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ANALYSIS ON THE UNIT BALL AND ON THE SIMPLEX*

YUAN xUt

Dedicated to Ed Saff on the occasion of his 60th birthday

Abstract. Many results on the unit ball and those on the simplex can be deduced from each other or from
the corresponding results on the unit sphere. The areas in which such a connection appears include orthogonal
polynomials, approximation, cubature formulas and polynomial interpolation. We explain this phenomenon in some
detail.
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1. Introduction. Recent studies show that, for several problems in analysis, results on
the unit ball BY = {z : ||z|| < 1} in R? and those on the standard simplex

T¢={z:21>0,....,24>0,1—2; —--- — 24 > 0}

in R? can often be deduced from each other or deduced from results on the unit sphere
S? = {z : ||z|| = 1} in R™!, making use of elementary maps between the three domains
and symmetry of the polynomial spaces on these domains. Here and in the following, ||z||
denote the Euclidean norm. Problems for which that has occurred all involve polynomials in
one form or other. They appear in the areas of orthogonal polynomials, approximation theory,
cubature formulas, and polynomial interpolation. The purpose of this paper is to explain this
phenomenon in some detail. We will mainly take orthogonal polynomials and best approxi-
mation by polynomials as examples, but will mention what else is known in this regard.

The unit sphere is a manifold without a boundary, it is homogeneous in the sense that
any point can be translated to any other point by a simple rotation. In contrast, the unit ball
and the simplex are manifolds with a boundary, points near the boundary are different from
points inside. Analysis on these two domains will have to catch the boundary behavior. This
consideration seems to indicate that the results on B¢ and T'% should not be deducible from
those on SZ. The key, however, lies in the notion of weighted spaces. More specifically, we
will work with weighted LP spaces on these domains. For the domain S we will consider
mainly the weight function h2, where

d+1

(1.1) he(@) = [ I
i=1

Ki
J Ki Z 07

which becomes zero on the coordinate plane z; = 0 if k; > 0. Consequently, a function
f € LP(S%; h2) can have singularities on the intersections of the sphere and the coordinates
planes. When we work with the weighted spaces, these intersections play the role of the
boundary on the sphere S¢. Corresponding to h2, we have the weight function

d

(1.2) w2, (x) =] |z

=1

"=l k>0, p>0,
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defined on B¢, where I = K441, and the weight function
d
13 W@ =[]« PO -a - — 2"V, ki >0, p>0,
i=1

defined on T'%. These are the weight functions that will be used in this paper. Many results
that we will discuss hold for more general weight functions, mainly for those weight functions
that are invariant under a finite reflection group. The weight function h, in (1.1) is a special
case, which is invariant under the group Zg“, and W,f ,, 1n (1.2) is invariant under the group
Z.4. We will not discuss the most general case in order to keep our exposition simple and keep
the main idea clear.

These three weight functions are closely related and the relation extends to orthogonal
polynomials and cubature formulas with respect to these weight functions, as explored in
[26, 27]. More recently, it has been realized that we can get a complete characterization for
the best approximation on B¢ and on T'? this way [34, 35, 36]. It is this latter development
that we choose as examples for the main idea. Our goal is to explain how results on the ball
B and on the simplex T¢ can be derived. We will not give a complete survey of the results
known on these domains, neither will we state the results in their most general form.

The paper is organized as follows. The background and the basic relation between the
three domains are given in the next section. The results on orthogonal polynomials and ap-
proximation on the unit sphere are discussed in Section 3. The way to obtain results on the
unit ball and on the simplex is explained in Section 4 and in Section 5, respectively. Finally,
in Section 6, we give a brief account on other problems for which results on B¢ and on T¢
can be obtained from each other or from those on S¢.

2. Basic relations. Let II? = Rz, ..., z4] be the space of polynomials of d real vari-
ables and let IIZ be the subspace of polynomials of degree at most n. We also denote by P2
the space of homogeneous polynomials of degree n. It is known that

. d _ n—l—d—l . d _ n—i—d
dlm’Pn—< d—1 ) and dlmHn—( d >

2.1. Polynomial spaces on S? and on B?. Denote by P, (S?) and II,,(S?) the re-
striction of P3+! and TI¢+! on S9, respectively. The polynomials in P, (S%) may not be
homogeneous. In fact, we have

Pi= > llzl" ¥ Puos;(S9)

0<2j<n

so that ||2||" 2P, _2;(S?) C PZ. Let S denote the upper hemisphere of S%. A simple-
minded relation between S¢ and B¢ is as follows:

(2.1) ¢ € B! = (z,x411) € S, zap1 =1 — [,

Clearly, a similar relation holds for the lower hemisphere. The domain Si induces a sym-
metry in the polynomial space. Let P;F(S?) denote the subspace of elements in P, (S¢) that
are even in its (d + 1)-th coordinates. The mapping (2.1) leads immediately to the following
basic result:

LEMMA 2.1. For each n > 0 the equation

(2.2) Pn(8Y) =T Uzg I8,
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holds in the sense that for each P € 'Pn(Sd) there exist unique elements p € Hg and q €
¢ _, such that

P(z,7411) = p(x) + 24119(x), (z,2at1) € 5%

In particular, there is a one-to-one correspondence between 112 and P;} (S¢).

Proof. Let P € Pp(S?). We can write P(z,2441) = Y, p;(x)x),, for some p; €
I% ;. Using the fact that 23, = 1 — ||z(|?, we have P(z, z441) = p(x) + £a419(x), where
p €TI¢ and ¢ € TI?_,. Clearly p and q are unique. a

Using (2.1) as a change of variables leads immediately to the relation

3 [ fwdely) = %/E [f (x W) +f (a:,— 1— ||w||2)} \/%,

where dw is the surface measure on the sphere S¢.
These simple observations have important applications for orthogonal polynomials and
approximation by polynomials, as will be discussed in Section 4.

2.2. Polynomial spaces on B? and on T%. We start with a simple mapping between
B?and T?. Let B := {z € B : 2y > 0,...,z4 > 0} be the positive quadrant of B%. A
simpleminded relation between B? and T'¢ is as follows:

(2.4) (a:l,...,:cd)EBi(Er(xf,...,xﬁ)er.

A polynomial P of the form P(z) = p(z?,...,2) is invariant under sign changes of its
coordinates; that is, it is invariant under the group G' = Z4. Let ¢ denote the map

(2.5) Y (xy,...,xq) € B4 (22,...,2%) e T

The domain Bi can be looked upon as the fundamental domain for the polynomials invariant
under Z4. Let us define

GTY, = {p € g, : p invariant under Zg}.

The relation (2.4) leads to a correspondence between polynomial spaces:

LEMMA 2.2. The map 1 introduces a one-to-one correspondence between 1% and
G, ; more precisely, p € 14 corresponds to p o) € GIIS,,.

Proof. If P € GHgn then P is even in each of its variables. Hence, it is easy to see that
P(z) = p(22,...,22) = (poy)(z) for some p € IIZ. The correspondence between P and
p is evidently one-to-one. |

Using (2.4) as a change of variables leads immediately to the relation

dz

(2.6) f@?,... 2% dx = flxy,. ..., mg)——.
Bd Td Tl Tqg

These observations will play important roles in the study of orthogonal polynomials and
approximation by polynomials, which will be discussed in Section 5.

3. Analysis on the unit sphere. In this section we review results for orthogonal poly-
nomials and approximation with respect to the weight function h2 on the unit sphere S?. The
weight function h,; is given in (1.1), which has singularity at the intersections of the sphere
and coordinate planes.
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3.1. Orthogonal polynomials on the sphere. Let h, be defined as in (1.1). We con-
sider orthogonal polynomials with respect to the inner product

(.0 = o [ f@)gfa)hi ) da(o),

where ay, is a constant such that a; ! [, hZ%(2)dw = 1. Let H,(h}) denote the subspace
of orthogonal homogeneous polynomials of degree n with respect to this inner product. It
is known that dim H,,(h2) = dim P¢ — dim P¢_,. The elements of this space are called
h-harmonics. If h,(z) = 1, H,(h2) is the space of ordinary spherical harmonics of degree
n. The weight function h,, in (1.1) is an example of a family of weight functions invariant
under reflection groups, for which the corresponding h-harmonics enjoy properties similar to
those of ordinary spherical harmonics; see [9, 10] and the references therein.

We state the basic properties of h-harmonics below. The essential ingredient is the Dunkl
operator D; which, for h in (1.1), is defined by [9]

f(.’L') — f(mla"'a_mja"'amd-l-l)

Djf(z) = 0;f(z) + K; o , 1<j<d+1.
]

These are first order differential-difference operators that maps P2 to P¢_| and they commute
with each other; that is, D;D; = D;D; for 1 < 4,5 < d+ 1. The h-Laplacian is defined
by Ay = D + ...+ D37, ,, which plays the role of the usual Laplacian: If P € H, (h2),
then Ap P = 0. Furthermore, in spherical-polar coordinates z = rz', r > 0, z' € S% the
h-Laplacian takes the form [30]

2 22+10 1 J_1
ﬁ_F - 5+7‘_2Ah’07 where )\::|H|+T’

a formula similar to the spherical-polar form of the usual Laplacian. The operator Ay, ¢ is
called the spherical h-Laplacian. When restricted to S¢, h-harmonics are eigenfunctions of
Ap o, that is,

(3.2) ApoY(z) = —n(n+20)Y(z), z€8% Y €Hn(h2).

3.1 Ay =

The basic Hilbert space theory shows that L2(h2; S?) can be decomposed as

L*(h2; 8% = @ Ha(h2): f=_ projy, f,
n=0

n=0

where proj,, is the projection operator from L*(hZ) onto H,(h%). It is known that

(3.3) projy,, f = ax /S F@) P 2, y) W (y)dy,

where P, (h2) is the reproducing kernel of H,,(h2) (zonal h-harmonic). The reproducing
kernel turns out to satisfy a compact formula [25]

_A+n

(34) Po(hig2,y) = —— Vi [CR((z, )] (),

where C7 is the Gegenbauer polynomial of degree n and V; is the intertwining operator,
which is a linear operator uniquely determined by V,;1 = 1and D;V,, = V,.0;,1 < j < d+1.
For h, in (1.1), it is known that V;; satisfies [24]

d+1

(3.5) an(m) =Cx / f(mltl, e ,.’L‘d+1td+1) H(l + ti)(l — t?)n"_ldt,

[—1,1]441 pair
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The formula (3.4), just like the classical zonal harmonics, plays an important role in the
study of h-harmonic expansions, which points out a connection to Gegenbauer expansions
and indicates a possible connection to functions of one variable.

3.2. Weighted approximation. We work with the space L?(h2; S?) that is equipped

with the norm
1/p
Wllen = (as [, IF@PR2 (@)

for 1 < p < ooand [|fllec = sup,ega |f(2)] for p = oco.
The equation (3.3) and the explicit formula (4.6) suggests the definition of the following
weighted convolution: For f € L'(h2;8%) and g € L (wj,[-1,1]),

(3.6) (f #0 9)(& / F@)Vilo ()] )12 (v) deo

For the surface measure (h,(z) = 1), this is the spherical convolution in [8]. It satisfies the
usual properties of convolution. In particular, it satisfies Young’s inequality:
PROPOSITION 3.1. For f € LY(h%) and g € L™ (wy;[—1,1]),

Lf *x gllep < I fllx.qllgllws r-

where p,q,r > landp ' =r—' 4+ ¢t — 1.

This shows that (f *, g)() is finite for f € L*(h2) and g € L*(wj,[—1,1]). We note
that the projection operator projy, —in (3.3) can be written as a convolution of f with the
Gegenbauer polynomial C, which indicates a possible reduction in the study of h-harmonic
expansions to that of Gegenbauer expansions. We shall not pursue this line of study here; see,
for example, [29]. Instead, we use the convolution to define a weighted spherical means, T,
which is defined implicitly as follows:

or [ T5 5@)aloos0)cin 0/ 0 = (f 20 (),

where g is any L>°([—1, 1]) function and 0 < § < 7. Young’s inequality can be used to show
that T, is well-defined. In the case of k = 0, the weighted spherical means coincides with
the classical spherical means

1
_ dw,
0d—1 (SlIl e)dil /(a:,y)cos 0 f(y)

which was studied in [5, 18]. The weighted spherical means shares essentially all properties
of the classical spherical means [34], including those listed below:
PROPOSITION 3.2. The means T f satisfy the following properties:
1. Let fo(z) = 1; then T fo(x) = 1
2. If f ~ 30 o Projy [, then

C" cos@ .
T5f ~ Z PTOJHn f.

(3.7 Tpf(z) =

3. For f € LP(h%),1<p< oo, or f € C(S%),

”T;f”n,p = ”f”n,p and gi_rg”T;f_f”n,p:O
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The last property suggests immediately the following definition of a weighted modulus
of smoothness: Forr > 0and 1 < p < o0,

(3.8) Wr(f, ) yp = (I =TF)"? fln.p-

sup ||
0<0<t
For k = 0, this coincides with the classical modulus of smoothness on the sphere that has
been used by many authors; see, for example, [5, 17, 18, 20] and the references therein. It
satisfies the usual properties of modulus of smoothness.
There is also a weighted K-functional, defined using the spherical h-Laplacian Ay, o in
(3.1): Forr >0and 1 < p < oo,

(3.9) Kot = i0f {[1f = gllas + 2711 (~An0) gl |

where the infimum is taken over the space of all g € LP(h2) for which || Ay og||, is finite.
Just as in the classical approximation theory, the weighted modulus of smoothness and
the weighted K-functional are equivalent [34].
THEOREM 3.3. Forr > 0,1 < p < oo, and f € LP(h%;S9),

clwr(th)n,p < KT(f;t)n,p <ec wT(f;t)N,Ih 0<t<m/2,

where ¢1 and cy are constants independent of f.
These two equivalent gadgets can be used to characterize the best approximation by
polynomials [34]. For f € L?(h2;S5%),1 < p < 0o, we denote by

(3.10) Eo(f)rp =1inf {||f = Plls,p : P € I(S%)}

the error of best approximation by polynomials in the weighted LP space.
THEOREM 3.4. For f € LP(h2;S8%),1 < p < oo,

(3.11) En(frp < cwr(fin Yy

and, on the other hand,

n

wr(fsn N <en ™Y (k+ 1) By (f)rp-

k=0

In other words, both direct and inverse theorems for the best approximation hold.

These results provide a complete characterization of the best approximation by polyno-
mials. For the surface measure on S¢ (k = 0), they were proved in [20], which brings a long
investigation with various early results obtained by many other authors to a completion. See
the results in [5, 15, 17, 18, 20] and the references therein. The proof of these two theorems
are rather involved.

Let us mention one result that will be used to explain how to obtain results on the ball
and on the simplex. Let 7 € C*[0,+00) be a function defined by n(z) = 1for0 < z < 1
and n(z) = 0 if z > 2. Define a sequence of operators 7,, for n. > 0 by

oo

(3.12) mf = 3 0(E)projs, 1

k=0

Since n(k/n) = 0if k > 2n, the series is finite and 7, f is a spherical polynomial of degree
at most 2n — 1. Furthermore, the operator 7,, preserves polynomials of degree n. The main
properties of 7,, are given in the following proposition:

PROPOSITION 3.5. Let f € LP(h2), 1 < p < 0. Ifk > |\| + 1 then



ETNA

Kent State University
etna@mcs.kent.edu

290 Y. XU

1. nof € Map_1(S%) and n, P = P for P € I,,(S%);
2 <l flleps
3. forn >0, (|f = nnfllsp < cEa(f)np

This proposition was proved in [34], where we assume that 7 is in C°°. The proof is
based on the boundedness of the Cesaro (C, §)-means for the h-harmonic expansions, which
holds if § > A as shown in [24]. This gives the condition k¥ > |A| + 1. For the Lebesgue
measure (k = 0), the definition of the operator 1, f appeared first in [14] and it played an
important role in [20].

4. Analysis on the unit ball. Our goal in this section is to show how the results on B¢
can be deduced from those on S¢. We consider analysis in the weighted space L”(W,ffu) on
B¢, where W,f L is given in (1.2), which has the norm

1/p
1wz, = (o, [ 11@PWE,@)i0)

for 1 < p < 0o, and || f||ec = sUp,epa |f(x)| for p = oo, where af ,

constant of the weight function W,f e
Frequently we will refer to the results in the previous section. For this purpose it is more
convenient for us to refer to those results in terms of the weight function

is the normalization

d
hiu(@) = [[ ol |zap [ = hu(@r, ..., 24)|waga |,
i=1

which is the welght function h,, defined in (1.1) with K441 = p, where we use the notation
h(z) = Hl 1 lzs]% for z € R?. Note that iy is hy in (1.1) with d + 1 replace by d. Thus,
when we refer to the results in the previous section, we will replace h; by h,,. Furthermore,
whenever we refer to a notion that appeared in the previous section and denoted by a notation
that contains a subindex x, we will then replace k by &, 4. For example, we will use V; ,
to denote the intertwining operator in (3.5) associated with h,, , and use * , to denote the
convolution in (3.6) associated with h,; ,,.

4.1. Orthogonal polynomials on B¢. Under the mapping (2.1), the weight functions
Wlfu at (1.2) is related to the weight function h, , by the following relation:
4.1 hiw(x,xdﬂ), (z,24+1) € Sjir = W,fu(:z:), r € B

We consider the inner product on the unit ball

(005 = any [ F@)ol@) W2, @),

where a,, , is the normalization constant of Wy ,,. Let Vn(W,f u) denote the space of orthog-
onal polynomials of degree n with respect to {f, g) 5. Several explicit bases of Vn(W,f ,) are
known explicitly; see, for example, [10]. In the case of the classical weight function

Wu(z) = 1= |lel*~*72, =€ B,

which is the same as W(fu (z), some of these bases can be traced back to Hermite; see [3, 11].
What we need, however, is the relation between orthogonal polynomials on B¢ and those on
S?. This relation follows as a consequence of Lemma 2.1.
PROPOSITION 4.1. Write y = r(x,2441), 7 = ||y|| and x € B?. Then
Huo(h ;8% =Va(WE,) @ 2ap1 Vo 1 (WD, 1)

Kyl
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More precisely, if { P2} is a basis oan(W,fu) and {Qn~1} is a basis of Vp—1 (W§u+1), then

K

the functions T P2 (y1, . . ., ya) and r™yq+1Q7 1 (y1, - . . , ya) are homogeneous polynomials
and their restriction on S® form a basis for 'Hn(hiw S9).

The proposition establishes the relation between orthogonal polynomials on the sphere
and those on the unit ball. It shows, in particular, that

Vn(W,fu) = span{P(x, V1- ||$||2) : Pe ’Hn(hi’“;sd),Pis even in a:d+1}.

In other words, orthogonal polynomials with respect to W,f , On B¢ correspond one-to-one
to spherical h-harmonics associated with hi’ . that are even in z441. Note that the ordi-
nary spherical harmonics on S? corresponds to the orthogonal polynomials with respect to
Wo(z) = (1 — ||z]|>)~'/? on B9, while the orthogonal polynomials with respect to the
Lebesgue measure dz on B¢ correspond to the h-spherical harmonics associated to |2 441 |dw
on S¢.

The mapping (2.1) goes deeper than just inducing a correspondence. It turns out that,
under this mapping, the spherical h-Laplacian Ay, ¢ in (3.1) becomes [30]

d—1

4.2) D, =An—(z,V)? =2\, (2, V), A =k +p+ —
where V = (0y,...,04) is the gradient and Ay, is the h-Laplacian associated to %H. The
orthogonal polynomials in V,, (Wf u) become eigenfunctions of DE o see (3.2),

4.3) DE P =-n(n+2X\,)P, PeV,(WE).

For the classical weight function W,, k = 0, this is the second order partial differential
equation satisfied by the classical orthogonal polynomials on B¢.
Because of the equation (2.3) and the mapping (2.1), we define an operator

1
@4 VI Sf(,zam) = CN/ Ve lf(ozanat)] (@) (1 —)*'dt, @€ RY,
-1

where 175 is the intertwining operator for INLH and it is given explicitly in (3.5) with d + 1
replaced by d. Recall that V,; , denote the intertwining operator for h, ,,. The new operator
is simply [Vie (2, Tar1) + Vie,u (@, —Ta41)]/2.

Using (2.3) and (3.4), the reproducing kernel P, (W,2 ,; z,y) of V,,(W,2,,) becomes

n+ A,

45) Pa(W s ) = ==V [ (Y] (0,

where X = (z,/1 — [|z|]2) and Y = (y, /1 — ||y||?) with =,y € B?, which is an integral
formula according to the explicit formula (3.5). In particular, for the classical weight function
W, the explicit integral formula becomes [28]

n+ A,

n

1
PuWysz,) =" [ O () + V= TePV/T= TolFe) (1 - £ at
-1

where A, = p + 45%. The projection operator L>(W,2 ) — V,,(WE)) is defined by

(46) projvn(B)f(:L") = Ok /Bd f(y)Pn(W;fu; m,y)W,fu(y)dy.

The explicit formula (4.5) of the reproducing kernel plays an important role in the study of
the convergence of orthogonal expansions on B?.
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4.2. Weighted approximation on the ball. The operator VB can be used to define,

setting 441 = /1 — [|z]|2, a convolution structure %5 between feL'(W,)andg €
L'(wx,;[-1,1]), just as in (3.6),

@D (F+£u0)@) = [ T0VE XN OWE @, X = (. /T=TelP).

The equation (4.5) and (4.6) show that projv (B) can be written as a convolution of f with

the Gagenbauer polynomial Cﬁ under *2 . It turns out that this convolution structure is
related to the convolution structure *,, , on the unit sphere:

(48) (f ¥4 9)(@) = (F % 9) (2, VI = TialP)
where F' is defined by F(z,z441) := f(x). Clearly we can also take this equation as the
definition of *2 - 1t follows immediately from (2.3) that f *f, 9 also satisfies Young’s

inequality. We can define an analogue of the weighed spherical means, TgB, as follows: For
f e LY(W25,), the operator T, f is defined implicitly by

49) ml7$ﬂmem@mW“ww=u¢;m@

for every g € L'(wy,[—1,1]). Since the convolutions on B? and on S? are related by (4.8),
it follows readily that the following relation holds:

(.10) TP f(@) = T4 F (o, 1= Tal?),  ze€B,

where F(z,z4+1) = f(z), which can also be taken as the definition of ;2. As a consequence
of this relation, the properties of this operator follows immediately from those of T,
Proposition 3.2:
PROPOSITION 4.2. The means TeB f satisfy the following properties:
1. Let fo(z) = 1; then TP fo(z) = 1.
2.0 f~ 30, projy, () f, then

CN cosH .
f Z prOJvn(B)f-

3. For f e L”(qu), 1<p< oo orfeC(BY,
ITE fllws, o < Wfllwe,, and Y |TEf = fllws, , =0.
The operator Tf is called the generalized translation operator in [36], since the prop-

erty 2 in the Proposition 4.2 implies that

) C(cos®) .
prOJv,.(B)Tan = %WOJV“(B)JC

which becomes, when d = 1 and k = 0, the property satisfied by the translation operator
T, for the Gegenbauer weight function wy(t) = (1 — t2)*~1/2 on [—1,1]. The translation
operator T is usually defined by

@1y T =:bx—1/2j[ (st +u/T=2VI=8) (1 -u2)du,



ETNA

Kent State University
etna@mcs.kent.edu

ANALYSIS ON THE UNIT BALL AND ON THE SIMPLEX 293

which plays an important role in the study of orthogonal expansions in Gegenbauer polyno-
mials; see, for example, [4, 5, 7, 18, 22]. Ford = 1 and k = 0, we have TGB = Tecoss-
Furthermore, in [36] an analogue of (4.11) is found for the classical weight function W,:

PROPOSITION 4.3. Let U(x) be the unitary matrix whose first column is z/||z|| and
D(z) = diag{+/1 —||z||%,1,...,1}. Then the generalized translation operator for W, is
an integral transform

TP f(z) = a, /Bd f (cos 0z + sin Oy D(z)U(z)) (1 — |ly||2)*dy,

where y is considered as a row vector and yD(x) is the matrix multiplication.

The mapping (2.1) and (4.10) can be used to give an integral equation for the weighted
spherical means T} for the weight function h(z) = |z441|* on the sphere S¢. We do not
know if such an integral formula holds for Tf with respect to the weight function Wr?,u or
equivalently for T for h2 defined in (1.1).

As a consequence of the property 3 of the Proposition 4.2 we can define a modulus of
smoothness on B as follows: Forr > 0,1 <p < oo, and f € LP(W2F ),

4.12) wr(fthwe, p= sup |(I=T2)*fllws,
’ 0<6<t ’

By (4.10), this modulus of smoothness is related to the modulus w,( f; ), p,p associated with
hy.,y as defined in (3.8). In fact, we have

(413) w(f;t)Wf:”,p = wr(F; t)n,u,pa F(x;xd+1) = f(l')

Hence, properties of w,(f;t) wp, p follow from those satisfied by Wr(f38) k,p,p-

Using the differential-difference operator D 5’: 1 (4.2), we can also define a K-functional
as follows: For f € Lp(qu), r >0,

(4.14) K. (f;t)wp, p = inf {Ilf —9gllws, .+ trll(—DS,M)T/zgllwsp,p} :

K,

where the infimum is taken over all g € LP(W,2 ) for which ||(—D,?,#)"/2g||wpr is finite.

Since the operator Df " is deduced from that of Ay, o, there is also a connection between the

}

K-functionals K,.(f; t)WNBH,p and K, (f;t)x,u,p associated with h, ,, as defined in (3.9). If
fact, we also have '

(4.15) K(f;t)Wf:”,p = KT(F; t)ﬁ,/t,m F(m7$d+1) = f(m)

Consequently, the following equivalence follows from Theorem 3.3 right away:
THEOREM 4.4. For f € LP(WE ), 1 < p < 0,

Cle(f;t)W'E”’p < Kr(f;t)W£u7p < C2wr(f5t)W,§,”,p’

where c1 and ¢y are constants independent of f.
Again these two gadgets can be used to characterize the best approximation by polyno-
mials. For f € L”(W,fu), 1<p<oo,let

Ea(fwp, = if {IIf = Plwp, ,: P e}

denote the error of the best approximation by polynomials of degree at most n. Using the
basic relations (2.1) and (2.2), we can prove that

En(f)Wgu,p = En(F)n,p,p: F(l’,ﬂ;’d+1) = f(l')
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Consequently, the following theorem follows immediately from Theorem 3.4.
THEOREM 4.5. For f € LP(W.F ), 1 < p < oo,

En(f)W,E#,p S ch(f; n_l)Wf,#,p'
On the other hand,
n

ol fsn e p <en ™S (k4 D E(Dws -
k=0
To further illustrate how the results on the unit ball can be derived from those on the

sphere, we state and prove a theorem analogous to Proposition 3.5. Let € C*[0, o0) as in
(3.12). We define a sequence of operators nZ by

oo

(4.16) me f = Zn(%)pmjvkw)f-

k=0

PROPOSITION 4.6. Let f € LP(W,?,), 1 < p < oo, and f € C(B?) if p = 0. If
k> |A|l +1then
1. nBf e,y andnBP = P for P € Tl,,;
2. forn >0, In? fllws, » < cllfllwsz,
3. forn >0, ||f - nff”W,f{H,p < CEn(f)WgH,p-
Proof. Using the definition of the operator V.2, it follows easily from (3.4) and (4.5) that

1

@17 Pu(We,sm,y) = 3 [Pn(hi,u; (@, V1= l=l1?), (y, V1 = llyll*)
+Pu (b s (2, V1= l2]1?), (y, —v/1 - ||y||2))],

from which we derive from (3.3) and (4.6) that the following relation holds:
projy, ) /(@) = projy,, F (2,V/1=al?),  Fl@,2a11) := f(a).

Consequently, 2 f(z) = n,F(x, /1 — ||z]|?), from which the stated results follow from the
equation (2.3) and Proposition 4.6. O

5. Analysis on the simplex. In this section we show how results on the simplex can be
deduced from those on the ball. Since the basic relation (2.4) amounts to a non-linear change
of variables, the deduction is more complicated than the deduction from the sphere to the ball.

Recall the weight function W,Z p givenin (1.3). We will consider L? (Wg u) space with
norm || - ”W;‘F,wp defined similarly as || - ”Wf,wl" Recall the map 2 in (2.5). Using (2.6), it is

easy to see that f € L”(W,Z ,) is equivalent to f o € LP (W,f ,,); furthermore, we have
1fllwr = 1If o llws

5.1. Orthogonal polynomials on the simplex. Under the mapping , W,f 1 (),
z € T%, becomes WP, (z), z € B, since the Jacobian of changing variables from z + ()

is 274z ---xq) /2. Let Vn(WT ,.) denote the space of orthogonal polynomials of degree
n with respect to the inner product

()7 5= 0 [ F@a@WE, @)z
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on T'¢. Under the mapping (2.5), the inner product {-, -} is related to {-,-) g by

<f7g)T = <fo¢7g°¢)37

from which the relation between V), (Wg: x) andV, (Wf ,,) follows immediately. Let us define
GVon(W2,) := Vo (W2 ,) N GIa,, on BY, which contains polynomials in Vo, (W,2,) that
are invariant under Z ¢ (invariant under sign changes).

PROPOSITION 5.1. The mapping (2.5) induces an one-to-one correspondence between
ReV,(WT)and Ro € GVan(Wy).

Since f o1 is invariant under Z, the mapping ¢ also translates the operator Df’ ,, defined
in (4.2) to the differential operator DZ, u [30] defined by

d
Z a:z-xjai@j + Z ((Ii, + %) - )\H:L'i) 0;

d
6.1 DI, = ina — )02 -2
i=1 1<i<j<d i=1

and the orthogonal polynomials in Vn(W,zj u) are the eigenfunctions of D?; o
DIP=—-n(n+X,)P, PeVy(W[,).

This is the classical partial differential equations satisfied by orthogonal polynomials on 7°¢.
Since the elements in GVay, (WKT ,) are of the form Rot) with R € V, (W,,ET u)» the reproducing
kernel of V,(W,I,) satisfies

(5.2) P (W) sa,y) =27 Y Pon(W2,52' %, ey'/?)

e€Zd

where £'/? := (\/Z1,...,1/Tq) and eu = (€1u1,...,e4uq). This equation suggests the
definition of the following operator defined on functions on R4+

(5.3) VKTMF(x,a:dH) =274 Z Vqu(am,de),
€LY

where anfu is defined in (4.4). Using the fact that C)\ (t) = cpst)‘_l/Q’_lﬂ) (2t? — 1), where
c is a constant and p%a’ﬂ ) denotes the orthonormal Jacobi polynomial of degree n, it follows

from (5.2) and (5.3) that

G PuWlsay) = POV [T (20,7172 1) (072,

where X1/2 = (/z1,...,y/Td,/I— 21 — - -~ — 74) and Y'1/2 is defined similarly. By the
definition of fou and the equation (3.5), this gives an explicit compact formula for the kernel.
Again, the projection operator L*(W,L ) = V, (W[ ) is defined by

proiy, 1) f@) = axs | TPV 55 )WL, ()

The formula (5.4) of the reproducing kernel plays an essential role in the study of orthogonal
expansions on T¢. It shows, in particular, that the expansions on T'¢ are connected to Jacobi
expansions, rather than Gegenbauer expansions.
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5.2. Weighted approximation on the simplex. Using the operator VKT#, we can define
a convolution f ;. , g for f € L'(W,) and g(2{-}*—1) € L' (wx,[—1,1]) on T% as in (4.7).
The basic mapping (2.5) shows that

(5.5) ((F 4l u9)0w) @) = ((Fow)+E, g (201 - 1)) (@),
which can also be taken as a definition of *f - The equations (5.4) shows that projy, () can
be written as a convolution of f and the Jacobi polynomial. Using the convolution, we can
define an analogue of a generalized translation operator TgT by

(5.6) by /0 " Ty f(z)g(cos 20)(sin 0)**df = (f x. , g)(x)

for every g € L*(wy, [—1,1]). Note that we have g(cos 26) in contrast to g(cos ) in (4.9),
which comes from 2 cos? § — 1 = cos 26. From the relation (5.5) it follows that

(5.7) (TF f) o) (x) =T (fop)(x), weT?,

from which the properties of T follows from those in Proposition 4.2.
PROPOSITION 5.2. The means THT f satisfy the following properties:
1. Let fo(z) = 1; then T} fo(z) = 1.
2. If f ~ 3202 Projy, (1) [, then

s (A—1,-1)
pn 2 ?(cos26) .
Tan ~ Z 1,1 1 PrOJvn(T)f-

n=0 DPn > °

3. Forfe LP(W,Z#), 1<p<ooorfeC(T?,

T : T —
1T flwr, p < Wfllwz,,  and T TFF = fllwz, , =0.

K,

Just like the case of BY, the last property of this proposition suggests the following
definition of a modulus of smoothness on T¢: Forr > 0and 1 < p < oo,

(I =T) " fllwz

ryp P’

(5.8) wT(th)W,;I'”,p = Ssup ||
: 0<6<t

Under the mapping (2.5) the relation (5.7) and (4.12) immediately show that

(5.9) wr(f,t)wr

K,

p = wr(f o wat)W,E“,p'

As in the case of B¢, we can use the operator D,{’ p 0 (5.1) to define a K-functional as
follows: For f € L”(W,Zu), r >0,

K

(5.10) K. (f;t)wg, p = inf {llf —gllwz,» +t"II(=D% )" 2gIIWT,,‘,,,} :

where the infimum is taken over all g € LP(W,!,) for which ||(—D,7;u)’"/2g||wgwp is finite.
Since DZ, u 1s obtained from DHB, , by a change of variable (2.5), it follows that

(5.11) KT(f;t)WE:”,p :Kr(fow;Zt)W,E”,pa
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Consequently, the following equivalence follows from Theorem 3.3 right away:
THEOREM 5.3. For f € LP(W ), 1 < p <,

cle(f;t)WNT’”,p < Kr(f;t)W;T,#,p < cQwT(f;t)W,;T,#,pa

where c1 and co are constants independent of f.
As before, the two gadgets can be used to characterize the best approximation by poly-
nomials. For f € Lp(W,ZN), 1< p<oo,let

En(Dwz, =t {If = Plwz, ,: P €T}

denote the error of the best approximation by polynomials of degree at most n. Using (2.5)
and taking into consideration of the symmetry of P o 1), we can show that

En(f)W,;I:wP = En(f ° ,I’b)W'Eu’p'

Hence, the following characterization follows immediately from Theorem 4.5 and (5.9):
THEOREM 5.4. For f € L*(W,I ), 1 <p < oo,

En(f)WSj#,p < CwT(f;nil)WT”,p'

K,

On the other hand,

wr(fin Dz, p <en T (k+ )" E(Hwz, p-
k=0
5.3. Additional difficulty for analysis on the simplex. In the above discussion we put
our emphasis on the similarity between results on the ball and on the simplex. In fact, most of
the results on these two domains appear to be equivalent in the sense that they can be deduced
from each other, and both can be deduced from the results on the sphere. However, for certain
problems, the simplex is more difficult to work with. The difficulty appears in the connection

between PH(W,Z i) and Pgn(Wf ;> +) shown in (5.2), which forces us to switch from

C)M¢t) to p,({\*l/ 21/2) (t) asin (5.4). As a consequence, the results for certain problems on T'¢
will not follow as an exact consequence of those on B<. This is so especially for the study of
orthogonal expansions.

To illustrate this point, let n € C*[0, 00) as in (3.12) and define operators 5 by

(5.12) Mo f = Zn(g)projvkmf-

k=0

The main properties of 7 f is the following theorem analogous to Proposition 4.6

PROPOSITION 5.5. Let f € LP(W,,), 1 < p < oo, and f € C(T?) ifp = oo. If
k> |A] + 1then

1. nY'f €y, 1 andnl P = P for P € 11,,;
2. forn >0, |Ing fllwz, » < cllfllwz,
3. forn>0, | f— ng:f“W,Zj#,p < CEn(f)W,Z:#,p'

This theorem, however, does not follow as a consequence of Proposition 4.6. In fact,
the relation (5.4) shows that projy, (r) is related to projy,, (g, which shows that there is no
direct relation between ! and nZ, as each is a sum over k from 0 to n. The proof of this
theorem can be modeled after the proof of Proposition 3.5 in [34], which goes back to [14].

The same phenomenon also appears when we try to find the critical index of the Cesaro
(C, §)-means of the orthogonal expansions. In fact, for W,ffu on B4, the sharp critical index
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was established in [16], whiles for WKT 0N T the result was not established for all parameter
ranges. The study of (C, §)-means of orthogonal expansions on 7' does not follow from the
one on B%. See [16] for details.

Ford = 1, WX'(z) = 2"1~1/2(1 — 2)"~1/2 is the Jacobi weight function on [0, 1].
However, TGT is not the usual translation operator associated with the product formula of the
Jacobi series. In fact, it corresponds to the “wrong” product formula

1 1
PEO@PEO ) =cn [ [ ORI et s ) (- )2 20 - )7 Vs e
—1J-1

where z(t, s,cos 6, cos ¢) = cosf cos ¢s + sin  sin ¢t. Finally, we mention that it would be
interesting to find if 7] can be written as an integral transform, like the formula of 72 for
W, in Proposition 4.3.

6. Other problems on the unit ball and on the simplex. Besides orthogonal polyno-
mials and approximation discussed in the previous sections, the connection between S¢, B¢
and T can be useful in several other problems in analysis. In this section we briefly discuss
three other problems.

6.1. Polynomial of least deviation from zero. For x = (z,...,74) € R? and a =
(a1, -..,aq) € Ng, we define the monomial z& = z{* - - - £5%. The degree of the monomial
% is |a| = a1 + ... + ag. Let Q be a region in R?. If p*(z) is a polynomial of best
approximation to the monomial z® in the uniform norm on €2, then z* — p*(z) is called the
polynomial of least deviation from zero. We shall also call p*(z) a least polynomial.

Using the basic relations (2.1) and (2.5) between the three domains and the relations
between polynomial spaces as given in Lemma 2.1 and Lemma 2.2, one can often reduce the
problem of finding least polynomials on B? to that of S and to that of 7'¢. As an illustration
we state one such result [32].

THEOREM 6.1. Let @ € Ng and write 2a = (201, . . .,2a4) and |a| = n. If p*(x) is
a least polynomial for * on T?, then p*(z3,. .. ,m%) is a least polynomial for 2® on B,
conversely, if q¢* is a least polynomial for £2* on B% in the form ¢*(z) = p*(z3,...,22),

then p*(x) is a least polynomial for * on T.

For d = 2, the least polynomials to "y™ from ITZ, _, on the domain B? and T
were known. Their relation as stated in the theorem was used in [6]. For d > 2, only a few
examples of least polynomials were known, see [1, 2, 19, 21, 32]. The above theorem can be
used to find least polynomials for monomials of lower degrees. It shows, in particular, that in
order to find a least polynomial for z2® on B¢, it is enough to work with £, which has lower
degree, on T, For example, one least polynomial for 21 zo23 on T is given by [32]

Rs3(x) = T2z12023 — 4(x1 + 2o + 23) + 4(x1 + 22 + 23)° — 8(122 + Toxs + x123) + 1,

which gives immediately a least polynomial for zZz%x3 on B? using the theorem.

6.2. Cubature formula. The formulas (2.3) and (2.6) relate the integral in three regions.
Together with the connection of the polynomials on these domains, they lead to relations
between cubature formulas on S%, B% and T'®. These relations were discussed in [26, 27] and
they were used in [12, 13] to generate new cubature formulas. We state only one theorem that
captures the spirit of such a result.

THEOREM 6.2. If there is a cubature formula of degree M on T? giving by

N
(6.1) | J@W)du = Xif (),
=1
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with all u; € T, then there is a cubature formula of degree 2M + 1 on B? given by

N
6.2) / g(m)W,fH(m)dm = Z X2 k) Z fle1/uit, .. €4y Uid)
B i=1

c€ZY

where k(u) denote the number of non-zero components in u. Moreover, a cubature formula
of degree 2M + 1 in the form of (6.1) on B® implies a cubature formula of degree M in the
form of (6.2) on T*.

A similar result holds for cubature formulas on S? and on B¢, which also extends to a
relation between cubature formulas on S% and on T'%. We note that a cubature for the surface
measure on S corresponds to a cubature for “Chebyshev” weight function Wy (z) on B¢,
which in turn corresponds to a cubature for “Chebyshev” weight function W (z) on T%.

6.3. Polynomial Interpolation. The relation (2.1) between polynomial spaces on B¢
and those on S? can also be used in the problem of polynomial interpolation.
Let M2 = dim IT1¢. We consider the following interpolation problem on B¢:

PROBLEM 1. Let E be a set of M2 points on B. Find conditions on E such that, for any
given data { f;}, there is a unique polynomial Q € TI¢ satisfying Q(=x;) = fi, for x; € E and
1<i< ME,

Let N¢ = dim I1,,(S%). The interpolation problem on S¢ that we consider is:

PROBLEM 2. Let X be a set of N2 distinct points on S. Find conditions on X such that,
for any given data { f;}, there is a unique polynomial S € 11,,(S?) satisfying S(y;) = fi, for
y; € Xand1<i < NZ

We call the point set X on S symmetricif z = (2',z441) € X implies that (z', —z441) €
X, where ' = (x1,...,24). From the relation (2.1) between polynomials spaces, solutions
of these two problems are related as follows [33]:

THEOREM 6.3. Let E be a set of M¢ points on B? that solves Problem 1. Assume
that E contains exactly M — M2_, points on the boundary S4=* of B? and that E° :=
E\ (E N 841 solves Problem 1 for 112 _,. Define

Xp={(,0):2' € Ens* "} {(x',imd+1) zan = VI P2, o € E}

Then X solves Problem 2. On the other hand, if X solves Problem 2, X is symmetric,
and there are exactly M® — M2 | points on the hyperplane {x € R¥*! : x4,; = 0}, then
Ex ={2': (¢',z441) € X N S_‘f_"'l} solves Problem 1.

The relation (2.5) and the relation between the polynomial spaces on B¢ and T as
described in Lemma 2.2 can also be used for interpolation problem. However, because the
mapping = + () is nonlinear, a polynomial of degree n that interpolates on N points on
T? corresponds to an interpolation polynomial on B? that belongs to a subspace of I1¢, ; see
[33] for a discussion in the case of d = 2.
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