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THE ANALYSIS OF INTERGRID TRANSFER
OPERATORS AND MULTIGRID METHODS FOR
NONCONFORMING FINITE ELEMENTS∗
ZHANGXIN CHEN†
Abstract. In this paper we first analyze intergrid transfer operators and their iterates for some nonconforming
finite elements used for discretizations of second- and fourth-order elliptic problems. Then two classes of multigrid
methods using these elements are considered. The first class is the usual one, which uses discrete equations on
all levels which are defined by the same discretization, while the second one is based on the Galerkin approach
where quadratic forms over coarse grids are constructed from the quadratic form on the finest grid and the iterates of
intergrid transfer operators, which we call the Galerkin multigrid method. The properties of these intergrid transfer
operators are utilized for the analysis of the first class, while the properties of their iterates are exploited for the
second one. Convergence results available for these two classes of multigrid methods are summarized here.
Key words. multigrid methods, nonconforming and mixed finite elements, second and fourth-order problems,
intergrid operators.
AMS subject classifications. 65N30, 65N22, 65F10.

1. Introduction. The study of multigrid methods for nonconforming finite elements
started in the later 1980s. Multigrid methods using the P1 -nonconforming element for secondorder problems (i.e., the Crouzeix-Raviart element [28]) have been considered in [7, 12, 16,
19, 22, 25, 32, 35, 49, 50], while these methods for the rotated Q1 -nonconforming element
[18, 41] for the same differential problems have been analyzed in [2, 16, 26]. Multigrid
methods for the Morley nonconforming element [34] for the biharmonic equation have been
developed in [13, 16, 29, 31, 38, 39, 42, 49], and for the plate bending problems using the
Zienkiewicz [5] and Adini [1] nonconforming elements have been described in [36, 40, 44,
48, 51]. Finally, these methods for the P1 and rotated Q1 -nonconforming divergence-free
elements for the stationary Stokes problem have been studied in [14, 15, 45]. In all these
earlier papers except in [26], only the W-cycle multigrid methods have been shown to converge under the assumption that the number of smoothing iterations on all levels is sufficiently
large. The methodology developed for the multigrid methods of conforming finite elements
in [4] has been extensively employed to analyze the nonconforming multigrid methods; the
convergence study is based on establishment of the so-called smoothing and approximation
properties and analysis of a two-level scheme.
Multigrid methods for nonconforming finite elements have the feature that the multilevel
finite element spaces are nonnested and the quadratic forms defined on these spaces are noninherited. Consequently, the convergence proof of the conforming multigrid methods introduced in [6] does not apply to the nonconforming case since coarse-to-fine intergrid transfer
operators for nonconforming finite elements do not preserve the energy norm. That is why
the approach in [4] has been mainly exploited in the analysis of the nonconforming multigrid
methods in the last decade. In multigrid methods for nested conforming finite elements the
multilevel finite element spaces are nested and the quadratic forms are inherited.
The purpose of this paper is to analyze intergrid transfer operators and their iterates
for some nonconforming finite elements used for discretizations of second- and fourth-order
elliptic problems and to discuss convergence of two classes of multigrid methods using these
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elements. The first class is the usual one, which uses discrete equations on all levels which
are defined by the same discretization. The methodology developed in [11] where nonnested
spaces and non-inherited quadratic forms are allowed shall be applied to analyze this class
of nonconforming multigrid methods. Toward that end, we shall need to find the lower and
upper bounds of the energy norm of the usual coarse-to-fine intergrid transfer operators for
the nonconforming elements considered here. In [26], it has been shown that the bound
of the energy norm of the edge averaging intergrid transfer operators for the rotated Q1 nonconforming element is not bigger than two. As a result of this, the theory of [11] shows
the convergence of the W-cycle multigrid methods with any number of smoothing iterations
for this element. In this paper, we shall discuss the applicability of this result to the P1 ,
Morley, Zienkiewicz, and Adini nonconforming elements.
The second class of multigrid methods was recently introduced in [20] and is based on
the “Galerkin approach” where quadratic forms over coarse grids are constructed from the
quadratic form on the finest grid and iterated coarse-to-fine intergrid operators, which we
call the Galerkin multigrid method. This approach automatically leads to the case where the
coarse-to-fine intergrid transfer operators preserve the energy norm. However, to apply the
convergence theory of the conforming multigrid methods [6, 8], a key ingredient is to prove
upper bounds of the iterated intergrid transfer operators in terms of the energy norm. These
bounds have been shown for the P1 element in [35] and for the rotated Q1 element in [26].
Here we shall discuss them for the Morley, Zienkiewicz, and Adini elements. The convergence of both the V-cycle and W-cycle multigrid methods with any number of smoothing
steps for these nonconforming elements using the second approach is considered. Convergence results for partial differential problems with less than full elliptic regularity and without
any elliptic regularity are considered. Problems related to the discontinuity in the coefficient
of differential problems are not discussed here.
In recent years, the study of multigrid methods for mixed finite element methods, which
are popular in the simulation of fluid flow in porous media [21], has been quite active; see [2,
19, 31, 43, 46, 47], for example. However, due to the equivalence between nonconforming
and mixed finite element methods [2, 3, 17, 19, 23], the analysis for the nonconforming finite
methods directly applies to the mixed methods. Thus all the results derived here carry over to
the mixed methods. Also, the present techniques can be used to analyze other nonconforming
elements.
The rest of the paper is organized as follows. In the next section we analyze the coarse-tofine intergrid operators and their iterates; the above mentioned nonconforming elements are
treated there. Then in the third section we analyze the two approachs for defining multigrid
methods; partial differential problems with less than full elliptic regularity and without elliptic
regularity are handled in this section.
2. Analysis of Intergrid Transfer Operators. In this section we analyze the usual
coarse-to-fine intergrid transfer operators and their iterates for the P1 , rotated Q1 , Morley,
Zienkiewicz, and Adini nonconforming finite elements.
2.1. The P1 -nonconforming element. In this subsection we consider the numerical
solution of the model problem
(2.1)

−∇ · (A∇u) = f
u = 0

in Ω,
on ∂Ω,

using the P1 -nonconforming finite element method, where Ω ⊂ IR2 is a simply connected
bounded polygonal domain with the boundary ∂Ω, f ∈ L2 (Ω), and the symmetric coefficient
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A ∈ (L∞ (Ω))2×2 satisfies
(2.2)

ξ t A(x)ξ ≥ a0 ξ t ξ,

x ∈ Ω, ξ ∈ IR2 ,

with a fixed constant a0 > 0.
Problem (2.1) is recast in weak form as follows. The quadratic form a(·, ·) is defined by
a(v, w) = (A∇v, ∇w),

v, w ∈ H 1 (Ω),

where (·, ·) denotes the L2 (Ω) or (L2 (Ω))2 inner product, as appropriate. Then the weak
form of (2.1) is, find u ∈ H01 (Ω) such that
(2.3)

a(u, v) = (f, v),

∀ v ∈ H01 (Ω).

For 0 < h < 1, let Eh be a triangulation of Ω into triangles {E} of diameters hE , which
are not bigger than h, and define the P1 -nonconforming finite element space [28]
Vh = {v ∈ L2 (Ω) : v|E is linear for all E ∈ Eh , v is continuous
at the midpoints of interior edges, and v
vanishes at the midpoints of edges on ∂Ω}.
Note that Vh 6⊂ H01 (Ω). Associated with Vh , we introduce a quadratic form on Vh ⊕ H01 (Ω)
by
X
ah (v, w) =
(A∇v, ∇w)E ,
v, w ∈ Vh ⊕ H01 (Ω),
E∈Eh

where (·, ·)E is the L2 (E) inner product. Then the P1 -nonconforming finite element discretization of (2.1) is, find uh ∈ Vh such that
(2.4)

ah (uh , v) = (f, v),

∀ v ∈ Vh .

To apply the multigrid methods introduced in the next section for solving (2.4), we assume a structure to our family of partitions. Let h0 and Eh0 = E0 be given. For each integer
1 ≤ k ≤ K, let hk = 2−k h0 and Ehk = Ek be constructed by connecting the midpoints of
the edges of the triangle in Ek−1 , and let Eh = EK be the finest grid. In this and the following
sections, we shall replace subscript hk simply by subscript k.
Since Vk−1 6⊂ Vk (i.e., nonnested), we need to introduce intergrid transfer operators to
connect them. Following [7, 12], the coarse-to-fine intergrid transfer operator Ik : Vk−1 →
Vk for k = 1, . . . , K is defined as follows. For v ∈ Vk−1 , let q be a midpoint of an edge of a
triangle in Ek ; then we define Ik v by

if q ∈ ∂Ω,
 0
v(q)
if q 6∈ ∂E for any E ∈ Ek−1 ,
(Ik v) (q) =
 1
{v|
(q)
+
v|
(q)}
if
q ∈ ∂E1 ∩ ∂E2 for some E1 , E2 ∈ Ek−1 .
E
E
1
2
2
We also define the iterates of Ik by
(2.5)

HkK = IK · · · Ik+1 : Vk → VK .

We now state the boundedness of the operators Ik and HkK , which will be used in the
next section and was shown in [7, 12] and [35], respectively. Below C (with or without a
subscript) denotes a generic positive constant, which may take on different values in different
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F IG . 1. The definition of the function v in Example 1.
occurrences. For the inequality (2.7) below, we assume that there meet at most six edges at
each interior vertex in E0 and four edges at each boundary vertex. This is easily satisfied.
P ROPOSITION 2.1. There exist constants C independent of k such that
(2.6)

ak (Ik v, Ik v) ≤ Cak−1 (v, v),

∀ v ∈ Vk−1 ,

and
(2.7)

aK (HkK v, HkK v) ≤ Cak (v, v),

∀ v ∈ Vk .

Inequalities (2.6) and (2.7) will be used in the analysis of the first and second classes of
multigrid methods considered in the next section, respectively. While the value of C in (2.7) is
not important for analyzing the second class, the value in (2.6) is critical in applying the theory
of [11] to the first one. Different values yield different consequences for the convergence of
the V- and W-cycle multigrid methods (see the next section). We here show, via the following
example, that the constant C in (2.6) is generally bigger than two for the P1 element.
Example 1. Let Ω be given as in Figure 1 and v be in V0 with the nodal values determined
in this figure, where the dotted lines indicate refinement. Then with A = I it can be checked
that
a0 (v, v) = 16,
and
a1 (I1 v, I1 v) = 32.5.
Consequently,
a1 (I1 v, I1 v) > 2a0 (v, v).
Example 2. We report numerical results to illustrate the behavior of the energy norm of
the iterates H0K ,
βK = sup

φ0 ∈V0

aK (H0K φ0 , H0K φ0 )
,
a0 (φ0 , φ0 )

over the basis functions φ0 ∈ V0 . The results are given in Table 1, where A = I and
Ω = (0, 1)2 are taken in (2.1). From the table, we see numerical evidence to the fact that βK
is uniformly bounded for the P1 element. This agrees with (2.7). For details on the numerical
results of βK reported in this paper, see [20].
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K

βK

βK /βK−1

1
2
3
4
5
6

0.16875E+01
0.21250E+01
0.24141E+01
0.26066E+01
0.27358E+01
0.28228E+01

1.6875
1.2593
1.1360
1.0797
1.0496
1.0318

Table 1. The P1 element.
2.2. The rotated Q1 -nonconforming element. We now consider the rotated Q1 -nonconforming
element for (2.1). For this, let Eh0 = E0 be a triangulation of Ω into rectangles having maximum diameter h0 and oriented along the coordinate axes. For each integer 1 ≤ k ≤ K,
let hk = 2−k h0 and Ehk = Ek be constructed by connecting the midpoints of the edges
of the rectangle in Ek−1 , and let Eh = EK be the finest grid. For each k, the rotated Q1
nonconforming space is defined by, see [18, 41],

Vk = v ∈ L2 (Ω) : v|E = a1E + a2E x + a3E y + a4E (x2 − y 2 ), aiE ∈ IR, ∀E ∈ Ek ;
Z
Z
if E1 and E2 share an edge e, then
v|∂E1 ds = v|∂E2 ds;
e
e

R
and ∂E∩∂Ω v|∂Ω ds = 0 .
Since Vk 6⊂ H01 (Ω) and Vk−1 6⊂ Vk , following [2, 18], we define the coarse-to-fine intergrid
transfer operators Ik : Vk−1 → Vk as follows. If v ∈ Vk−1 and e is an edge of a rectangle in
Ek , then Ik v ∈ Vk is defined by

0
if e ⊂ ∂Ω,


Z




Z

vds
if e 6⊂ ∂E for any E ∈ Ek−1 ,
eZ
(2.8)
Ik vds =

1
e


(v|E1 + v|E2 )ds if e ⊂ ∂E1 ∩ ∂E2


2

e

for some E1 , E2 ∈ Ek−1 .
Their iterates are defined as in (2.5). Also, we have the following boundedness of Ik and HkK ,
which was proven in [2] and [26], respectively. Equation (2.10) below was shown for square
partitions of a square. Extensions to other domains and triangulations were discussed in [26];
it holds for polygonal domains if their initial triangulation into quadrilaterals is topologically
equivalent to a uniform square partition of Ω = (0, 1)2 , for example. Hence, whenever (2.10)
is used below, this condition is assumed.
P ROPOSITION 2.2. There are constants C independent of k such that
(2.9)

ak (Ik v, Ik v) ≤ Cak−1 (v, v),

∀ v ∈ Vk−1 ,

and
(2.10)

aK (HkK v, HkK v) ≤ Cak (v, v),

∀ v ∈ Vk .
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F IG . 2. The definition of the function v in Example 3.
We now consider a simple case of the model problem (2.1) where the coefficient A is
constant; i.e., A = I. In this case we shall show, by the next example, that the constant C in
(2.9) is generally bigger than one. However, it is not bigger than two, as stated in Proposition
2.3 below (see its proof in [26]).
Example 3. Let Ω be as in Figure 2 and v be in V0 with the integral averaging values over
edges given in this figure. Then with A = I it can be shown that
a0 (v, v) = 5,
and
a1 (I1 v, I1 v) = 201/32.
Hence we find that
a1 (I1 v, I1 v) > a0 (v, v).
P ROPOSITION 2.3. With A = I, it holds that
(2.11)

ak (Ik v, Ik v) ≤ 2ak−1 (v, v),

∀ v ∈ Vk−1 .

Example 4. As for the P1 element, here we report numerical results on βK . The same
data are taken as in Example 2 except that now EK is a square partition. From Table 2, we
also see numerical evidence that βK is uniformly bounded for the rotated Q1 element, which
agrees with (2.10).
K

βK

βK /βK−1

1
2
3
4
5
6

0.11875E+01
0.13393E+01
0.14249E+01
0.14719E+01
0.14970E+01
0.15103E+01

1.1875
1.1278
1.0639
1.0330
1.0171
1.0089

Table 2. The rotated Q1 element.
We end with a remark that the rotated Q1 element also can be defined with degrees of
freedom given by the values at the midpoints of edges of the elements. However, (2.10) and
(2.11) do not hold with this definition [26].
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2.3. The Morley nonconforming element. In this and the next two subsections, we
consider the numerical solution of the fourth-order problem
42 u = f
u = ∂u
∂ν = 0

(2.12)

in Ω,
on ∂Ω,

using the Morley, Zienkiewicz, and Adini nonconforming finite element methods, respectively. Now the quadratic form a(·, ·) is given by
a(v, w) = (vxx , wxx ) + 2(vxy , wxy ) + (vyy , wyy ),

v, w ∈ H 2 (Ω).

The weak form of (2.12) is, find u ∈ H02 (Ω) such that
(2.13)

a(u, v) = (f, v),

∀ v ∈ H02 (Ω).

It has a unique solution [27].
Let {Ek }K
k=0 be the family of dyadically refined triangulations of Ω into triangles as
defined in §2.1. For each k, we define the Morley element, see [34],
Vk = {v ∈ L2 (Ω) : v|E ∈ P2 (E) for all E ∈ Ek ; v is continuous at the
vertices and vanishes at the vertices on ∂Ω; and
∂v/∂ν is continuous at the midpoints of interior
edges and vanishes at the midpoints of edges on ∂Ω}.
Note that Vk 6⊂ C 0 (Ω̄). Associated with Vk , ak (·, ·) is defined by
X 
ak (v, w) =
(vxx , wxx )E + 2(vxy , wxy )E + (vyy , wyy )E ,

v, w ∈ Vk .

E∈Ek

Then the approximate method for (2.12) using the Morley element is determined as in (2.4).
The coarse-to-fine intergrid transfer operator Ik : Vk−1 → Vk for k = 1, . . . , K is again
the usual averaging operator, which is given as follows. For v ∈ Vk−1 , let q be a vertex of a
triangle and q̄ the midpoint of an edge of a triangle in Ek ; then we define Ik v by [13, 39]

if q ∈ ∂Ω,
 0
v(q)
if q is also a vertex in Ek−1 ,
(Ik v) (q) =
 1
{v|
(q)
+
v|
(q)}
if
q is not a vertex in Ek−1 ,
E
E
1
2
2
and


0




∂v

∂
∂νn(q̄)
(Ik v) (q̄) =
∂v|E1
1

∂ν


2
∂ν (q̄) +



if q̄ ∈ ∂Ω,
∂v|E2
∂ν

o
(q̄)

if q̄ 6∈ ∂E for any E ∈ Ek−1 ,
if q̄ ∈ ∂E1 ∩ ∂E2
for some E1 , E2 ∈ Ek−1 .

The iterates HkK of Ik are defined as in (2.5).
We have the following result for the boundedness of the operator Ik , c.f. [13, 39]. Note
that we cannot control the growth of the energy norm of HkK . In fact, the energy norm grows
exponentially with the number of grid levels, as is demonstrated numerically in Example 6
below.
P ROPOSITION 2.4. There is a constant C independent of k such that
(2.14)

ak (Ik v, Ik v) ≤ Cak−1 (v, v),

∀ v ∈ Vk−1 .
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We now show, via the next example, that the constant C in (2.14) is generally bigger than
two.
Example 5. Let Ω be as in Figure 1 and v ∈ V0 such that v is zero at all the vertices and
∂v/∂ν has the values at the midpoints as displayed in this figure. Then we see that
√
a0 (v, v) = 28 − 6 2
and
a1 (I1 v, I1 v) =

231 147 √
−
2.
4
16

Thus, we have
a1 (I1 v, I1 v) > 2a0 (v, v).
Example 6. Numerical results for the βK with Ω = (0, 1)2 are presented in Table 3 for
the Morley element.
K

βK

βK /βK−1

1
2
3
4
5
6

0.19375E+01
0.34297E+01
0.63681E+01
0.12549E+02
0.25969E+02
0.55608E+02

1.9375
1.7702
1.8568
1.9706
2.0694
2.1413

Table 3. The Morley element.
2.4. The Zienkiewicz element. We now turn to the Zienkiewicz nonconforming element. For this, we define
a(v, w) = (∆v, ∆w) + (1 − σ){2(vxy , wxy )−(vxx , wyy ) − (vyy , wxx )},
v, w ∈ H 2 (Ω),
where 0 < σ < 1/2 is the Poisson ratio [27]. Then the weak form of (2.12) for the
Zienkiewicz method is, find u ∈ H02 (Ω) such that (2.13) holds [27].
Let {Ek }K
k=0 again be the family of dyadically refined triangulations of Ω into triangles
as defined in §2.1. For each k, we define the Zienkiewicz element, see [5],
P
P
c
i
i
c
i
Vk = {v : v|E ∈ P3 (E), v(qE
) = 13 3i=1 v(qE
) − 16 3i=1 (qE
− qE
) · ∇v(qE
),
for all E ∈ Ek ; v, vx , and vy are continuous at the vertices
of Ek and vanish at the vertices on ∂Ω},
i
c
where the qE
are the vertices of E and qE
is the centroid of E ∈ Ek . Note that Vk ⊂ C 0 (Ω̄),
1
but Vk 6⊂ C (Ω̄). For each Vk , we define

P
ak (v, w) = E∈Ek (∆v, ∆w)E + (1 − σ){2(vxy , wxy )E
−(vxx , wyy )E − (vyy , wxx )E } , v, w ∈ Vk .
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F IG . 3. The definition of the function v in Example 7.
With this the Zienkiewicz nonconforming method is defined as in (2.4).
The intergrid transfer operators Ik : Vk−1 → Vk is described as follows. For v ∈ Vk−1 ,
if q is a vertex of a triangle in Ek−1 and q̄ is the midpoint of an edge of a triangle in Ek−1 ,
then Ik v ∈ Vk is determined by
(Ik v)(q) = v(q), ∇(Ik v)(q) = ∇v(q),

0
if q̄ ∈ ∂Ω,
(Ik v)(q̄) =
v(q̄)
if q̄ 6∈ ∂Ω,

 0
1
{∇v|E1 (q̄) + ∇v|E2 (q̄)}
∇(Ik v)(q̄) =
 2

if q̄ ∈ ∂Ω,
if q̄ ∈ ∂E1 ∩ ∂E2
for some E1 , E2 ∈ Ek−1 .

The inequality (2.15) below regarding the boundedness of Ik can be seen in [40]. The
constant C in this inequality is generally bigger than one, as shown in Example 7 below.
However, we have numerically observed that it is not bigger than two. A theoretical proof of
this fact is yet to be given. Numerical evidence of the boundedness of the iterates HkK can be
seen in Example 8 below.
P ROPOSITION 2.5. There exists a constant C independent of k such that
(2.15)

ak (Ik v, Ik v) ≤ Cak−1 (v, v),

∀ v ∈ Vk−1 .

Example 7. Let Ω = (0, 1)2 be determined as in Figure 3 and v ∈ V0 such that ∂v/∂x
and ∂v/∂y are zero at all the vertices and v has the nodal values at the vertices as determined
by this figure. Then we find that
a0 (v, v) = 192,
and
a1 (I1 v, I1 v) = 317.58 − 44.5σ.
Thus we observe that
a1 (I1 v, I1 v) > a0 (v, v) for 0 < σ < 1/2.
Example 8. Numerical results for the βK for the Zienkiewicz element with Ω = (0, 1)2
are described in Table 4.
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K

βK

βK /βK−1

1
2
3
4
5
6

0.16541E+01
0.20824E+01
0.23053E+01
0.24088E+01
0.24539E+01
0.24729E+01

1.6541
1.2589
1.1070
1.0449
1.0187
1.0077

87

Table 4. The Zienkiewicz element.
2.5. The Adini nonconforming element. We now consider the Adini nonconforming
element. The quadratic form a(·, ·) is defined as in §2.4. Let {Ek }K
k=0 be the family of
dyadically refined triangulations of Ω into rectangles as defined in §2.2. For each k, we
define the Adini element, see [1],
Vk = {v ∈ L2 (Ω) : v|E ∈ P3 (E) ⊕ {x3 y} ⊕ {xy 3 } for all E ∈ Ek ;
v, vx , and vy are continuous at the vertices
of Ek and vanish at the vertices on ∂Ω}.
Again, Vk ⊂ C 0 (Ω̄), but Vk 6⊂ C 1 (Ω̄). The quadratic form ak (·, ·) is given as in §2.4, and
the Adini nonconforming method is defined as in (2.4).
The intergrid transfer operator Ik : Vk−1 → Vk is modified as follows. For v ∈ Vk−1 , if
q is a vertex of a rectangle in Ek−1 , q̄ is the midpoint of an edge of a rectangle in Ek−1 , and
q c is the center of a rectangle in Ek−1 , then Ik v ∈ Vk is determined by
(Ik v)(q) = v(q),

∇(Ik v)(q) = ∇v(q),

(Ik v)(q ) = v(q ), ∇(Ik v)(q c ) = ∇v(q c ),

0
if q̄ ∈ ∂Ω,
(Ik v)(q̄) =
v(q̄)
if q̄ 6∈ ∂Ω,

if q̄ ∈ ∂Ω,
 0
1
{∇v|
(q̄)
+
∇v|
(q̄)}
if
q̄ ∈ ∂E1 ∩ ∂E2
∇(Ik v)(q̄) =
E1
E2
 2
for some E1 , E2 ∈ Ek−1 .
c

c

Similar properties for Ik and HkK to those for the Zienkiewicz element have been observed
for the Adini element; see Proposition 2.6 [36] and Examples 9 and 10 below.
P ROPOSITION 2.6. There is a constant C independent of k such that
(2.16)

ak (Ik v, Ik v) ≤ Cak−1 (v, v),

∀ v ∈ Vk−1 .

Example 9. Let Ω = (0, 1)2 be given as in Figure 4 and v ∈ V0 such that v and ∂v/∂y
are zero at all the vertices and ∂v/∂x has the nodal values at the vertices as determined by
this figure. Then we have
a0 (v, v) = (176 − 16σ)/30,
and
a1 (I1 v, I1 v) = (193 − 8σ)/30,
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0

0

0

1

0

0

0

0

0

F IG . 4. The definition of the function v in Example 9.
so that
a1 (I1 v, I1 v) > a0 (v, v) for 0 < σ < 1/2.
Example 10. Numerical results for the βK for the Adini element with Ω = (0, 1)2 are
displayed in Table 5.
K

βK

βK /βK−1

1
2
3
4
5
6

0.10966E+01
0.11767E+01
0.12088E+01
0.12189E+01
0.12219E+01
0.12228E+01

1.0966
1.0730
1.0273
1.0084
1.0025
1.0007

Table 5. The Adini element.
For all the nonconforming elements tested here except for the Adini elements, numerical
results for βK were also reported in [37].
3. Analysis of Multigrid Methods. In this section, we apply the results of the previous
section to derive convergence of multigrid methods. We state several theorems to illustrate the
type of convergence results available utilizing the estimates on the intergrid transfer operators
and their iterates. We first state convergence results in a general setting. Two approaches of
defining multigrid methods are then discussed. Partial differential problems with less than
full elliptic regularity and without elliptic regularity are considered.
3.1. Multigrid methods. We assume that we are given a sequence of nonconforming
finite element spaces
V0 , V1 , . . . , VK ,
along with the nonsingular coarse-to-fine grid operators Ik : Vk−1 → Vk for k = 1, . . . , K.
In addition, assume that we are given symmetric positive definite quadratic forms ak (·, ·) and
(·, ·)k over Vk × Vk for k = 0, . . . , K. Finally, suppose that we are given another family
of symmetric positive definite quadratic forms bk (·, ·) over Vk × Vk for k = 0, . . . , K such
that bK (·, ·) = aK (·, ·). On all lower levels, bk (·, ·) may be different from ak (·, ·). The
norms corresponding to (·, ·)k and bk (·, ·) will be denoted by || · ||k and || · ||1,k , respectively.
Examples of spaces, operators, and quadratic forms will be given later in this section.
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Given f ∈ VK , the multigrid methods will be designed for the solution of the problem:
Find uK ∈ VK such that
∀v ∈ VK .

aK (uK , v) = (f, v)K ,

(3.1)

To introduce them, we define the discretization operator Ak : Vk → Vk on level k given by
(3.2)

∀ w ∈ Vk , k = 0, . . . , K.

(Ak v, w)k = bk (v, w),

Note that the operator Ak is clearly symmetric (in both the bk (·, ·) and (·, ·)k inner products)
0
and positive definite. Also, we define the operators Pk−1 : Vk → Vk−1 and Pk−1
: Vk →
Vk−1 by
(3.3)

∀ w ∈ Vk−1 , k = 1, . . . , K,

bk−1 (Pk−1 v, w) = bk (v, Ik w),

and
0
v, w
Pk−1


k−1

∀ w ∈ Vk−1 , k = 1, . . . , K.

= (v, Ik w)k ,

It is obvious that Ik Pk−1 is a symmetric operator with respect to the bk form. Finally, let
Rk : Vk → Vk for k = 1, . . . , K be the linear operators associated with the point Jacobi or
Gauss-Seidel smoothing procedures, let Rkt denote the adjoint of Rk with respect to the (·, ·)k
inner product, and define

Rk
if l is odd,
(l)
Rk =
Rkt
if l is even.
On V0 , let R0 = A−1
0 ; i.e., we solve exactly on the coarsest level. Following [11], the
multigrid operator Bk : Vk → Vk is defined recursively as follows:
M ULTIGRID M ETHOD 3.1. Let 1 ≤ k ≤ K and p be a positive integer. Let B0 = A−1
0 .
Assume that Bk−1 has been defined and define Bk g for g ∈ Vk as follows:
1. Let x0 = 0 and z 0 = 0.
2. Define xl for l = 1, . . . , m(k) by
(l+m(k))

xl = xl−1 + Rk

(g − Ak xl−1 ).

3. Define y m(k) = xm(k) + Ik z p , where z i for i = 1, . . . , p is defined by
h


i
0
z i = z i−1 + Bk−1 Pk−1
g − Ak xm(k) − Ak−1 z i−1 .
4. Define y l for l = m(k) + 1, . . . , 2m(k) by
(l+m(k))

y l = y l−1 + Rk


g − Ak y l−1 .

5. Let Bk g = y 2m(k) .
In the Multigrid Method (MG) 3.1, m(k) gives the number of pre- and post-smoothing
iterations and can vary as a function of k. The values p = 1 and p = 2 yield the socalled V- and W-cycle multigrid methods, respectively. A variable V-cycle method is one in
which the number of smoothings m(k) increases exponentially as k decreases (i.e., p = 1
and m(k) = 2K−k ). Other versions of multigrid methods without pre- or post-smoothing
iterations can be analyzed similarly.

ETNA
Kent State University
etna@mcs.kent.edu

90

Zhangxin Chen

To apply the convergence theory developed in [11] for analyzing MG 3.1, we need the
following two estimates:
(3.4)

bk (Ik v, Ik v) ≤ C∗ bk−1 (v, v),

∀ v ∈ Vk−1 ,

and

(3.5)

|bk ((I − Ik Pk−1 ) v, v)| ≤ Cα

kAk vk2k
λk

α/l
bk (v, v)1−(α/l) ,

∀ v ∈ Vk ,

for k = 1, . . . , K, where C∗ and Cα are constants independent of k, λk is the largest eigenvalue of Ak , 0 < α ≤ 1, l = 1 for second-order problems, and l = 2 for forth-order
problems. The convergence rate for MG 3.1 on the kth level is measured by a convergence
factor δk satisfying
(3.6)

|bk ((I − Bk Ak )v, v) | ≤ δk bk (v, v),

∀ v ∈ Vk , k = 0, . . . , K.

T HEOREM 3.1. Assume that (3.4) with C∗ = 1 and (3.5) are satisfied. Then we have the
following cases:
(i) Define Bk by p = 1 and m(k) = m for all k in MG 3.1. Then inequality (3.6) holds
with
δk =

Ck (l−α)/α
.
+ mα/l

Ck (l−α)/α

(ii) Define Bk by p = 2 and m(k) = m for all k in MG 3.1. Then (3.6) holds with δk = δ
(independent of k) given by
δ=

C
.
C + mα/l

(iii) Define Bk by p = 1 and m(k) = 2K−k for k = 1, . . . , K in MG 3.1. Then (3.6)
holds with δk determined by
δk =

C
α/l

.

C + m(k)

The constant C in Theorem 3.1 depends on C∗ , Cα , and the estimate on the smoothing
operator Rk , but is independent of k.
T HEOREM 3.2. Assume that (3.4) and (3.5) are satisfied. Then
(i) for m big enough (independent of k), the above result for the W-cycle holds.
(ii) there are θ0 , θ1 > 0, independent of k, such that the variable V-cycle multigrid
operator Bk satisfies
θ0 bk (v, v) ≤ bk (Bk Ak v, v) ≤ θ1 bk (v, v),

∀v ∈ Vk ,

where
θ0 ≥

m(k)α/l
C + m(k)α/l

and θ1 ≤

C + m(k)α/l
.
m(k)α/l
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When the “m big enough” in the above theorem is replaced by C∗ = 2 in (3.4), we have
the next result, which is slightly stronger than Theorem 3.2 for the W-cycle.
T HEOREM 3.3. Assume that (3.4) with C∗ = 2 and (3.5) are satisfied. Then
(i) the same result as in Theorem 3.1 for the W-cycle holds.
(ii) the same result as in Theorem 3.2 for the variable V-cycle holds.
The validity of inequality (3.5) requires the elliptic regularity property of solutions of
partial differential equations. An alternative hypothesis without requiring such a property can
be provided with an appropriate choice of the quadratic forms b(·, ·)k such that
(3.7)

VK

bk−1 (v, w) = bk (Ik v, Ik w),

∀v, w ∈ Vk−1 , k = 1, . . . , K.

T HEOREM 3.4. Assume that (3.7) is satisfied and that there exist linear operators QkK :
→ Vk , k = 0, . . . , K, with QK
K = I, such that

(3.8)

−1
2
k(QkK − Ik Qk−1
K )vkk ≤ Cλk bK (v, v),
bk (QkK v, QkK v) ≤ CbK (v, v),

k = 1, . . . , K,
k = 0, . . . , K − 1.

Then inequality (3.6) with k = K holds with one smoothing iteration per level for both the
V- and W-cycle multigrid methods with
δK = 1 −

1
,
CK

where C is independent of K.
For the proof of the first three theorems, we refer to [11]. For the proof of Theorem 3.4
in the conforming case, see [10], and for the nonconforming case, consult [20]. Condition
(3.8) and thus Theorem 3.4 can be verified without any elliptic regularity assumption for
the underlying partial differential equations, as mentioned above. For numerical results on
the discontinuity in the coefficient of differential problems for the second class of multigrid
methods defined in §3.3 below, see [24].
Note that we have uniform convergence estimates for the W-cycle and variable V-cycle
methods in Theorem 3.1–3.3. However, the convergence rate for the multigrid V-cycle methods in Theorems 3.1 and 3.4 deteriorates with the number of grid levels. We shall now state
a uniform convergence rate for the V-cycle methods with one smoothing on each level. For
this, define ΠkK : VK → Vk by
bk (ΠkK v, w) = bK (v, HkK w),

v ∈ VK , w ∈ Vk ,

k
K
for k = 0, . . . , K − 1 and ΠK
K = I for k = K; i.e., ΠK is the adjoint operator of Hk with
respect to bk (·, ·).

T HEOREM 3.5. Assume that (3.7) and the following condition are satisfied:
(3.9)

k−1
2
k
2
λk k(ΠkK − Ik Πk−1
K )vkk ≤ Ck(ΠK − Ik ΠK )vk1,k ,

∀v ∈ VK .

Then inequality (3.6) with k = K holds with one smoothing iteration for both the V- and
W-cycle multigrid methods with δ < 1 independent of K.
The proof of this theorem can be found in [20].
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3.2. The first class of multigrid methods. The first class of multigrid methods is the
usual one, which uses discrete equations on all levels which are defined by the same discretization. That is, the quadratic forms bk (·, ·) are given by
bk (v, w) = ak (v, w),

v, w ∈ Vk , k = 0, . . . , K,

where ak (·, ·) for each of the nonconforming elements considered here are defined as in §2.
In this case we have the next results for our nonconforming finite elements.
3.2.1. The P1 -nonconforming element. For the P1 -nonconforming element, the quadratic
forms (·, ·)k are defined by
X
(v, w)k = h2k
v(q)w(q),
v, w ∈ Vk ,
q

where the summation is taken over all the midpoints q in Ek . The regularity and approximation property (3.5) has been shown in [16] under the following elliptic regularity on the
solution of (2.1),
kuk1+α ≤ Ckf k−1+α ,

(3.10)

0 < α ≤ 1,

where k · k1+α denotes the Sobolev norm k · kH 1+α (Ω) . Consequently, due to (2.6) and
Example 1, only Theorem 3.2 applies to this element.
3.2.2. The rotated Q1 -nonconforming element. The quadratic forms (·, ·)k are determined as follows. Let {φjk } be the basis functions of Vk such that the edge average of φjk
equals one at exactly one edge and zero at all other edges. Then each v ∈ Vk has the representation
X
v=
v j φjk .
j

Now, for v, w ∈ Vk we define
(v, w)k = h2k

X

v j wj .

j

By the uniform L2 -stability of the basis functions, we can easily show that the norm induced
by (·, ·)k is equivalent to the standard L2 (Ω) norm k · k.
The regularity and approximation property (3.5) can be seen as in the P1 element [2].
Now, thanks to (2.9), (2.11), and Example 3, Theorem 3.2 can be applied to the rotated Q1
element for a general A in (2.1), while Theorem 3.3 holds when A = I in (2.1).
3.2.3. The Morley element. For the Morley element, the quadratic forms (·, ·)k are
given by
(v, w)k = h2k

X
q

v(q)w(q) + h4k

X ∂v
∂w
(q̄)
(q̄),
∂ν
∂ν
q̄

v, w ∈ Vk ,

where the summations are taken over all the vertices q and midpoints q̄ in Ek , respectively.
The property (3.5) can be shown in a similar fashion as for the P1 element [16] under the
following elliptic regularity on the solution of (2.12):
(3.11)

kuk2+α ≤ Ckf k−2+α ,

0 < α ≤ 1.

Thus, by (2.14) and Example 5, only Theorem 3.2 applies to the Morley element.
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3.2.4. The Zienkiewicz element. The forms (·, ·)k are defined by
X
X

(v, w)k = h2k
vx (q)wx (q) + vy (q)wy (q) ,
v(q)w(q) + h4k
q

v, w ∈ Vk ,

q

where the summation is taken over all the vertices q in Ek . For the Zienkiewicz nonconforming element, the property (3.5) can be shown under (3.11). Hence it follows from (2.15)
and Example 7 that Theorem 3.2 applies to this element. As mentioned before, numerical
evidence suggests that Theorem 3.3 may apply to it.
3.2.5. The Adini element. The quadratic forms (·, ·)k are defined as in the case of the
Zienkiewicz element, and the property (3.5) also follows from an analogous argument under
(3.11). Therefore, by (2.16) and Example 9, we see that similar convergence results to those
for the Zienkiewicz element hold for the Adini element.
In summary, Theorem 3.2 applies to the P1 and Morley elements, while Theorem 3.3
applies to the rotated Q1 element (with A = I) and possibly to the Zienkiewicz and Adini
elements. Namely, we have shown that the W-cycle multigrid methods converge for the P1
and Morley elements with a sufficiently large number of smoothing iterations on all levels
(which is well known), and for the rotated Q1 element and possibly (based on numerical
evidence) for the Zienkiewicz and Adini elements with one smoothing iteration per level
(which is less known), and that the variable V-cycle multigrid methods provide a uniform
condition number estimate for all these nonconforming elements. As a matter of fact, for the
Morley element the W-cycle methods diverge unless the number of smoothing iterations on
all levels is sufficiently large [31]. For the P1 element we have not numerically observed this
fact; in fact, numerical evidence suggests that the V- and W-cycle methods converge with
one smoothing for this element [20]. Finally, Theorem 3.1 does not apply to any of these
elements; i.e, we do not have any result for the standard V-cycle methods. It is for this reason
that we shall consider the second class of multigrid methods in the next subsection.
3.3. The second class of multigrid methods. The second class of multigrid methods is
determined by
(3.12)

bk (v, w) = aK (HkK v, HkK w),

∀v, w ∈ Vk , k = 0, . . . , K − 1,

where we recall that the iterates HkK of Ik are defined as in (2.5) and on the finest level
bK (·, ·) = aK (·, ·) = ah (·, ·), which is determined from the continuous problem as in the last
section. For each of the nonconforming elements under consideration, the quadratic forms
(·, ·)k can be defined as in §3.2. It follows from (3.12) that (3.4) automatically holds with
C∗ = 1. Consequently, it suffices to show (3.5). The ideas presented in [20] indicate that the
proof of (3.5) depends on the boundedness of the energy norm of HkK . In fact, the regularity
and approximation assumption (3.5) was shown for the P1 and rotated Q1 elements; see [20].
Also, it is mentioned in [20] that (3.5) possibly holds for the Zienkiewicz and Adini elements.
As a consequence, Theorem 3.1 applies to the P1 and rotated Q1 elements; i.e., both the
V- and W-cycle multigrid methods with any number of smoothing iterations converge with
the convergence rate given as in this theorem for these elements when bk (·, ·) is defined by
(3.12). For the Morley element, due to the fact that we cannot control the growth of the
energy norm of HkK (see §2.3), Theorem 3.1 does not apply. Since the energy norm of HkK
grows exponentially with the number of grid levels, it is not appropriate to employ the second
approach to define the multigrid methods for this element.
Note that (3.12) also implies (3.7), so we now consider Theorems 3.4 and 3.5 for the P1 ,
rotated Q1 , Zienkiewicz, and Adini elements. Theorem 3.5 was proven in [20] for the former
two elements under a full elliptic regularity assumption on the solution of (2.1) (i.e., α = 1 in
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(3.10)), and its extension to the latter two elements is possible (based on numerical evidence).
For Theorem 3.4, we need the operators QkK , which are constructed as follows.
3.3.1. The P1 element. Following [20, 37], we define the fine-to-coarse intergrid transfer operators Tk−1 : Vk → Vk−1 as follows. If v ∈ Vk and q is the midpoint of an edge e of a
triangle in Ek−1 , Tk−1 v ∈ Vk−1 is given by
(Tk−1 v) (q) =

1
(v(q1 ) + v(q2 )),
2

where q1 and q2 are the respective midpoints of the edges e1 and e2 in Ek , which form the
edge e in Ek−1 . Note that the definition of Tk−1 automatically preserves the zero nodal values
on the boundary. We now introduce the iterated transfer operators
(3.13)

QkK = Tk · · · TK−1 : VK → Vk ,

k = 0, . . . , K.

With QkK we can show (3.8); see [20], so Theorem 3.4 holds for the P1 element.
3.3.2. The rotated Q1 element. The operators Tk−1 : Vk → Vk−1 are defined similarly.
If v ∈ Vk and e is an edge of an element in ∂Ek−1 , Tk−1 v ∈ Vk−1 is given by [26]


Z
Z
Z
1
1
1
1
Tk−1 vds =
vds +
vds ,
|e| e
2 |e1 | e1
|e2 | e2
where e1 and e2 in ∂Ek form the edge e ∈ ∂Ek−1 . Note that the definition of Tk−1 also
automatically preserves the zero average values on boundary edges. The iterates QkK of Tk
are given as in (3.13), and also satisfy (3.8); see [20]. Hence Theorem 3.4 applies to the
rotated Q1 element.
3.3.3. The Zienkiewicz and Adini elements. For the Zienkiewicz and Adini elements,
if v ∈ Vk and q is a vertex of a triangle in Ek−1 , then Tk−1 v ∈ Vk−1 is defined by, see [20],
(Tk−1 v) (q) = v(q),

∇ (Tk−1 v) (q) = ∇v(q),

which has the zero nodal values on the boundary and leads to QkK as in (3.13). Condition (3.8)
could be shown similarly if the energy norm of HkK would be uniformly bounded. However,
the boundedness of HkK has not been proved yet.
In summary, exploiting the second approach of defining multigrid methods for the P1 ,
rotated Q1 , Zienkiewicz, and Adini nonconforming elements, Theorems 3.1, 3.4, and 3.5 can
be appled to the first two methods. Numerical evidence suggests that they may also be applied
to the last two methods. This approach is not suitable for the Morley element.
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