0
ﬂEJrl 11— 5 ( ) 2¢—1 —

Multiplying this inequality by 2 - 4° - (=1 — ) /(1 — ¢), we get
(14 2rpp1) (£ + 1) — 4Bp1£(1 + 2r¢) < 0.
Using (3.4) gives

1+ 27”@4,_1 > Y4 To41

(3-8) 142r, —0+1 7, °

since (see (3.5))

1\ 2671 — Ax1-¢
(1—2) (272 + Az'7Y)
- A2 _ A2 0 <0.
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The inequality (3.8) can be expressed as

- 1 2t — Azt 1 26— Azt
2 szl—Azlff> 0 -1 A1t

i = =1 _ g 1-0°
1+2(_1)Z Az f—i—l_lz Az
2) =2 _ p2—¢ 9 -2 _ A2 0

Some simplifications yield

A1y At Y4 2t — At
2072 A1 T 41 2 — AR

ie.,
(0+1) (2272 — A+ Az71 — A27200)
>/ (z%_2 —Az72 4 Az — A%z _2“‘1)
which reduces to
227 L IAL 4 2)(1 — 272) > A(1L — 271) 4 A2 2L
The last inequality holds for £ > 2, because due to z > V2 + 1 and (3.7), we have
(AL +2)(1—27%) >0
and
2272 >34 9V2> A(1 - 27Y) + A2 € (0,2).

We have shown the following result. R

THEOREM 3.1. The NAG quadrature rule Qop11 of the form (20 4+ 2,20+ 1,doq, du),
where dy is defined by (2.4), is internal, i.e., all its nodes are in the interval [—1, 1], for every
(> 2.

3.1. A numerical example for the measure do (). Computed examples in which the
quadrature error in Gauss rules Gy, for several values of £ and of the parameter ¢ > 0, are
estimated by averaged Gauss quadrature rules G%H, generahzed averaged Gauss rules G%H,

and truncated generalized averaged Gauss rules Q 142 are presented in [3]. We complement
these results with error estimation with the NAG quadrature rules Q2 1.

Consider the integral
1
10 = [ f@in(a)
—1

fz) = 999.1'080(F=F2) = where £ =107°.

with the integrand

This integrand has a singularity at z = —1 — ¢, very close to the support of the measure.
Since the rules Gap1 and Gogy1 have a node smaller than —1 — ¢, they cannot be used.

However, the truncated rule Q&)Q is internal and provides error estimates of the correct order
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of magnitude. We tabulate the magnitude of these estimates and of those determined with the
NAG rule Q241 (f), which according to Theorem 3.1 is internal. Table 3.1 displays

Erga = ‘Q/(zi)z (f) - Gf(f)‘a
Enac = ‘Q2Z+1(f) = Gu(f)],

for some values of ¢ and ¢ > 0. The entries of the column with the header “Error” display the
magnitude of the actual quadrature errors, which are computed with high-precision arithmetic.
All quadrature rules and table entries of this paper are computed with about 20 significant
decimal digits.

Observe that the error estimates Ey4¢ are closer to the actual quadrature error for
Gy(f) than the corresponding error estimates Erg4. The exact value of the integral is
I(f) ~ 11.9094 for ¢ = 0.5, and I(f) =~ 8.8666 for ¢ = 2. These values help us assess the
relative quadrature errors in magnitude.

TABLE 3.1
The error estimates ETc a, En Aq, and the actual error in the column labeled “Error”.
C 4 ETGA ENAG Error
5  6.8789(—8)  7.5822(—8)  7.6155(—8)
10 4.5475(—10) 6.3428(—10) 6.3826(—10)
05 15 2.2961(—11) 3.9631(—11) 3.9905(—11)
20 2.6705(—12) 5.5240(—12) 5.5638(—12)
30 1.2312(—13) 3.4049(—13) 3.4303(—13)

5 3.5371(— 8) 3.8815(— 8) 3.8068(— 8)

10 2.1419(—10) 2.9654(—10) 2.9828(—10)
2 15 1.0378( 1) 1.7776(—11) 1.7892(—11)
20 1.1779(—12) 2.4191(—12) 2.4358(—12)
30 5.2821(—14) 1.4520(—13) 1.4625(—13)

We conclude with some comments on the computational effort required to evaluate the
quadrature rules Q2/+1 and Q . The evaluation of the nodes and weights of both rules
requires O(¢?) flops by using the Golub —Welsch algorithm or a divide-and-conquer method,
with the flop count for the rule Q 1o being somewhat smaller since this rule only has £ + 2
nodes. Given the nodes and weights for these rules, the computation of the value Q&)Q (f)1is
cheaper than the calculation of Q%H (f) since the former rule only requires the evaluations of
the function f at £ + 2 nodes, while the latter rule demands the evaluation of f at 2¢ + 1 nodes.
For most quadrature problems, the difference in the computational effort is insignificant, and

the higher accuracy of the error estimates delivered by the rules @2@+1 makes their application
attractive.

4. Internality of NAG quadrature rules Q22+1 determined by modified Chebyshev
measures of the second kind. Since the generalized averaged Gauss quadrature rules ég 0+1
are internal for modiﬁedA Chebyshev measures of the second kind (1.2) (see [10]), there is no
need to use NAG rules (Q2¢+1. We therefore omit their analysis.
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5. Internality of NAG quadrature rules Q22+1 determined by modified Chebyshev
measures of the third kind. We are concerned with the integration of integrals (1.5) with
the measure do given by (1.3) and will use NAG quadrature rules (2¢ + 2,2¢ + 1,dos, du)
that are determined by the measures (1.3) and (2.4). Our analysis uses results and notation
from [5].

Let 7 in (1.3) be defined by (1.4) for some ¢ € R\{0}. It is shown in [5, Theorem 5] that
the generalized averaged quadrature rule CAY'%H is not internal when ¢ < 0, specifically its
largest node is larger than 1. Moreover, [5, Theorem 5] shows that for any real nonvanishing
parameter c, the averaged Gauss quadrature rule Gop.y1 is not internal. It is therefore of interest
to determine NAG quadrature rules @2@.;,_1 that are internal.

Let v be defined as describe above and introduce

<1
(5.1) ‘= {C,l ‘C| 5

Consider Chebyshev polynomials of the third kind of degree k,

cos(k + $)¢&
cos§

Vi(cos&) = k=0,1,2,...

Then Vj(1) = 1 and Vj,(—1) = (2k + 1)(—1)*. Define the monic polynomials
~ 1 ;
Py(z) = oF (Vi(z) + ¢ Vi1 () for k> 1,

with Py(z) = 1 and Py (z) =  + ¢, where ¢ is given by (5.1). Then the monic orthogonal
polynomials ISk, k=0,1,2,..., with respect to the measure (1.3) are given by (3.1) provided
that Py () # 0 for all k; see [5] for details. It follows from (3.2) that for ¢ < 0 it holds that
Ymin = Y(—V2) = Vv/2,i.e.,¥ > v/2. The monic polynomial ¢5¢, ; in (2.3) has the form (3.3),
where (cf. [5, Eq. 18])

(5.2) Qr=rei—re—1, Bi=—— (£>2)
47“5_1
and
1 Z2€—2+A
5.3 =—————— (£eN).
(5:3) e 22224+ A (teN)
By [5, Eq. 21],
2
[P+ VA +4
z f s ‘C| <1,

2
5 A4+ Vet 44
o [(CEYEER) =,

where z is given by (3.6). It can easily be seen that z < —v/2 — 1, with equality for ¢ = —V/2,
if ¢ < 0. Further, z > 1 4+ /2, with equality for ¢ = V2, if ¢ > 0. In either case, A has the
same sign as z and c. Moreover,

(5.4) 0 < |A] < |25
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see [5, Eq. 22]. R
The largest node of the rule Qo441 is smaller than or equal to 1 if t5p11(1) > 0. In view
of (3.3), this can be expressed as

gz (Vera (1) + EVii (1) = resagoer (Ve (1) + ¢Ve(1)) 5o ()
4
L=~

g (Vear (1) + C'Ve(l)l) ::‘Yeglz (Ve(1) + éVe1(1)) Uer (1) > 0.

- ﬁ€+1

Using the explicitly known values of V(1) and UO’ ¢ (1), this inequality can be written as

2@%(1+é)*7“z+125%(1+é)€+1
1—7 2¢

_3 S (146 —ree (146) ¢ o
041 1—~ 51 =

Multiplication by 4°*1(1 — v)/(1 + ¢) gives the expression
(1= 2rp1) (£ + 1) — 4841 £(1 — 2r4) <0,
where we have used that 1 + ¢ > 0 and 1 — v < 0. Using (5.2), we obtain the inequality

1—2Tg+1< Y4 To+1
1—-2r, —0+1 1 ’

and substituting (5.3) into this expression gives

172(7L)2257+A 7iz%7+A
227 ,20-2 | A < 4 2 z%—?—&—A.
1,2(fL)22£727+A - é—’—lfi@
2z ZQZ—4+A 2z Z2€—4+A

Some simplification yields
(C+1) (224 A) (2 +A) — (2 +4) (P73 +4) <o,

where we have used that 1 + z < 0, z < 0, and 22¢=2 > 0 for ¢ > 2.
After division by 2%¢ (> 0), this inequality reduces to

(5.5) 22 (U4 DAz A+ 27 — AL+ 273 + A% <0,

To show (5.5) for £ > 2, we first observe that due to —z (> V2 + 1) > 2 (¢ < 0)and (5.4),
we have

1
2 le <2,0> , 1+z7te(0,1),

1 -1 1 -1 -1 t
Ae( 8,0)7 Az 6(0,16>, LAz (14 2 )<16,

1 1
2 3¢ (—8,0> , 14+27%€(0,1), —tA(1+27%) < ge,
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1 1
A2 —2¢
6 C T ET 16

Now, inequality (5.5) holds if (for £ > 2)

111
for (>2, A2x2%< .1 __L
orf=s AT S<16 61T 1024

225_3+%+§+Wl24ﬁ0,
ie.,
10242273 +192¢ 4 65 < 0,
ie.,
(5.6) 10240273 — 1920 — 65 > 0,
where a = —z > 2.

The left-hand side of (5.6) for £ = 2 reduces to 1024a — 2 - 192 — 65 > 0. Therefore, this
inequality holds. For ¢ > 3 the left-hand side of (5.5) reduces to
10244273 — 1920 — 65 > 1024a’ — 1920 — 65
> 1024 - 2° — 1920 — 65
> 1024¢ — 192¢ — 65 = 832¢ — 65 > 0.
Hence, inequality (5.6) holds.

We turn to the smallest node of the quadrature rule @2[4.1. It is larger than or equal to —1
if top41(—1) < 0. Using (3.3) this inequality can be expressed as

g (Veyo(=1) + EViga (1)) — rea 5 (Ve (=1) + V(1)) o (1)
ne
—1—~

g (Vert (1) + V(1)) — el (Ve(=1) + Vi (-1))
—1—~

- Be+1 Ue—1 (1) <0.

Substituting the known values of V(1) and U ¢ (1) into this inequality gives

g (FD)F2(2045) + (= 1) FL(20 + 3)) — rog1 527 ((1)FL(20+ 3) + é(—1)1 (20 + 1))

—1—v
< (-t
3 7 ()24 3) + (-1 (20 + 1)) — e (—1)4(20+ 1) + ¢(—1)71(2¢ - 1))
— Pe+1 14
x (—1)“L <0.

2¢—1
Multiplication by 41 (—1—7)/((2¢+3) — (2¢+1)¢) and using that —1—+ < 0, ¢ € (—1,0),
(20 + 3) — (20 4+ 1)¢) > 0, as well as the expression (5.2), yield

Te+1
e

(L4 2rp41)(f+1) — (14 2Dry) <0,

where

_20+5—(20+3)¢é 2+ 1— (20— 1)¢
243 (20 + 1) 2 +3— (20 1)
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Using (5.3), this inequality can be transformed to

122+ A (2% + A)(221 + A) 122672+ A
_ _ -z . >
(€+ 1) (L 2 2202 _|_A) ¢ (226—2 +A>2 (1 2 2204 + A D) = 0.

Since ¢ < 0 and ¢ > 2, we have

1
220-2 4 4 > 4511 A 0, S20-2 0, Ac (7§,0), 2 <0.

After some simplifications and division by 22—, the inequality becomes
(D —=1)=1)(z* 2+ Az72 4+ A)+ ({(L — 1) + L)2*73 — 1Az —1A273
+2LA(L+ 1)z + A2(U(L — 1) + L)z 2T + A2(¢(D — 1) — 1)z < 0.
This inequality holds due to the following results. The expression for L can be written as

2—2¢

L=1 .
MDY S Yy

Thus, 1 < L < 2,as ¢ € (—1,0) for ¢ < 0. Moreover, 0 < D < 1. Since

1 1 5
20—2 2 20—-2 20—2
4 Az A>2 - — —==2 - —

and /(D — 1) — 1 < 0, we have
(U(D—1) = 1)(z* 24+ A272 4 A) <0.
Further,
—lAz <0, —LAz73 <0, A2(U(L—-1)+L)z" <0, A*(U(D-1)-1)z"2 <0.

Finally, since /(L — 1) + L > 1, we obtain

(UL —1)+ L)% 73 £ 2LA(L+ 1)27 1 < 2273 1 4(0 + 1)%

(+1 1,
e Cf—2—2

< _92t-3
for / > 2. We have shown following result. N
THEOREM 5.1. The NAG quadrature rule Qap11 of the form (20 4+ 2,20+ 1, dos, du),
where dy is defined by (2.4), is internal, i.e., all its nodes are the in interval [—1, 1], for every
(> 2.

5.1. A numerical example for the measure dos(x). We describe an application of the
NAG quadrature Gauss rules discussed in Theorem 5.1 to the estimation of the quadrature error
in Gauss rules G associated with the measure (1.3). The performance of averaged, generalized
averaged rules 62£+1, and truncated generalized averaged rules Qgig has previously been
illustrated in [5].

Consider the integral

5.7) I(f) = /_ f@dosla). f(e) = n(2 =) In(1 ~ ).
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The integrand is not defined for x > 1. Since for ¢ < 0 in (1.3), the rules 625+1 and CA?MH

have a node larger than 1, these rules cannot be used. The truncated rules Q&)Q are internal and
provide error estimates of the correct order of magnitude. Table 5.1 shows the error estimates

Enac = ’@2e+1(f) - Gé(f)‘ ;
Eraa = |Qi(f) = Gelh)|.

for some values of ¢ < 0 and ¢. Observe that the error estimates in the column with header
FE'n ac are closer to the magnitude of the actual quadrature errors than the corresponding esti-
mates in the column with header E¢ 4. The values of the integral (5.7) are I(f) ~ —2.2310
forc = —0.9, and I(f) ~ 1.7717 for ¢ = —5.

TABLE 5.1
Error estimates Erga and En Ao, as well as the magnitude of the actual error in the column labeled “Error”.

c Y4 Erca Enac Error
5 8.9438(—2) 1.4301(—1) 1.7416(—1)
10 1.3056(—2) 3.1791(—2) 3.8621(—2)

0.9 15 3.9011(—3) 1.2661(—2) 1.5255(—2)
20 1.5916(—3) 6.4258(—3) 7.6888(—3)
25  T.7637(—4) 3.7393(—3) 4.4499(—3)
30 4.2578(—4) 2.3785(—3) 2.8183(—3)
5 2.9758(—2) 4.3144(—2) 4.8149(—2)
10 2.7039(—3) 5.8341(—3) 6.5929(—3)

—5 15 6.2218(—4) 1.7910(—3) 2.0319(—3)
20 2.1380(—4) 7.7045(—4) 8.7574(—4)
30 4.6080(—5) 2.3305(—4) 2.6539(—4)
40 1.5258(—5) 9.9386(—5) 1.1328(—4)

6. Conclusion. The paper [17] introduced two-measure-based generalized Gauss rules
that we refer to as NAG rules. They can be applied to estimate the error in Gauss quadrature
rules and provide an alternative to averaged and generalized averaged Gauss quadrature rules.
Their application is particularly attractive when the NAG rules are internal, but the averaged
and generalized averaged Gauss quadrature rules are not, and the integrand only is defined on
the convex hull of the support of the measure. This paper investigates the internality of the
NAG quadrature rules when used with modified Chebyshev measures. Computed examples
show the NAG rules to determine the magnitude of the quadrature error in Gauss rules quite
accurately.
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