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Abstract. In paper D. Li. DUKIC, R. M. MUTAVDZIC DUKIC, A. V. PEJICEV, AND M. M. SPALEVIC, Error
estimates of Gaussian-type quadrature formulae for analytic functions on ellipses — a survey of recent results, Electron.
Trans. Numer. Anal., 53 (2020), pp. 352-382, Lemma 4.1 can be applied to show the asymptotic behaviour of the
modulus of the complex kernel in the remainder term of all the quadrature formulas in the recent papers that are
concerned with error estimates of Gaussian-type quadrature formulae for analytic functions on ellipses. However,
in the paper D. R. JANDRLIC, Dj. M. KRTINIC, L. V. MIHIC, A. V. PEICEV, M. M. SPALEVIC, Error bounds
of Gaussian quadrature formulae with Legendre weight function for analytic integrands, Electron. Trans. Anal. 55
(2022), pp. 424-437, which this note is concerned with, there is a kernel whose numerator contains an infinite series,
and in this case the mentioned lemma cannot be applied. This note shows that the modulus of the latter kernel attains
its maximum as conjectured in the latter paper.
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1. Introduction. Numerical integration is the process of approximating a definite integral
of a given function. The n-point quadrature formula (q.f.) with respect to some positive weight
function w on a finite interval, which we normalize to be [—1, 1], has the form

1 n
(LD) / WO (@)dt = Y e () + Ral))

-1

for some set of nodes &; and weights w;. Here, we are concerned with n-point Gauss-Legendre

q.f. associated with the Legendre weight function. In the work [12], which inspired the work

[7], the authors were concerned with Jacobi polynomials PTE‘W’ )

[—1, 1] with respect to the Jacobi weight function

, which are orthogonal over

wt)=>1-t)*1+t)", a,f>-1.

In the work [7], the authors considered the particular case when o = 8 = 0, which leads to
the Gauss-Legendre q.f. (1.1) with the weight function w(¢) = 1, and estimated the remainder
term R, (f) of this quadrature rule. When f is an analytic function, the remainder term can
be represented as a contour integral with a complex kernel. The authors studied the kernel
on elliptic contours with foci at the points 1 and with the sum of semi-axes p > 1. They
determined an explicit expression for the kernel and on the basis of the assumption that its
modulus attains its maximum in the way presented in a form of a conjecture (without proof)
[7, pp. 429-430], determined the location on the ellipses where maximum modulus of the
kernel is attained for large enough p. This allowed the derivation of effective error bounds for
this q.f. It is the purpose of this note to prove this conjecture.
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2. Error bounds of q.f. for analytic functions. Let I" be a simple closed curve in the
complex plane encompassing the interval [—1, 1] and let D be its interior. Suppose that f is a
function that is analytic in D and continuous on its closure D = D UT. It follows from the
Lagrange interpolation formula (see, e. g., [10, Chapter 2]) that

1 f(2)Q,(t
2.1 (S Zz =i f (Z(_i)rf()z)dz,
where

n

Q(z) =c[[(z-&) (c#0),

=1

where &; are the zeros of the corresponding orthogonal polynomial 2,,(t) (which is monic
when ¢ = 1) and the /; are the fundamental polynomials of Lagrange interpolation. By
multiplying (2.1) by the weight function w(t) and integrating in ¢ over (—1,1), we get a
contour integral representation for the remainder term R,,(f) in the Gauss q.f. (1.1),

22) Ru(f) =I(f;w sz (&) = Ko (zw)f(2)dz,

27i

where

Imwz/jmwwﬁ,wz/ummwm

1 -1

and the kernel K,,(z) = K, (z;w) can be expressed in the form

(2.3) K,(z;w) = m, on(z;w) = /_1w(t) Zri(tt) dt, zeC\[-1,1].

The integral representation (2.2) leads directly to the error bound

o R < 5 (w2 ) (rmac 17621

zel

where [(T") denotes the length of the contour I" (see [2]).

A common choice for the contour I" is one of the confocal ellipses with foci at the points
F1, also known as Bernstein ellipses, and the sum of semi-axes p > 1,

(2.5) 5p={ze<cz %(u-ﬁ-u )u:pei9,0<9<2w}.

The Bernstein ellipse has the major and minor semi-axes %(p + p~') and %(p — p~ 1),
respectively. A recent survey of error bounds (2.4) as well as of related bound, when I = &,
for Gaussian type q.f. can be found in [2].

The behavior of Legendre polynomials, 7, (t) = pLoo (t) (a particular case of the well-
known Jacobi polynomials, pP (t) with o = 8 = 0), denoted by Q,,(¢) in the paper [7],
was studied in the context of the rate of convergence of spectral interpolation and spectral
collocation methods for solving integral and differential equations. By studying these problems,

(v, 8) (t)

an explicit representation of Py was derived in the variable of parametrization and the

extrema of |P7(La’ﬁ ) (t)| on the Bernstein ellipse are identified for some parameters and refined


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

ERROR BOUNDS OF GAUSSIAN QUADRATURE FORMULAE 91

asymptotic estimate were provided in [12]. An explicit formula of Jacobi polynomials obtained
in [12, Lemma 3.2 and formula (3.11)],

(utu),

DN | =

(2.6) qua,ﬁ) (Z) - Zd|n—2k\,nun72k; z =
k=0

where, in the case a = 8 > —1,

2.7
k 1 —k+1
2*°T(n+a+ 1)I <+2n—|— + a) T (n2+ —|—a>

fer =y VAT 20+ 00 (S5 )1 (SR ) a1

0, n — k odd.

P , n — keven,

was used and this general case was adopted to the particular case of Legendre polynomials.
Using properties of Chebyshev polynomials of the first and second kinds

sin((n 4 1)0)

sin 6

T, (cos 0) = cos(nd), Un(cost) = n >0

)

and the representations of them when z € &, in (cf. (2.5)), 2 = $(u +u™!),u = pe'’
(0 < 0 < 27), (see [6, pp. 1176-1177]),
n+1 _ ufnfl

1 n —n
T77(Z):§(U —+u ), Un(Z): W,

the authors of [12] obtained trigonometric representations of (2.6):

(2.3) PP (cos0) = do., + 2 Z d,n cos(k0).

k=1
This allowed to establish a connection with Chebyshev polynomials. Some of the properties
of Chebyshev polynomials are described by Notaris in [9]. It was shown that the integrals

/1 ) g, oy 21,

_12Ft
with the p,, being any one of the Chebysev polynomials of degree n, can be computed
explicitly; see [9, Proposition 2.2]. This particular property finds direct application in the
computation of an explicit kernel formula in our case (and further in the estimation of the
quadrature error). This is discussed in the following sections.

3. The maximum of the modulus of the kernel. The kernel studied in [7] is given by
Kn(z) = 22 > ¢ [—1,1], where ,(z) is defined by (2.6) with

= ma(z)?

(n+k—-—DN(n—Ek—1

3.1 A = m+ k) (n—kKT n — k even, '
0, n — k odd,
and (see [7, pp. 426-427])
k/2—1
H (k — 2i), k even,
pn={ =°
(k—1)/2

II (k—2i),  kodd,

=0
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while, due to [7, Remark 2.2], for n odd

with

k odd
and analogously for n even

o0 oo

_ e 1 Cj
Qn(z) - Z w2i+l E Z w2’

j=1 j=1

with

dkn
=8
JZ - (2j+1)2

k even

where the notation Z" means that the first term dj ,, in the sum must be halved (if it appears);
see [7, pp. 426]. The conjecture in [7] is concerned with expressions of the form

u2+A+o(%) %—F{%—&-o(p%)
I(pve) = 1 = 1 B 1 (p—>oo),
u2+B+0<;) Fer+o(p—5>

where A and B are real numbers different each other, u = pe'?, and I(p, ) = I(p,0 + 7).
The conjecture claims that, under some aditional conditions, if A > B, then there exists
p* > 1 such that maxgeo,~) [I(p,0)| = |I(p,0)| for each p > p* and if A < B, then there
exists p* > 1 such that maxyepo,r) [1(p, 0)| = |I(p, 7/2)| for each p > p*. These statements
were confirmed empirically in the case of the modulus of our kernel in [7], but no proof was
provided.

In our case the numerator is an infinite series in u%,

+oo

Ai
> a0 =L
i=1

while the denominator is a polynomial expression in u%,

1
n+ Bi
E 247 Bl = 17
— u=t
i=1

and we will see that the “aditional conditions”” mentioned imply uniform boundness of the
coefficients of the series in the numerator. Since

oo i—1

i | = ZCQp“‘J + QZZQC p~21=27 cos 2(i — j)0,

1=2 j=1
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after (for the sake of compactness of the notation) denoting
n+1

n
_ _ n+2
Z) - Zd|nf2k\,nu = Z w2’
k=0

and further

J J - _ Y =
.= E . c; = c1 =1
ZuQJ Y2250 1T (@ )s
j=1 j=1
n+1 n+1l 7
b; — b; —
J
1E b, = L blzl
ZUQJ J bl, ( )7
j=1

it appears that we have to prove the followmg.
THEOREM 3.1. For a fixed natural number n and the coefficients ¢1,¢a, ..., and

by, by, ..., b,y defined depending on the parity of n as described above, if ¢y > by, then
there exists p* such that for each p > px and each 6 € [0, ), it holds

e le_4]1 +230, Zﬁ 1CinCjy p 2117200 cos 2(iy — j1)0
1 7 1 17

S B o+ 2 SRR By p2ie =22 cos 2(ia — )0
< EJOIO lijlp_4]1 +2Zzl 22.717 Ci, Cjy p_2“ 2

- n+1 7 4 n+1 io—1 7 2 2 ’
Z]2 1bj2p ]2+2Zi2:2 Jo= lb b]2p 2742

and if e < by, then there exists p* such that for each p > px and each 0 € [0,7), it holds

Z;T 1731[)74]1 + 2211 =2 Zh 1Cii Cjy P —20=271 ¢og 2(iy — 71)0

Z;L;_ll 5]2[)—4]2 + 2 ZZL;;E Z;z i b b]z p—212 272 cos 2(22 _ ]2)9
< Zh 1 jlp o + 2211 =2 Z;i_iéhéh( 1)7‘17j1p72“72j1
= Z;L;‘ll Bnp—zm +2 222112 Z;z i b, b L (—1)iz=jz p=2i2=2j2

Proof. When @, > by, we have to show that the expression

oo oo i1—1
Z 7{?1074]1 + 2 Z Z CiCip 2% cos 2(iy — j1)0 | %
J1=1 i1=2751=1
n+1 ) n+l iz—1
SUTSCEES S SR
J2=1 12=2 j2=1
n+1 5 n+1 iz—1
— [ Db 2 Y D bib T cos2(in — )0 | X
ja=1 ip=2 jo=1
oo oo i1—1
DGV h2)y Y w Ty
Jji=1 i1=271=1
= 2(y — by)(cos 20 — ’10—1—2103 2s

= 2(Gy — by)(cos20—1) | p7 10 + B
(G2 — b2)( < Z 2—b2 cos29 1)p
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is negative for each 6 € (0, 7) when p is large enough, where

ps =4 Z i, Cjy biybj, (cos 2(ih — §1)0 — cos 2(iz — j2)0)
1<j1<in—1
1<j2<iz—1
i1+j1+i2+j2=s
+2 Z Eglgizgjz (1 — COS Q(ig — jg)e)
1<j1
1<j5<in—1
2j1tiz2+j2=s
T2 _ _ . .
+2 Z b;,Ci,Ciy (cos2(iy — j1)0 — 1),
1<j2
1<ji<i;—1
2j2+i1+j1=5

since, when we multiply the corresponding parentheses monomial by monomial, p~2¢ appears

in the following cases:
1. 2Eiléj1p72i172jl cos 2(21 — ]1)9 . 251'25]'2[7721.272& and 7251‘25j2p72i272j2‘
CcoS 2(%2 —j2)9 . 26i16j1p72i172j1, where 1 < 1< — 151 <5 < 19— 1547 +
Jitiz+j2=2s; o
2. T p Y 2bi,bj, p= 22722 and —¢5 p 49 2b, by, pm 227292 cos 2(ig — ja )0, where
1<j31<ja<ia—1;251 +ia+jo2 =s;
3. 5§2p74j2 . 26116j1p72i172j1 COS2(i1 7]1)0 and — 552,074]-2 . 261‘16]'1[)721-172]'1,
where 1 S]Q,l S]l §11—1,2]2+Zl +]1 = S.
We have to prove that there exists p*, independent of 6, such that for each 6 € (0, 7) it holds
that

+o00 D
—10 s —2s
+ _ >0
P ; 2(Cs — ba)(cos 20—1)"

for each p € (p*, +00). To show this, we will first prove the following lemma.
LEMMA 3.2. There exists a constant C' > 1 such that for each s € N, s > b5, it holds that

Ps
‘ 2(¢3 — by)(cos 260—1)

Proof. The following bounds hold:

< C%.

2(02 — bg)(COS 29—1) 2(02 — b2)

X

— = T 7. |lcos2(iy—j1)0—cos2(iz—j2)0|
4 E [Ci,Cjy biy b | 1—cos20
1<j1<in—1
1<ja<in—1
i1+J1+i2+j2=s

o= = 1 —cos2(iy — j2)0 —2 _ _ 1—cos2(iy — j1)0
2
+2 Z i lbiz b 1— cos 20 +2 Z AR 1— cos20
1<j1 1<j2
1<j2<iz—1 1<j1<i1—1
2j1+i2+j2=s 2ja+i1+j1=5s
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The number of terms om each of the three sums is obviously bounded by the number of
positive integer solutions of the equation x1 + x2 + x3 + 4 = s, which is, as we know from
the high school, equals to (Sgl), which is a polynomial function in s.

The number of b-coefficients is finite, so the set of their absolute values is uniformly
bounded. Whenever 25 > n, we have

ci| = 167 <16 ) din— -
s Z [ETEE kZ @)= (2 - 17
k:odd k odd
n—1 ] 6 —
=16 di.n < — dik.n

St < 05,
k=1 k=1
k odd k odd

if n is odd (since 4 7 < % for each j € N), and

n

. ” dkn " j
c:l=8 "R <8 dk.n— -
Gl =82, Grerr—ge = kZ:O i+ 12 - (22

k=
k even k even
=8 dp ,—— < 2 d
Z ’”‘4] +1 - Z k.n

if n even (since yEsy +1 <1z L for each J € N). The set of the ¢; for which 2j < n is finite, which
means that the set of the absolute values of all c-coefficients is uniformly bounded, i.e., there
exists a constant A/ > 0 such that

3.3) ¢ <M, and b; <M, foreachi,jecN.

We know that the expressions

1 — cos 2:0
1—cos20’

are polynomials in cos 26, since for each ¢ € N it is known that cos 26 is the polynomial 7T}
(the Chebyshev polynomial of the first kind) in cos 26 of the degree i. Moreover, whenever
cos 20 = 1, it holds that cos 2 = 1, which means that 1 — cos2if = 1 — T;(cos20) is a
polynomial in cos 20 which takes value zero when cos 20 = 1. We conlude using Bezuot’s
theorem that the polynomial 1 — T;(x) is divisible by the polynomial 1 — z, and the quotient
is a polynomial in x. It now follows that

c0s2j60 —cos2if (1 —cos2ifl) — (1 —cos2jf) 1—cos2i 1 —cos2;j6
1—cos20 1 —cos26 1 —cos20 1 —cos26

also is a polynomial in cos 26. The degrees of the polynomials in the expression under the
consideration are ¢ — 1, i.e., max{i — 1, j — 1} (or zero when ¢ = j), which is less than s. For
each polynomial Q) (cos 20) = Z?:o a; (cos 20)", we have

d d
|Qa(cos20)| < |ar|[cos 20]" <Y " Jas| = [|Qall-
t=0 t=0
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Since the polynomial Q;_1 (cos 26) (for each integer 4, ¢ > 3) satisfies the same recurence as
the Chebyshev polynomials,

Q;(cos26) = 2c0s20 Q;—_1(cos20) — Q;_2(cos 20),

the sum of the absolute values of the coefficients, ||Q;||, satisfies ||Q;|| < 2]|Qi—-1]] + |Qi—2]|
for which we know that it has an exponential bound in ¢, i.e., there exists a constant C; > 1
such that ||Q;|| < C% for each i € N, which is further bounded by C% for each s € N, s > 5,
since s > i. Also,
cos 2750 — cos 2i0
1 — cos 20

and [|Q;(cos 20) — Qi(cos 20| < ||Q; || + [|Q:]| < Cf + €] < 2C%, for each s > 5, since it
always holds s > 1, j.
Now, from (3.3) and (3.2) it follows that

Ps 1 S — 1 <J\4)2 (M>2 e s s S
— < - — — 4-207 +2C7 +2C7) < C
‘2(62 —b2)(cos20—1)| = 2(¢2 — b2) < 3 ) c1 b1 ( ! ! v

for some constant C' > 1 and each s € N, s > 5, which shows our lemma. O
We now can finish the proof of the theorem. It holds that

= Q;(cos20) — Qi(cos 26),

—+oo —+oo
—-10 Ps 25 5 10 _ Ps —2s
Pt ; 2@ — ba)(cos20-1)" = F ; 2@ — ba)(cos20—1)"
—+oo
> p—lO _ Z Csp—Qs
s=6
+oo ) < 2 6
= p10 1—052(0/)_2)] — 10 (1_05 p20> _ —10P 20007
j=1 T P

which obviously is positive for each p > +/C% + C' = p* and does not depend on 6.
The case ¢ < by is analogous, i.e., we have to show that the expression

oo i1—1
Z e p 42 Z Z Ci Gy p 22 cos 2(iy — 51)0 | X
J1=1 i1=2j1=1
n+1 ntliz—1
Z Bip—éljz ) Z Z bizbjzp—2i2—2j2(_l)iz—jz)
J2=1 12=2 ja=1
n+1 ntliz—1
— (B2 D Bl cos2(i2—j2>9) x
J2=1 12=2 jo=1
oo ii—1
Z 72 p*4J1 +2Z Z i Ty p —2i1— 2]1( 1)i1j1>
J1=1 i1=271=1
+oo
= 2(Cy — by)(cos20 + 1)p~ 10 + Zpsp*%
s=6

= 2(Cy — by)(cos20 + 1) | p~10 4 e
(€2 — b2)( < Z 2(¢z — bo)( c0529+1)p
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will be negative for each 6 € [0, 7){7/2} when p is large enough, where

ps =4 Z 61‘16]'161‘25]‘2 ((—1)i2_j2 cos 2(i1 — j1)9 — (—1)il_j1 Ccos 2(i2 — ]2)9)
1<51 <11
1<j2<ia—1
i1+Jj1+i2+j2=s

+2 0 B bubs ((F)7 — cos2(iz — j2)6)
1<j1
1<ja<iz—1
2j1+i2+j2=s
+2 > B?QaQaQ (cos 2(ir — )0 — (—1)1 7).
1<j2

1<, <ig—1
2j2+i1+j1=5s

In this case we have to prove that there exists p*, independent of 6, such that for each
6 € [0,7)/{m/2} it holds

+oo
—10 Ps —2s *
+ = > 0 foreach p € ,+00).
P 2 2(¢s — ba)(cos 20+ 1) p € (¢", o)

We have the following bounds:

‘ Ds ‘ v

— < —
2(62 — bg)(COS 20 + 1) - 2(62 — b2)

Z = 7.7 1 l(=1)"2792 cos 2(i1 —j1)0—(—1)"1 791 cos 2(i2—j2)0|
4 ‘6216J1b12b]2| 1+4cos 20

1<j1<in—1
1<j2<iz—1
i1+j1+i2+j2=s

(34) 5= = 1= (=1)2772cos2(iy — j2)0
2 Z jalizbsa| 1+ cos26
1<
1<j5<in—1

2j1+i2+j2=s

21— (=11 cos2(iy — j1)0
1+ 9 Z bj,[CiyCis | 1 4 cos 20
1<j2

1<j1<ig1—1
2j2+i1+j1=s

When we put § = 7/2+ 01, the same trigonometric expressions in 67 appear as in the previous
case in 0, while all the other bounds are identical. This completes the proof. a

We observe that in all the kernels K, from [7, Conjecture 2.1], i.e., for each n € N, we
have the case ¢y < bs in Theorem 3.1.
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constantly motivating me to persevere in completing the proof of Theorem 3.1 as well as for
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helping in improving the form of the paper.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

98

(1]
(2]

(3]
[4]
(5]
(6]
(7]

(8]
(91
[10]
(1]

[12]

ETNA

Kent State University and
Johann Radon Institute (RICAM)

ALEKSANDAR V. PEJCEV

REFERENCES

D. LJ. BUKIC, A. V. PEICEV, AND M. M. SPALEVIC, The error bounds of Gauss-Kronrod quadrature
Sformulae for weight functions of Bernstein-Szegd type, Numer. Algorithms, 77 (2018), pp. 1003—-1028.

D. Li. DUKIC, R. M. MUTAVDZIC DUKIC, A. V. PEICEV, AND M. M. SPALEVIC , Error estimates of
Gaussian-type quadrature formulae for analytic functions on ellipses-a survey of recent results, Electron.
Trans. Numer. Anal., 53 (2020), pp. 352-382.
https://etna.ricam.oeaw.ac.at/vol.53.2020/pp352-382.dir/pp352-382.pdf

C. F. GAUSS, Methodus nova integralium valores per approximationem inveniendi, Commentationes Societatis
Regiae Scientiarum Gottingensis Recentiores, 3 (1814). Also in Werke III, pp. 163-196.

W. GAUTSCHLI, Orthogonal polynomials: computation and approximation, Oxford University Press, 2004.

W. GAUTSCHI, OPQ: a Matlab suite of programs for generating orthogonal polynomials and related quadra-
ture rules. Available at
https://www.cs.purdue.edu/archives/2002/wxg/codes/OPQ.html.

W. GAUTSCHI AND R. S. VARGA, Error bounds for Gaussian quadrature of analytic functions, SIAM J.
Numer. Anal., 20 (1983), pp. 1170-1186.

D. R. JANDRLIC, DJ. M. KRTINIC, LJ. V. MIHIC, A. V. PEICEV, M. M. SPALEVIC, Error bounds of
Gaussian quadrature formulae with Legendre weight function for analytic integrands, Electron. Trans.
Anal., 55 (2022), pp. 424-437.
https://etna.ricam.oeaw.ac.at/vol.55.2022/pp424-437.dir/pp424-437.pdf

S. E. NOTARIS, Error bounds for Gauss-Kronrod quadrature of analytic functions, Numer. Math., 64 (1993),
pp- 371-380.

S. E. NOTARIS, Integral formulas for Chebyshev polynomials and the error term of interpolatory quadrature
Sformulae for analytic functions, Math. Comp., 75 (2006), pp. 1217-1231.

1. P. MYSOVSKIH, Lectures of Numerical Methods, Wolters-Noordhoff Publishing, Groningen, 1969.

M. M. SPALEVIC, M. S. PRANIC, AND A. V. PEICEV, Maximum of the modulus of kernels of Gaussian
quadrature formulae for one class of Bernstein-Szegd weight functions, Appl. Math. Comput., 218 (2012),
pp. 5746-5756.

H. WANG AND L. ZHANG, Jacobi polynomials on the Bernstein ellipse, J. Sci. Comput., 75 (2018), pp. 457—
4717.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at
https://etna.ricam.oeaw.ac.at/vol.53.2020/pp352-382.dir/pp352-382.pdf
https://www.cs.purdue.edu/archives/2002/wxg/codes/OPQ.html
https://etna.ricam.oeaw.ac.at/vol.55.2022/pp424-437.dir/pp424-437.pdf

