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OPTIMAL GRIDS FOR ANISOTROPIC PROBLEMS
�

S. ASVADUROV
�

, V. DRUSKIN � , AND S. MOSKOW �

Abstract. Spectralconvergenceof optimal grids for anisotropicproblemsis both numericallyobserved and
explained.For elliptic problems,thegriddingalgorithmis reducedto aStieltjesrationalapproximationonaninterval
of a line in thecomplex planeinsteadof therealaxisasin the isotropiccase.We show rigorouslywhy this occurs
for asemi-in�nite andboundedinterval. Wethenextendthegriddingalgorithmto hyperbolicproblemsonbounded
domains. For the propagative modes,the problemis reducedto a rational approximationon an interval of the
negative real semiaxis,similarly to in the isotropiccase.For thewave problemwe presentnumericalexamplesin
2-D anisotropicmedia.
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1. Intr oduction. The Dirichlet-to-Neumann(DtN) operatoris an important tool for
many applications,suchas inverseproblems[19], domaindecomposition[1, 18, 12], and
absorbingboundaryconditions[11, 13, 15]. So, it soundsattractive to targetcomputational
algorithmsto generateaccurateapproximationsof theDtN mapat theexpenseof accuracy
in the entiredomain. The useof speciallyplaced�nite differencegrid pointshave proven
usefulfor severalproblemsin geophysicsdescribedby isotropicPDEs.Thesegridsaregen-
eratedfrom rationalapproximationsof theDtN map,or impedancefunction in thespectral
domain.See,for example[8] for anintroductionandtheir generationalgorithm;[3, 4, 2, 6]
for their applicationto geophysicalproblemsandinversion;and[10] for their relationship
with spectralmethods.Thestaggered�nite differencegridsarechosento yield exponential
convergencefor themodelproblem

(1.1) �����	��
�
���

attheendpointreceiverlocation(s)for � in agivenspectralinterval. Thegridsarethenapplied
to morecomplex problems,suchashigherdimensional(isotropic)wavepropagation,andthe
observedspectralconvergenceat receiverscanbeexplainedby Fourier transformreduction
of theproblemto (1.1). Furthermore,sincetheDtN mapcompletelydescribesthecoupling
of a domainwith its neighbors,thesegridscanbecombinedwith domaindecompositionto
yield spectralconvergencein piecewiseconstantmediawith Cartesianinterfaces[3, 9].

In geophysics,however, onefrequentlydealswith piecewise smoothmediawhich are
inherentlyanisotropic,or thatinvolve layersdippedat variousangles.For example,we may
beinterestedin two dimensionalscalarwavepropagationin suchmedia,modelledpiecewise
by

(1.2) ��������
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At �rst glanceit is not obvious how to even apply the optimal grids to sucha problem.
On staggeredgrids, themixedderivative termwould requireus to sumtermswhich live on
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differentgrids. To resolve this issueon unboundedintervals,we useLebedev grid clusters
[16, 17, 7], which generallyleadto naturalextensionsto anisotropy. For boundedproblems,
we split thesolutioninto its oddandevenparts. We describethe techniquesin moredetail
throughoutthepaper.

Using the Lebedev cluster technique,when the above mentionedoptimal grids were
appliedto (1.2), spectralconvergencewasobservedat thereceivers,despitethefact that the
equationdoesnot transforminto (1.1). Indeed,eventhesteadystatecounterpartto (1.2),

��
�
 ����� ��
�� � �����#$�

becomes

(1.3) �����&% �'�

(

�)� 
 �&� 
�
 ��

after Fourier transformin the * direction. Our goal is to explain why, then, the spectral
convergencestill occurs.To do this,we:

+ explorerigorouslyin onedimensiontheuseof gridswhichwereoptimizedfor (1.1)
on theproblem(1.3).

+ explainhow theconvergencefor (1.2) dependsontheconvergenceof thesegridsfor
theproblem(1.3).

Thepaperis organizedasfollows. In Section2 weprovidebackgroundonoptimalgrids,
including a basicintroductionin 2.1 and a demonstrationof how they work for isotropic
elliptic andwave problemsin 2.2and2.3. Section3 containsthestudyof anisotropy. In 3.1
we motivateour 1-d modelwith anelliptic equation.In 3.2 we show how to applyoptimal
grids to theanisotropicproblem(1.3) on a half-line andprove thatexponentialconvergence
is maintained.We handlea slightly moregeneralproblemin a boundedinterval in 3.3. In
3.4and3.5 we apply theseresultsfor a boundedinterval to ananisotropicelliptic andwave
problem,respectively. We presentnumericalexperimentsin Section4 anda discussionin
Section5.

2. Background.

2.1. Optimal grids. We �rst describethe optimal grid techniquefor backgroundand
notation.Considertheisotropiconedimensionalproblemonaninterval ,-��.0/�1 :

�)�2�3�

�


��(2.1)

�4��
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whereour goalis to approximatethesolutionat theleft endpoint,��,-�!1 . (Sourceandreceiver
areat ;<$� . ) We notethatwe allow thecase/�>= . We usea staggeredthree-point�nite
differencescheme.Staggeredschemeshaveprimaryanddualgrids:
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Onethinksof thepotential � asliving on theprimarygrid andthederivative � 
 asliving on
thedualgrid. Differencesarethree-point;takingthemshiftsadiscretesolutionfrom onegrid
to theother. The grid is staggeredin thesensethat thedualpointsareplacedbetweentwo
primal points,with theexceptionof the left endpointwhich bothgridsshare.We apply the
Neumannboundaryconditionat ;�Z� by usinga ghostpoint to obtainthe systemfor an
approximation[ to thesolutionto (2.1)
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The secondequationof (2.2) resultsfrom allowing %#eE in the �rst equationof (2.2), and
setting
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where [DP is the�ctitious valueat theghostpoint ;�P . Or, we mayalsousethenotation

(2.3) ,gfh[i1
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for thedifferenceoperatorsfrom theprimaryto dualgrid andfrom thedualto primarygrid,
respectively. We thencanexpresstheabovedifferenceequationas
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For shorthandwewill write thesystemin matrixnotation:

(2.5) ,-/�om�^��10[F>�
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ThecontinuousNeumannto Dirichlet, or NtD, mapis themappingr�,5��1 from theNeumann
data8 to theDirichlet data��,-�61 , with parameter� :

��,-�!1�s��r�,5��1t��ug,-�61
 

Onecancomputer explicitly; for �nite / ,

(2.6) r�,5��1cwvIx'y)z
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andfor /{|=

(2.7) r�,g�Q1:>E~}

(

�  

Similarly, we cantalk aboutthediscreteNtD map, r d ,5��1 which is grid-dependent:

(2.8) [:K4s��r d ,5��1
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With a bit of algebrawe canseethat this discreteNtD map,or �nite differenceimpedance,
canbewrittenastherationalfunctionof �

(2.9) r�dn,g�Q1c
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wherethe ‚ @m„ � aretheeigenvaluesof /jo in (2.5) and * @m… � arethe squaresof the �rst
componentsof the correspondingeigenvectors(normalizedwith respectto an

M

S

@ weighted
innerproduct.)

The ideaof optimalgrids is to choosean r6d which is a goodrationalapproximationto
r on the spectraldomainof interest,andto usethe grid which yields the desiredrnd . The
impedancer�,5��1 is a Stieltjesfunctionof � , andsowe canusethewell developedtheoryof
rationalapproximationsto Stieltjesfunctions[5]. Thatis, r�,g�Q1 canbewrittenas

(2.10) †

P
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f6‰D,YˆO1

for ‰D,5��1 somepositive measureon ,Š�R=�.I�ƒ‹ ; the spectralmeasure.For �nite / , the spec-
tral measureis discrete. For elliptic problems,the spectralinterval of interest, Œ �•K�.I�QaŽ‹ is
to the right of the origin (away from the poles),andso r

d is chosento be a nearoptimal
Pad́e-Chebyshev approximation.For semi-in�nite intervals( /{•= ), we will havea contin-
uousspectralmeasure,andin thiscaseweuseeitherPad́e-Chebyshev or optimalZolotarev's
approximation.The Pad́e-Chebyshev approximationswill have exponentialconvergencein

H ;

(2.11) • r
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where ™	J�
a

}'�
K . For Zolotarev's approximations,theconvergenceratewill dependloga-

rithmically on ™ [14]. For thediscretemeasure(�nite / ) case,theconvergencewill in factbe
superexponential[5].

For wave problems,the spectralinterval will containsomepoles,andonecanchoose
the rationalapproximationto r by combiningPad́e-Chebyshev approximationswith pole-
matching,asin [3], wherethehighorderconvergencewasmaintained.We discusstheappli-
cationsto isotropicelliptic andwaveproblemsin moredetailbelow.

Oncea suitable r'd is chosen,the correspondinggrid canbe constructedby solving an
inversespectralproblem[8]. Then the convergenceat ;Jš� of the resultingnumerical
solution is exactly that of the rational approximation. Furthermore,the primary and dual
gridsassociatedwith r

d canbereversedandusedto approximatethesolutionto theNeumann
problem

�)���&��
�
�$�(2.12)

�4��
),5�617$8

��
),5/:17$�
 



ETNA
Kent State University 
etna@mcs.kent.edu

GRIDSFORANISOTROPY 59

andexponentialconvergenceis maintained[9]. We will refer to thecontinuousanddiscrete
NtD mapscorrespondingto thisNeumannproblemas rW›œ,5��1 and rO›

d

,g�Q1 , respectively.
Throughoutthe paperwe assumewe have sucha systemof primary and dual grids

which yield exponentialconvergencein our spectralinterval of interestfor problems(2.1)
and(2.12). Whatwe do hereis describehow to apply thesesamegridsto anisotropicprob-
lems,andinvestigatetheconvergence.To studytheanisotropicconvergence,weneedto view

r�dn,-•n1 asarationalapproximationto r�,-•n1 for •Ÿž¡  , not just on therealline.
Beforeanalyzinganisotropy we show how optimalgridswork for isotropicelliptic and

hyperbolicequations.

2.2. Elliptic equations. Consider, for example,thefollowing boundaryvalueproblem
for Laplace'sequationon therectangle,-�).I/:1�¢	,-��.Q£ /c1 :

(2.13) �4¤ 
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Let usassumethatthedatahasboundedspectrum,thatis,
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exactly:
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where r is the impedancefunction (2.6). We introducea semidiscretizationof (2.13) on a
systemof primaryanddual linesgiven,respectively, by ;³>;
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We canagainapplytheFouriermethodto (2.15) to obtain
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So,we canboundtheerrorof theDirichlet data
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Hencefor a semi-discretizedelliptic problem,if thegrid werechosenby a nearoptimal ra-
tionalapproximation,theconvergencewill beexponential(2.11) on theline ;Í�� . Notethat
(2.14) wasassumedonly for simplicity of explanation;for example,we couldhave usedany
smooth ª (with fastenoughdecayingFourier representation)andstill obtainedexponential
convergence.

Also, we couldhaveuseddifferentboundaryconditions,or anarbitrarypositive-de�nite
�nite-dif ferenceoperatorin * with spectralinterval Œ ¯

a

K

.Š¯

a

«

‹ insteadof �4¤4��� in (2.13), in
whichcase(2.16) wouldgive theestimatefor the ; -discretizationerroronly.

2.3. Hyperbolic equations. Letusconsidertheinitial valueproblemfor theone-dimen-
sionalwaveequationon Œ �).I/D‹W¢	Œ ��.ŠÎ4‹ ,

(2.17) ¤4
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where again r is the one dimensionalimpedance(2.6). We introducea semidiscretiza-
tion of (2.17) by the methodof lines using ;>×;
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AgainusingtheFouriermethodweobtain
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Thentheerrorboundfor theDirichlet datacanbeobtainedasin theelliptic problem:
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REMARK 2.1. An importantdifferencebetweenthis problemandtheelliptic oneis that
therearepolesof r in the spectralinterval dueto the negativity of its lower bound. These
polesarematchedin the rationalapproximation.Hencewe needto set H in (2.9), i.e., the
numberof termsin therationalapproximation,to beatleastequalto thenumberof thesepoles
in the interval Œ²�4Õ

a

Ð

.I�ƒ‹ . Onecancalculatethat this is the integerpartof
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is approximatelytwice thenumberof wavelengthscorrespondingto thetemporalfrequency
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within Œ ��.0/7‹ . So,we arrive at the importantconclusionthat theexponentialconvergence
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occurswhentheaveragegrid densityexceedstwo pointsper wave length,i.e., the Nyquist
limit frequency. Theconvergenceboundfrom [8] givesatleastalogarithmicconvergencerate

proportionalto –

Â

Ó

»

Ù

Û , where f is thedistancebetweenÕ

a

Ð

andtheclosestnon-excludedpole
of r . It shows that, asymptotically(for high frequencies),an appropriatelychosenoptimal
grid �nite differenceschemerequiresonly two grid pointsperwavelengthto converge.

Letusalsoconsideramultidimensionalhyperbolicequation,sayin Œ �).I/D‹�¢#Œ ��.�£ /9‹�¢#Œ ��.ŠÎ4‹ ,
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We canusethesemidiscretization
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Again,whentheaveragegrid densityexceedstwo pointsperwave length,themaximalpos-
siblespectralerror
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startsto decreaseexponentially. The most dif�cult and the most importantfor the �nite-
differenceapproximationof wave problemsare the propagative modes,that is, thosewith
purelyimaginaryexponents.If we look at thesolutionin theentiredomain,
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we seethat thesepropagative modescorrespondto Õ
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evanescentmodeswith realexponentialdecayin the ; directionfrom theestimate,we have
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Onecansimilarly constructanexponentiallyconvergentschemefor parabolicproblems.
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3. Anisotropy.

3.1. Moti vation. To motivatethematerialin thefollowing sections,let usconsiderthe
constantcoef�cient anisotropicelliptic equation

(3.1) �4ã �G�j����� ã 
�� �&ã 
�
 $�).

on therectangle,5�).I/:1�¢b,-�).�£ /:1 , with periodicboundaryconditionsin * andNeumanndata
on the left andright sides.Assumethat

�
is realand • � • „ E . This equationon a rectangle
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malgrids. It is themixedderivativetermthatneedsspecialtreatment.
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We have thenthat �

¬

,Y;�1 satis�esthefollowing equationin ; ,

(3.2) ¯

a
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¬

�&%
���

¯

¬

,Y�

¬

1B
i�“,Y�

¬
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�
¨��
 

For simplicity of expositionwewill consider̄ ¬

…
� , astheanalysisfor ¯

¬

„
� worksin the

sameway. So,we will considersolutionsto

(3.3) �)�2�3%
�'�

(

�Q��
#�3��
�
�$�).

and refer to this asour onedimensionalanisotropicequation. When
�

è� and ¦F

Ú

a

,
this correspondsto anisotropicproblem.In this case,(3.3) hasthetwo linearly independent
solutions:

�2

qƒé
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For nontrivial
�
, wecanrepresentsolutionsin theform

�2

qƒê

—

É




wherecomplex
Ò

satis�esthequadraticequation

(3.4)
Ò

a

�
%

���

Ò
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Thatis,
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where

¦<

x�ï

äGä�å!æ

� ž	,-��. ± 1  

We will use
Ò

K and
Ò

a to denotetherootswith negative andpositive realparts,respectively.
Notethat it is not obvioushow to applyoptimalgridsto (3.2). Sincethegrid is a staggered
one, the �rst order term �O
 lives on the grid dual to the one for � and �W
�
 . Therefore,
applyingthegridsanddifferences(2.3) and(2.4) directlydoesnot makegeometricsense.In
thesectionsthat follow, we resolve this problemby rewriting theequationasa system.The
techniquesfor the in�nite and�nite intervals aresomewhat different; so we examineeach
separately. Also, for waveproblemsweneedto consideraslightly moregeneralform for the
equation(3.2), andwedo thatfor a boundedinterval.

3.2. Semi-in�nite interval. Let usnow considertheproblem

(3.5) �)�2�3% ���

(

��� 
 �&� 
�
 $�  

on Œ �).Ž={1 with boundaryconditions

(3.6) �4��
),-�!1c>E6. ð

ç

Ç


~ñ
‡

�Í$�
 

Dueto thein�nity conditionwe we will havea uniquesolutionwith
Ò



Ò

K , theroot of (3.4)
with negativerealpart.OnecancalculatethattheNtD map(or impedance)is

(3.7) rOòn,5��1jóô���,-�!17>�

E

Ò

K

(

�

$r�,

Ò

a

K

��1

where r is the isotropicimpedance(2.7). To applyoptimalgrids to this problem,we refor-
mulatetheequationasa secondordersystem.

LEMMA 3.1. Thesystem
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(

�)¤
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on Œ �).Ž={1 with boundaryconditions
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is equivalentto theproblem(3.5) with boundaryconditions(3.6).
Proof. Clearly, thesolution � of (3.5), (3.6) satis�es(3.8), (3.9) with
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Furthermore,onecancheckthattherearefour linearly independentsolutionsof (3.8) which
aresolutionsof the�rst ordersystems
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If we now imposetheboundaryconditions(3.9), theuniquesolutionis

�<“¤|s�

q

ê
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—

É




Ò

K

(

�

from which theresultfollows.
What we will do is apply the optimal grids directly on the problem(3.8), using the

primarygrid for � andthedualfor ¤ , to getthe�nite differencesystem
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° sE'.  � G .µH(3.11)

with thediscreteboundaryconditions

(3.12)
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We de�ne the�nite differenceimpedanceby theaverage,

r
ò

d

,5��1c

[
K

�

´

P

�

.

andestimatehow accuratelyit approximatesr

ò

,5��1 . What thefollowing resultshows is that
theconvergenceof theanisotropicimpedancedependsontheconvergenceof thecorrespond-
ing isotropicimpedanceona ray in thecomplex plane.

PROPOSITION 3.2. Let

rOò

d

,5��1c

[
K

�

´

P

�

be the numericalimpedancecomputedfrom the system(3.11), (3.12) and let r

ò

,g�Q1 be the
continuousimpedance(3.7). Thentherelativeerror of theimpedancesatis�es
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where
Ò

K is the root of (3.4) with negativereal part, r'd),-•n1Ž.Ir�,5•!1 are the discreteand con-
tinuousisotropic impedances(2.8), (2.7), and ’ is independentof H . That is, the error for
theanisotropic impedancefor real � is on theorder of thesquareof theisotropic impedance
error on theray in thecomplex plane

�

q

X�@UaIí

�

where ¦2

x�ï

äGäGå6æ

� , �
„

¦
„

± .
Proof. Considerthe�nite differencecounterpartof (3.10),
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We will show that similar to in the continuouscase,usingboth roots
Ò

K and
Ò

a of (3.4) in
(3.13) givesa basisfor all thesolutionsof (3.11). To seethis,considera solution ,7ý [•.Ÿý

´

1 of
(3.13). Eliminating ý

´

weobtain
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With thehelpof (3.4), thisequationbecomes

(3.15) �¡ý [

¬

�3% �'�

Ò

�Íý [

¬

�

E

M

S

¬

ù

ý[

¬

TVK � ý[

¬

S

¬

�

ý[

¬

� ý[

¬

XOK

S

¬

XOK

ú

$�  

By thensubstitutingthe�rst equationof (3.13) into thesecondtermof the left handsideof
(3.15) we obtainthe�rst equationof (3.11). Similarly, eliminating ý[ from (3.13) we obtain

(3.16)
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andwecanagainshow thatit canbetransformedto thesecondequationof (3.11). Hencewe
seethatall solutionsof (3.13) satisfy(3.11). For each

Ò

@ , thesystem(3.13) hastwo linearly
independentsolutions. Using both the rootswe obtaina total of four linearly independent
solutionsto (3.11).

REMARK 3.3. Clearly thesystem(3.14), (3.16) is not equivalentto (3.11); the former
alsocontainsfour morelinearly independentsolutions.

To estimatetheconvergenceof r

ò

d

to r

ò

, we decomposethesolution ,g[j.

´

1 of (3.11)
into two linearly independentsolutions ,7ý [

@

.Ÿý

´

@

1 of (3.13). Thesesolutionsareobtainedby
setting
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andimposingthattheboundaryconditionshold at in�nity for
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Fromthisconditionandequation(3.14) we have
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wherer'd is thestandarddiscreteisotropicimpedanceon theprimarygrid. De�ne theratio
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d
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r
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andrewrite theimpedanceas
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By therepresentation(2.10), onecanseethatStieltjesfunctionsof complex conjugateargu-
mentsarealsoconjugate.The sameholdsfor thediscreteimpedanceby the formula (2.9).
So,since

Ò
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wehave that
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Notethatsystem(3.13) in generalgivesdualrelationshipsbetweenits solutions ý[ and ý

´

. If
ý[ satis�es(3.17), thenfrom (3.13) we obtain
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If we consider(3.13) with boundaryconditions(3.17) and

(3.20)
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thenfrom thesecondequationof (3.13)

ý

´

Pm>�

E

Ò

(

�

.

andfrom (3.19) we obtain

(3.21)
ý

´

Kj�Üý

´

P

M

S

K

F�

Ò

a

�

�

d
,

Ò

a

��1

Ò

(

�

(

Ò

a

�

F� sign,��m,

Ò

1Š1

�

d�,

Ò

a

�Q1
 

From hereon we use ý[

@ , ý

´

@ to denotethe solutionsof (3.13), (3.17), (3.20) with
Ò



Ò

@ .
Then [j.
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satisfying(3.11), (3.12) canberepresentedas
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wherethe G@ aredeterminedby the boundaryconditions(3.12) at the left. For brevity we
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Then,using(3.20), (3.21) and(3.18), weobtain
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Thisgivesthediscreteimpedance
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Substitutingtheseinto (3.22) weobtain
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Now, if weassumethat •
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whichcompletestheproof.
So, the relative errorof theapproximationof thecontinuousimpedanceis on theorder

of thesquareof therelativeerrorof theisotropicimpedancer!dn,

Ò

a

��1 . Thatis, wereducedthe
problemto thatof theapproximationof a Stieltjesfunctionon theline
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q

@]aµí

�

for a positive interval of � with

�
„

¦
„

±D 

ThePad́e-Chebyshev approximations,generatedfrom datafor r for • onthepositiverealline
will yield exponentialconvergenceon �nite regionsof   which areaway from thenegative
realaxis,wherewehavethepolesof both r

d and r [5]. Henceit is aconsequenceof rational
approximationtheory[5] thatstandardoptimalgrids for the isotropicproblemwill produce
exponentialconvergencefor the problem(3.5). Note that when ¦ü

±
}

�
we will have the

standardisotropicproblem;in the limit case¦��Ü� the approximationline approachesthe
poles.

3.3. Two-sidedproblem on a �nite interval. Whenapplyingoptimal grids on �nite
regionsor for usein domaindecomposition,it is crucial that we can solve the two sided
problemwith spectralconvergenceat bothends.In this sectionwe considera two-sidedand
slightly moregeneralanisotropicequation
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wherewe view  asa parameter. (For wave problemswe will needto allow  to vary.) One
dif�culty with the two-sidedproblemis that the NtD map is now a � ¢ � matrix valued
functionof � , mappingthetwo-pointNeumanndatato theDirichlet data:

(3.24)
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First we shouldpoint out that for � E andpositive � , theoperatorof equation(3.23) with
thehomogenousNeumannboundaryconditionis Hermitianpositive-de�nite,so � is de�ned
for any � … � .

Notethatasin thelastsection,thetruesolutionto theequation(3.23) is of theform
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Dividing this solutioninto its oddandeven(about;Í�/j}
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) parts,
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andplugginginto (3.23), weobtainthefollowing coupledsystem:
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Notethatthedifferentialoperatoris thesameasin (3.8), but ona�nite intervalwith boundary
conditions.Sincethesolutionsdonotdecayat in�nity , bothof theroots
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K and
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a will appear
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We know thattheproblem(3.27) hasthecontinuousimpedance
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andonecancomputethattheNeumannproblem(3.28) hastheimpedance
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We cannow rewrite theoddandevenpartsof thesolutionas
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wheretheboundaryconditionsimply that ~Kƒ.��a solve thesystem
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Now considerthe following numericalapproximation.We usethe primary
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;W@tA anddual
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A grids,respectively, for theoddandevenpartsof thesolution [
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Wewill show theconvergenceof this �nite differencesolutionat theboundarywill againde-
pendon theconvergenceof theisotropicimpedance,asin thecaseof asemi-in�nite interval.
For thiswe introducethediscreteNtD map, �7dh,5��1 , where
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The following lemmasaysthat we have a decompositionof the discretesolutionwhich is
similar to theabovedecompositionof thecontinuoussolution.

LEMMA 3.4. The�nite differencesolutionto (3.31) canbewrittenas
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’4K and ’�a satisfythesystem

(3.36)
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E E
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ø

where r�dn,5•!1 is thediscreteisotropic impedancefor a boundedinterval (2.6).
Proof. Notice that (3.33) as it is written will clearly satisfyall the discreteboundary

conditionsthanksto (3.34), (3.35) and (3.36). We will now show it is a solution to the
differencesystem(3.31). Fromtheequation(3.34) for each ,g[

�

1

@ andthefactthateach
Ò

@ is
a rootof (3.25) we have
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Plugging(3.33) into the�rst equationin (3.31) andusingtheaboveto cancel,we get
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Recallthedualitypropertyof theoddandevenoptimal�nite differencegrids,
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from whichwe getthattheaboveexpression(3.37) is zero.Thesecondequationin (3.31) is
alsosatis�edby (3.33). Onemaycheckby pluggingin andusingtheduality relation
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Noticethatthanksto the lemma,thetrueand�nite differencesolutionsbothhave anal-
ogousdecompositionsinto componentparts. From this we cancalculatetheNtD mapsfor
bothproblems.Thecontinuousboundarysolutionfrom (3.29) is
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Invertingthesystem(3.30) for 
K and 

a wehave that
(3.38)
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sothattheNtD map(3.24) is
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By theabove lemmaandessentiallythesamecalculation,thetwo sideddiscreteimpedance
(3.32), � d is exactly thesameas � exceptthateachoccurrenceof thecontinuousimpedance

r is replacedby thediscreteimpedancer6d . Using thesefactswe cansimplify theabove to
getthefollowing proposition.

PROPOSITION 3.5. Let
Ò

K and
Ò

a be the two rootsof (3.25). ThentheNtD map(3.24)
for (3.23) is givenby
(3.39)
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while thediscretecounterpart(3.32) is givenby
(3.40)
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and r and r'd the respectivelycontinuousanddiscreteisotropic impedances(2.6) and (2.9)
for theinterval Œ �).0/j}

�
‹ .

Note thatwhen Ý E , aswill be thecasefor elliptic problems,the roots
Ò

K and
Ò

a are
negativeconjugateandagainwehave thattherootsare
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� . So, the convergenceof the solutionat the endpoints;�©� and ;“ /

dependson theconvergenceof r6dn,-•n1 to r�,5•!1 on thetwo complex conjugaterays

•ÝF�

q
é

@UaIí

�•.
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Henceit suf�ces to considertheapproximationonjustoneof therays.Also,because� exists
for any positive � , thenasfollows from (3.38) thedenominatorin theexpressionfor � must
be alsononzerofor any positive � . Obviously, thesameis true for �

d , andso we have the
following:
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3.4. Anisotropic elliptic equations. Now, let us,for example,considertheproblemon
,-��.0/�1�¢&,5�).)£ /:1 :
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Fromthiswe obtain
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where� is thetwo-sidedimpedance(3.39) with �>E . We will solve thisproblemusingthe
semi-discretizationon thelines ;Í“;
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From theseformulaeand Corollary 3.6, the error from this ; -discretizationat both sides
;Í�� and ;Í�/ will be
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3.5. Anisotropic hyperbolic equations. Let us now considera wave problemon in
Œ ��.0/7‹W¢&Œ �).Q£ /�‹V¢	Œ ��.ŠÎ4‹ ,
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This is exactly thetwo-sidedproblem(3.23) with
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By theanalysisof theprevioussection,theresultingDirichlet datafor ¤ is givenby
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is the two-sidedimpedancefrom (3.39), with  given by (3.42). For the semi-discretized
problem,we againusethesystemof primaryanddual lines ;³>;
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thesolutioninto its oddandevenpartsabout ;3>/�} � . We solve for
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AgainusingtheFouriermethod,theresultingsemi-discretizedDirichlet datais then
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is the two-sideddiscreteimpedancefrom (3.40), whereagain  is givenby (3.42). For 
„

�

a , matrix-valuedfunction �•,5��1 haspoles,sowe cannot formulateanexactcounterpartof
Corollary 3.6. However, sincewe have assumedthat the Õ

Ñ arenot resonancefrequencies,
all entriesof �•,Y¯

a

¬

1 arebounded.Henceit follows from theequivalentrepresentation(3.38)
that thedenominatorsof �•,�¯

a

¬

1 arenonzero.In this case,onecanseeexplicitly from these
formulaethatfor largeenoughH theerrorof theDirichlet datacanbeestimatedas

¹

�•,Y¯

a

¬

1����9dh,Y¯

a

¬

1

¹

��

\

Ç

xƒÈ

@U€VKŽ¶ a

• r�,

Ò

a

@

¯

a

¬

19�^r�dh,

Ò

a

@

¯

a

¬

1G•

_

.

where
Ò

@ aretherootsof

Ò

a

�
%

���

Ò

�

¯

a

¬

�&Õ

a

Ñ

¯

a

¬

 

Notethat
Ò

K
F�4%

�#�

ì

��
�

a

Ò

a
s�4%

�
�

ì
j�

�

a

 



ETNA
Kent State University 
etna@mcs.kent.edu

GRIDSFORANISOTROPY 75

-40 -30 -20 -10 0 10 20
-40

-30

-20

-10

0

10

20

30

40

Real Part

Im
ag

in
ar

y 
P

ar
t

h=5

h =0, elliptic case

�(b
max

h)2

FIG. 3.1. Spectral approximationcurvesin the complex plane for �xed temporal frequency. and varying
spatialfrequency/ . Here 0214365�798:1<;>= ? .

Considernow themodeswhich arepropagative in ; , that is, when 
„

�

a andtheroots
Ò

K~.

Ò

a arepurelyimaginary. Thismeansthat,just asin theisotropicwaveproblemof Section
2.3,we needr'd to bea goodapproximationto r on thenegative realaxis-exactly where r

haspoles.So,just asbefore,r'd needsto bede�ned by matchingthesepoles.
We canfurtherexaminethenegativerealspectralinterval thatneedsto beapproximated

by r'd by consideringthefollowing form of apropagativemode:
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Fromthis we seethat
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 is the reciprocalof theminimal eigenvalueof
G . The latter is just theminimal wave speedfor theanisotropicmedia.So,theerror for the
Dirichlet datacorrespondingto thepropagativemodeswill dependon
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We would thereforerequire the elimination of the poleson the interval Œ]��,YÕ
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This is similar to what wasdonefor the isotropicproblemon the smallerinterval Œ]�4Õ

a

Ð
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wheretheminimal wave speedwas E . Note that for a given Õ

Ð

, thegrid sizeshouldstill be
inverselyproportionalto theminimalwavespeed,i.e., it will requireapproximatelythesame
numberof grid pointsperwavelengthasfor theisotropicproblem. Theevanescentspectrum
is well separatedfrom thespectrumof

Û

»

Û




»

, sothesemi-discretized�nite differencesolution
will converge exponentially(with uniform exponentialrate)with H on the line ;|è� . In
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Figure3.1 we plot an exampleof ,

Ò

@-¯:1

a curvesfor a �x ed Õ andvarying ¯ . For Õ�NM ,
we seethetwo componentsof thespectrumin blue. Thehorizontalinterval Œ]��,

Ò

«

ò


 Õ)1

a

.0��‹

correspondsto thepropagativemodes,andthecurvilinearpartcorrespondsto theevanescent
modes.This is shown next to thecorrespondingred lines for theelliptic case,that is, when

ÕŸ$� .

4. Numerical experiments. Optimalgridsweresuccessfullyimplemented(withoutmath-
ematicalfoundation)to the 3D dissipative (elliptic) anisotropicMaxwell's equationsin in-
ductionwell loggingapplicationsfor oil exploration[7]. The exponentialconvergencewas
experimentallyobservedfor 3D anisotropicproblemsin unboundeddomains.

Herewedemonstratetheuseof optimalgridsfor thetwo dimensionalscalarwaveequa-
tion with domaindecomposition.In practice,we designoptimal grids for constantcoef�-
cients,but, indeed,ourobjective is to applythemfor variablecoef�cient problems.Oneway
to dothis is by decomposingthedomain.Let usassume,for simplicity, thatwesolveapiece-
wise constantcoef�cient elliptic equationin O PO K:Q O a , suchthat in every subdomain
we have theLaplaceequation.If theNtD mapsin every subdomainareapproximatedwith
accuracy R , andtheapproximatesolutionsatis�estheconjugationcondition(continuityof the
solutionandnormalcomponentof thecurrent)on the interface S betweenthesubdomains,
thenthesolutionof theentireproblemwould beapproximatedwith �Ÿ,CRŽ1 erroron S . This is
why we canusetheoptimalgrids,whichweredesignedfor constantcoef�cient problems,in
thehomogeneoussubdomainsof variablecoef�cient problems.By thesamereasoningthey
areparticularlyusefulin theexteriorpartof unboundeddomains.
Now let usapplyoptimalgridsto theproblem
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We introducea * -discretizationwith, respectively, primaryanddualgrids(seeFigure4.1):
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in a similarmannerasfor the ; -grid. Thisyieldsthesemi-discretesystem(3.43)
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wheretheFD operatorsfn� and
M

f!� arethecounterpartsof f and
M

f , respectively. Theobtained
ODEsystem(4.1) is solvedby thestandardexplicit time-stepping.

Theconvergenceanalysisof (3.43) canbeextendedto (4.1) in the following way. The
error of (4.1) canbe estimatedas the error of (3.43) plus the error of the * -discretization.
Following the approachof [4], we computethe rational approximation,not to the exact
impedance,but to the impedanceof a �ne equidistantgrid. Suchgrids areeasierto com-
puteanddo not generatearti�cial re�ections whencombinedwith �ne equidistantgrids in
multi-domainsettings.Theextremelyfastconvergenceof thePad́e-Chebyshev algorithmaf-
ter the eliminationof the resonancepoles,i.e., after averagegrid densityexceedsNyquist
limit of two pointsper wave length,allows us to obtainan accurate(with singleprecision
accuracy) approximationof the �ne-grid impedanceon theprescribedspectralinterval with
very smallcost. So,whatwe will do is comparetheresultsfor suchspectrally”equivalent”
coarseoptimaland�ne equidistantgrids.
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0 1

FIG. 4.1. Sampleoptimalgrid. Dotsare theprimary pointsandcrossesare thedual grid points.

In the�rst experimentweuseahomogeneous,anisotropicmediumgivenby asymmetric
� ¢ �

matrix thathasvalue
�

on thediagonaland E off thediagonal.Thecomputationsare
doneonasquarecenteredabouttheorigin with half sideequalto one,andthesourcefunction
is aGaussianpulsewith centerfrequency equalto E�� Hz. Thesourceis locatedat theorigin.

In this �rst experimentwe performthe computationsthreetimes. The �rst is with an
equidistantgrid with U points per minimum wavelength(with the respectof the minimal
wavespeedin themodel). In thesecondcomputation,we usetheequidistantgrid on theleft
half while theright half of thedomainwe usedanequivalentoptimalgrid in the ; direction.
Theoptimalgrid in therighthalf planehasslightly lessthan1/3of thenodesof theequidistant
grid. In the third computation,we usedtheoptimalgrid in both the ; directionon theright
half of thedomainandin the * directionon the top half of thedomain.The tensorproduct
optimalgrid in theupperright regionof thedomainhasapproximately1/10of thenumberof
nodesonthegrid astheequidistantmeshin thesameregion. This is alesssigni�cant savings
thanonewould have if higheraccuracy wereneeded.For comparison,if we wereto need

EWV pointsperwavelength,thesavingswouldbeabout X

�

times;for X
� pointsperwavelength

thesavingswould beover E��'� times. In Figure4.2we presenta snapshotof thewave at the
sametime for the threedifferentgrids. The gridlinesarealsoshown on the plots, but for
convenienceonly every10thgridline is drawn in eachdirection.

We seethat the pro�les presentan ellipse,asexpectedfor anisotropicmedia. On the
�rst andequidistantgrid, this ellipsehasa well-de�ned, non-dispersive front. In thesecond
pictureof Figure4.2, in theoptimalgrid region oneseesthenumericaldispersioncausedby
the coarseningof the grid steps.This dispersion,however, doesnot affect the accuracy on
the left half of thedomain. Theoptimalgrid accuratelyreproducestheNtD mapat ;^w� ,
that is why theresultsin the left half planeareaccurate.Similarly, in thethird snapshotwe
observe thatalthoughthereis largenumericaldispersionin thecoarsegrid region, this error
doesnot propagateinto �ne grid region. We notethat while a rigorousapproachto tensor
productoptimalgridsgoesbeyondtheanalysisdescribedhere,it is not dif�cult to seewhy
they maywork. Usinganequivalentoptimalgrid in * in theupperhalf planeleavestheNtD
mapof (4.1) (with �ne * -grid) at *� � unchanged.This is why the resultsin the lower
left quarterremainunchangedcomparedto the�ne uniform * -grid in thesecondpicture. In
fact, thedifferencebetweenthe �rst andthird picturesin thebottomleft region is lessthan
0.1%,while theerrorbetweenthesecomputations,with U pointsperwavelength,andthetrue
solution,is itself on theorderof 1%.

For thesecondexperiment,ourgeometryis amodelof asimpleverticalwell, or borehole,
with ananisotropicbackgroundmedium.SeeFigure4.3. Thesquareof computationis the
same,but the mediumnow variesin the ; direction. For ; ž Œ²�L�

 �
Mh.0�

 �
M~‹ the medium

is an isotropic �uid with speedE , but outsideof this region we have an anisotropicsolid
representedby the

�
¢

�
matrix with

�
on thediagonaland E on the off-diagonal. We �rst

performthecomputationusinga �ne equidistantgrid. In thesecondcomputation,we usea
�ne equidistantgrid within the isotropicboreholeregion andan optimal grid coarseningin
thex directionin theouter, anisotropic,domain.Figure4.4shows thewave beforeit hits the
anisotropicregion. In bothcasesit is still within the �ne griddedregion. In Figure4.5, we
seetheanisotropy in�uencing thewavefrontandthebeginningof numericaldispersionwith
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FIG. 4.2. Wavein HomogeneousAnisotropic Media

thecoarsegrid. Finally in Figure4.6, we seethat thegrid coarseninganddispersionin the
outerregion hasnot affectedtheaccuracy of thesolutionin theboreholeregion, wherethe
receiversarelocated.

5. Discussion. In this manuscript,we have demonstratedthat if oneusespre-existing
optimalgridsontheanisotropicproblem(1.3) ona�nite or semi-in�nite interval by usingthe
schemesdescribedabove,theconvergenceof theNtD mapis ontheorderof theconvergence
of thatof theisotropicNtD mapona ray in thecomplex plane.In particular, this saysthatif
thegridswerecomputedfrom a Pad�e-Chebyshev or Zolotarev's rationalapproximation,the
convergencewill be exponential. We alsoshowed that for wave problems,the propagative
modesrequireaspectralapproximationon thenegativerealaxiswherethepolesarelocated,
similar to theisotropiccase.

Wealsopresentedsomequalitativenumericalresultsfor thetwo dimensionalscalarwave
equationin anisotropicmedia. We saw that the error in the coarselygriddedoptimal grid
subregionsdid not penetrateinto thehigh accuracy regions,even if the two regionsdid not
have the samematerialproperties.This shows that the optimal grids, usedin oneor more
directions,cangreatlyreducethesystemsizefor a givenaccuracy at a receiver location.

As is the casefor isotropic problems,optimal grids achieve spectral(generallyexpo-
nential)convergencefor the impedanceresponse,or NtD map,of aninterval, whether�nite
or semi-in�nite. In otherwords,a coarseoptimal grid will yield an approximationof this
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FIG. 4.3. BoreholeGeometry

FIG. 4.4. Wavein BoreholeModel: t=0.3
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FIG. 4.5. Wavein BoreholeModel: t=0.8

FIG. 4.6. Wavein BoreholeModel: t=1.3

responseequivalentto that of a very �ne (exponentially�ner) equidistantgrid. Becauseit
is the NtD mapthat completelydeterminesthe couplingof a domainwith its neighbor(s),
subdomainscanbe discretizedvery coarselywithout affecting the accuracy of the solution
in the�nely griddedregions.Subregionsarecoupledusingstandardconjugationconditions.
Furthermore,thesesubregionsneednothave thesamematerialproperties.

The next stepwill be to apply thesetechniquesto morecomplex boreholegeometries.
This will requiretruly two dimensionaldomaindecomposition,as was donefor isotropic
problemsin [3]. To show that spectralconvergencewill be maintainedfor suchproblems,
oneneedsto examinethe convergenceof the higherdimensionalNtD mapcomputedwith
tensorproductoptimalgrids.Wearecurrentlyworkingto show thattheGalerkinequivalence
describedin [10] is maintainedfor the two dimensionalNtD mapin the senseof its repre-
sentationin theeigenbases.Whatthis will meancomputationallyis thatwe canuseoptimal
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gridsin bothdirectionsonrectangular, homogeneous,anisotropicsubdomains(or geometries
with parallelograms)while maintaininghigh order convergence. A rigorousanalysisand
numericalexperimentswill beprovidedin a forthcomingpaper.
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[5] G. A. BAKER AND P. GRAVES-MORRIS, Padé Approximants, Addison-Wesley PublishingCo., London,
1996.

[6] L . BORCEA AND V. DRUSKIN, Optimal �nite differencegrids for direct and inverseSturm-Liouvilleprob-
lems., InverseProblems,(2002),pp.979–1001.

[7] S. DAVYDYCHEVA , V. DRUSKIN, AND T. M. HABASHY, An ef�cient �nite-differenceschemefor electro-
magneticlogging in 3D anisotropic inhomogeneousmedia, Geophysics,68 (2003),pp.1525–1536.

[8] V. DRUSKIN AND L. KNIZHNERMAN, Gaussianspectral rules for three-pointseconddifferences.I. A two-
pointpositivede�nite problemin asemi-in�nitedomain., SIAM J.Numer. Anal.,37(2000),pp.403–422.

[9] V. DRUSKIN AND L. KNIZHNERMAN, Gaussianspectral rules for secondorder �nite-differenceschemes.
Mathematicaljourney throughanalysis,matrix theory, andscienti�c computation., Numer. Algorithms,
25 (2000),pp.139–159.

[10] V. DRUSKIN AND S. MOSKOW, Three-point�nite differenceschemes,Padé and the spectral Galerkin
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problems., in AppliedandIndustrialMathematics,R.Spiglered.,Kluwer, Dordrecht,1991,pp.179–203.

[19] J. SYLVESTER AND G. UHLMANN TheDirichlet to Neumannmapandapplications., in InverseProblemsin
PartialDifferentialEquations,(Arcata,CA, 1989),SIAM, Philadelphia,PA, 1990,pp.101–139.


