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Abstract. The weighted (0,2)-interpolation with additional Hermite-type conditions is studied in a unified way
with respect to the existence, uniqueness and representation (explicit formulae). Sufficient conditions are given on
the nodes and the weight function, for the problem to be regular. Examples are presented on the zeros of the classical
orthogonal polynomials.
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1. Introduction. P. Turdn [17] initiated the study of (0, 2)-interpolation in order to get
an approximate solution to the differential equation

y'+f-y=0.

The weighted (0, 2)-interpolation is a generalization of this problem, introduced by J. Baldzs
[2]. Let the system of nodes

(1.1) —0<a< T, <Ly 1<---<x1<b< 0

be given in the possibly infinite open or closed interval (a,b) and let w € C?(a,b) be a
given function (the weight function). Find a polynomial R,, of minimal degree satisfying the
conditions

(1.2) Ru(zr) =yr; (wR,)"(zx) =yp, (k=1,...,n;n€N)

where yy, y; are arbitrary given real numbers.

If for any choice of y; and y;, (k = 1,...,n) there exists a unique polynomial R,, of
degree < 2n — 1 satisfying the conditions (1.2), the weighted (0, 2)-interpolation problem is
called regular on the given nodes (1.1) with respect to the weight function w. The question is
how to choose the nodal points and the weight function w so that the problem is regular, and
in the regular case how to find a simple explicit form of R,,.

J. Baldzs [2] investigated the above problem on the interval [—1,1], when the nodes
are the zeros of the ultraspherical polynomial PT(LO‘) (@ > —1), and the weight function is
w(z) = (1 — 22)(@+t1)/2 He showed, that in this case there does not exist a polynomial of
degree < 2n — 1 satisfying the requirements (1.2). He proved, that if n is even, then under
the condition
(1.3) R, (0) =) yrti (0),

k=1

where £ (x) represent the Lagrange-fundamental polynomials corresponding to the nodal
points xy,, there exists a unique polynomial of degree < 2n (if n is odd, then the uniqueness
fails). He gave the explicit form of this polynomial and proved convergence theorem.
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Several authors investigated the weighted (0, 2)-interpolation with the additional Baldzs-
type condition (1.3) on the zeros of the classical orthogonal polynomials (I. Jo6 [6], I. Jo6 and
L. Szili [7], J. Prasad [13], [14], [15], [16], L. Szili [19], [20]). The additional condition (1.3)
was replaced by interpolatory type conditions in special cases by J. Bajpai [1], S. Datta and
P. Mathur [4], S. Eneduanya [5] and J. Baldzs [3]. Recently the author ([8], [9], [10]) studied
the weighted (0, 2)-interpolation with one and two additional interpolatory conditions in a
unified way with respect to the existence, uniqueness and representation (explicit formulae).

In this paper we study the following generalization of the problem: There are two disjoint
sets of the nodes, and weighted (0, 2)-interpolation is prescribed on the points of one of the
sets with Hermite-interpolation on the points of the other one. In the case where the second
set is empty, we recover the original problem of J. Balazs [2].

The paper is organized as follows. In Section 2 we describe the problem and we give
general forms of the explicit formulae for the fundamental polynomials. In Section 3 we give
necessary and sufficient conditions on the nodes and the weight function for the problem to
be regular with different additional interpolatory conditions. In Section 4 we present some
special cases, Pdl-type weighted (0, 2; 0)- and (0; 0, 2)-interpolation problems on the zeros of
the classical orthogonal polynomials.

2. The problem. On the finite or infinite interval [a, b] let {a;}?; and {Z;}/; be dis-
joint sets of distinct points (nodes), and let w € C?(a, b) be a given function, called weight
function. Find a minimal degree polynomial Ry satisfying the weighted (0, 2)-interpolation
conditions

2.1) Ry(z;) = i, (wRN)"(zi) = y! (i=1,...,n)
and the additional Hermite-type interpolation conditions
2.2) Rz)=g" (j=0,....i—-1i=1,...,m),

where y;, yi' and gjgj ) are arbitrary given real numbers.

As the number of conditions is N = 2n + M, where M = j; + ...+ j,, the problem is
regular, if for any choice of the values y;, ¥’ and gjz(] ) there exists a unique polynomial Ry
of degree at most N — 1. (For m = 0 there are no Hermite-type conditions, and we recover
the original problem of J. Balazs [2].)

The problem is not regular in general, because such a minimal degree polynomial might
not exist ([2]), or if it exists, it might not be unique. Therefore we study the problem with ad-
ditional interpolatory conditions and find conditions for the problem to be regular. In regular
cases we give simple explicit forms for Ry . Finally we present examples on the zeros of the
classical orthogonal polynomials.

2.1. The fundamental polynomials. In what follows, let p,, and g be polynomials of
degree n and M, respectively, associated with the interpolation conditions, that is

2.3) pn(z:) =0 (i=1,...,n),
(2.4) @D@z)=0 (G=0,....5—1;i=1,...,m).

LEMMA 2.1. If ¢ = q1q2, w = wyws and
(2.5) (qrwipn)’(z;) =0 and (w2q2)'(z;) =0 (i=1,...,n),
then for any Q € C?(a,b)

(2.6) (qupn@)" (z;) = 2(qup.,Q")(z;) (i=1,...,n).
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The general explicit formulae for the fundamental polynomials of first and second kind,
associated with the weighted (0, 2)-interpolation, can be proved in the same way as in [8].

LEMMA 2.2. If on the nodes {;}?_, and {Z;}1", the weight function w satisfies (2.5),
w(z;) #0 (i = 1,...,n), then the fundamental polynomials of first kind, which satisfy the
conditions

Ak(mz) = 6k’i: (wAk)”(xi) = 05 (/L = 1; .. 'Jn)a
A9 (z;) =0, G=0,..,5i—1; i=1,...,m),

can be written in the form

2.7) Ak((L‘) — q(m) gi(m) + (qpni)(w)){ck +/$ g;c(xk)ék(t) _g;c(t) dt

q(zx) (qp},) (zk . t—
+ap /xﬁk(t)dt+bk /wpn(t)dt},
where
w0 (i)' (we)" (@)
@9 = o)) | 2w (@) | 2(wae) @)
and
2.9) to(a) = —P0@ 1)

I ACHICEED

Furthermore, the fundamental polynomials of second kind are

(2.10) Bi(z) = % {5]9 + /z L (t)dt + Bk /zpn(t)dt}

fork =1,...,n, which satisfy the conditions
Bk(:lfz) = 0, (’ka)”(.'L'i) = 6;“-, (7, = 1, . ,'I’L),
BY(z;) =0, (G=0,....5i—1; i=1,...,m).

LEMMA 2.3. If on the nodes {x;}1_, and {%;}~, the weight function w satisfies (2.5),
w(z;) #0( = 1,...,n) ga(2) = p(a) = c(& = 21)... (2 = Zm), a1(Tk) # 0 (k =
1,...,m), and q;uf is a polynomial, then the fundamental polynomials associated with the
additional Lagrange-type conditions at {Z;}™, be written in the form

T

_ (@)@, (pa)@) [ 2
2.11) Cg(z) = (qun)(ik)ek(w) @p2p) (@) {Ck + b /zo pn(t)dt

n / Pn(Tr)gr(t) — g (Zr)pn(t) dt} 7

t— Ty,

where

!

g(z) = (q1 ; qZ—) (@)l (@) + 201 (2) ()
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with
5 p(x)
l(x) = k=1,...,m),
«(@) P (zr)(z — Tp) ( )
and fulfill the conditions
Ck(xl) = 0) (U)Ck)”(ﬂfi) = 05 (7’ = ]-5 EE an)a
Ck(i“i):(sik (i:l,...,m),

fork=1,...,m.
Proof. The polynomials C}, for k = 1,..., m are to be determined in the form

2 xr
%ﬁe(@ + (P Qi) (@),

where @)y, is a polynomial. On using (2.6) and

Ci(z) =

(wpanzi)” (z:) = (@rwips - Q1w257;2¢)” (z:) = 2 (quwipn) (i) ((hwzlz%)l (x:)

=2 (quwipl,lk) (i) ((quw2)'ly, + 2quw2l}) (),
from the conditions (wCy)"(z;) =0 (i = 1,...,n) we obtain

-1 gr ()

D)= o) ) s -

If % is a polynomial, then

Q! (z) = -1 Pn(Zk) gk (%) — gk (T )Pn(2)
gy (aipip') (z1) T — Ty
is a polynomial, as well, and by integration we get (2.11) for the polynomial CY,. O

3. Additional interpolatory conditions. We study the interpolation problem (2.1)-
(2.2) with different additional interpolatory conditions prescribed at the points z¢ and 41 €
[a, b]. We find conditions on the nodes and the weight function for the problem to be regular.
The results can be summarized in the following

THEOREM 3.1. If on the nodes {x;}}_, and {%;}™, the weight function w satisfies
(2.5), w(z;) #0 (i = 1,...,n), then the interpolation problem (2.1)—(2.2) is regular under
the additional condition(s) (i)-(ix) if and only if the condition(s) in the third column of Table
3.1 is(are) fulfilled.

Proof. For the sake of simplicity we will prove only the case (v), the other cases are
similar. We study the homogeneous problem: Find a polynomial of degree at most N + 1 =
2n + M + 1 for which

RN(SL'Z) = 0, (wRN)”(mi) = 0, (l = 0, . ,n),
RY () =0, (G=0,....5i—1; i=1,...,m).

It is obvious that the polynomial Ry can be written in the form By (z) = (gpnQ) (), where
pp, and q are defined in (2.3) and (2.4), respectively, and () is a polynomial of degree at most
n + 1. On using Lemma 2.1 the weighted (0,2)-interpolatory conditions are

(wRN)" (z:) = 2 (quplQ) (z:) =0 (i=1,...,n),
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TABLE 3.1

égggiiggsi:)merp olatory Condition for Regularity Degree of Ry
(i) | Rn(zo) =1%o (gpn) (z0) # 0 <2n+M
(i) | Riy(zo0) =, (gpn)’ (m0) #0 <2n+M
(i) | (wRN)" (zo) = yg pn(z0) #0,  (qwpn)"(wo) #0 <2n+M
. Ry (z0) = yo,
(@iv) R'N(wo) _ y6 (gpn) (z0) #0 <2n+M+1
0
Ry (z0) = %o, (gpn) (z0) # 0, " <o Mol
O 1 (wRN)" (z0) = o (qun Il pn(t)dt) (z0) # 0 S+ M+
Rl (o) = v/ o) 70 "
. N Zo) = Yo ! z
00 | (e | e (@) (awpn [2, pelt)t) (ao) <on+ M1
—(qwpn)" (z0)(ap7, )(zo0) # 0
.| Rn(xo) = vo. (gpn)(z0) # 0. (gpn)(znt1) # 0.
i) | B (Tns1) = Ynti fzonﬂ Pu(t)dt # 0 <2n+M+1
(apn)' (20)(@pn) (@n+1) 277" pa(t)dt
/ — ) T
i) | g +apn) (20)(@p3)(@nt1) <20+ M1
" —(gpn)' (zn+1)(gpy,)(20) # O
(awpe [2 puttiat) " (e0)qwpn)”(@nia)
. wR n T e yll’ z n "
0 | Gorayonn Dy | = (a2 o) @) qupn)y'(@o) | <2001 41
#£0

where g(z;) # 0, w(z;) # 0, pl,(x;) # 0. Hence Q'(z;) = 0fori = 1,...,n, that is
Q'(z) = cpn(z) and

Qz) = c/wpn(t)dt-i-d.

Zo

From Ry (o) = (gpnQ) (o) it follows Q(zo) = 0 and d = 0. Finally,

(wRN)" (z0) = ¢ (qun /x : pn(t)dt> ' (z0) =0
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has the unique solution ¢ = 0 if and only if
T "
(awp [ palort) (a0 20
Zo

which completes the proof. O

4. Special cases.

4.1. Pal-type weighted (0,2;0,1,...,r—1)-interpolation. Let us consider the weight-
ed (0, 2)-interpolation problem on the zeros of

pu(z) =clx —z1)(x —22) ... (x — Tp)

with Hermite-type interpolation on the zeros of ¢1 p/,, where the derivatives up to the (r—1)-st
order are prescribed.
LEMMA 4.1. If on the zeros of p,

(qrwipn)" (z;) =0, wi(z;) #0 (i=1,...,n),

then the first and second kind fundamental polynomials of the Pdl-type weighted
(0,2;0,1,...,r — 1)-interpolation with respect to the weight function w = wi (qrw1)*" are
given by (2.7)~(2.10), where we = (qrw1)?" and ¢ = (q1p.,)"

Proof. It is easy to see that

(w2g2)"(z:) = ([(qrwn)?p)") ()
= {[(@w)?p,] (=)} a1 (@s)wi (@) (qwipn)" (z:) = 0

foris =1,...,n and we can apply Lemma 2.2. O
For r = 1 we obtain the Pdl-type weighted (0, 2; 0)-interpolation problem, which is
weighted (0, 2)-interpolation on the zeros of p,, with Lagrange interpolation on the zeros of

Q1P
4.1.1. Pal-type weighted (0, 2; 0)-interpolation on the zeros of Hermite polynomials.
Let {z;}? , and {Z;}=]' be the zeros of H,, and H!, respectively, where H,, denotes the
Hermite polynomial of degree n, for which
H] (z) — 2zH) (z) + 2nH,(z) =0

with

0 for odd n,
H,(0) = { (_1)%#;)! for even n.

It is known [ 18], that

and on the zeros of H,,
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Furthermore let

__ Hi(@) _
ly(z) = B (20) (% — 78) (k=1,...,n),
7u(2) () (k=1,...n—1)

T H@) (@ - 7
On using the properties of H,, we get

Hg(mk) = 2$kH;,($k)7 e;c(xk) = Tk (k = 17 .- '7”)7

Hy(zx) = —2nHp(zk),  Ll@k) =2z (k=1,...,n—1).
Based on Theorem 3.1 we can state the following result.
THEOREM 4.2. If {z;}, and {%;}?=" are the zeros of H, and H!, respectively,

xo = 0 and the weight function is w(x) = e*%, then the Pdl-type weighted (0,2;0)-
interpolation is regular with the additional condition (ii) for any n or with (vi) for even n, but
it is not regular with the condition (i), (iii), (iv) or (v).

Proof. We study only the case (ii), the other cases can be discussed in a similar way. In
case (ii) the additional condition is

Ry(0) = yo,
where yj, is arbitrary real number, and the regularity is assured by
(apn)’ (20) = (Hy,Hn)' (0) = [Hy,(0)]" + Hy(0)H7(0) # 0.

On using the properties of the Hermite polynomials and Lemma 4.1 with r = 1, ¢¢ = 1,
22 . . .

g = p = H/ and wy = e 'z, one can verify by (2.7)-(2.11) that the minimal degree

interpolational polynomial is

n n

n—1
Ry(z) =Y Ap(@)yr + Y Br(@)yf + Y Cr(@)7k + Do(x)ys
k=1 k=1

k=1
of degree at most 3n — 1, where
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where
—H,(0)
o = O_H o for odd n, o = TET H (70) for odd n, 0
Z2H, (zk) for even n, for even n.

REMARK 4.3. P. Mathur and S. Datta [ 11] stated the regularity of the weighted (0, 2;0)-
interpolation on the zeros of the Hermite polynomials with the condition (ii) at xg = 0 only
for odd n. For even n they presented a construction with the condition (i) but it is not of
minimal degree.

4.1.2. Pal-type weighted (0, 2; 0)-interpolation on the zeros of Laguerre polynomi-
als. Let lea) denote the Laguerre polynomial of degree n, for which

oL (@) + (@ +1 - 2) L () +nLP (@) =0 (o> -1)

with the normalization

@.1) L)(0) = (" + “) .

n

It is known [ 18], that
L (2) = LD (),

and on the zeros of L%

(e*% ““L(a)) (z)=0 (i=1,...,n).

Based on Theorem 3.1 we can state the following result.

THEOREM 4.4. If {z;}7_, and {Z;}1=}" are zeros ofL ) and L\, respectively, zg =
0 and the weight function is w(zx) = e ~% 55 then the Pdl-type weighted (0,2;0)-

interpolation is regular with the additional condition (i), (ii) or (iv) for any a > —1, but it is
regular with (v) only for o = —% and with (iii) or (vi) only for a = :i:%.
Proof. We discuss in details the case (i) only, when the additional condition is

RN(O) = Yo,

where yq is arbitrary real number. The regularity of the problem is approved by

(qpn)(z0) = (L' L) (0) = —LLV (0)LL (0) # 0.

With the notations

L (2)
Ui.(x) = n :1,.. ,n),
k( ) Lgba) (xk)(:c—mk) ( )
(a)'
lo() = —— L0 @ (k=1,...,n—1),

L @) (@ — &)
and by the properties of the Laguerre polynomials we have

T — T, —oa—1

L@ (@), () =

L(a)/l _
n (mk) Tk 2xk

(k=1,...,n),
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_ T —a—2
Tr B 2%,

On usmg the above properties and Lemma 4.1 withr = 1, ¢4 = 1, ¢ = p = Lna) and
wy =e Iz = , one can easily verify that

L (@) 5, @I (@) [ 208(0)
Auw) =D gy LD (2) ) 2o
Ln (.Z'k) ka[Ln (iEk)] ZI?kLn (.’L‘k)
+/” 20105, () — (w, — a — 1)4,(t) &t
0 t— 2z
7 —2(2n+ 1+ a)zy, + o? —1/ }
Li(t
4z,
(@) (a)
Ly’ (z)Ly, /
Bi(z) = Li(
k() 9e— 3% 3(cx+1) (a), ]2 k
fork=1,...,nand
(a) ()
Ly’ (x)Ly,” (x
Ao(z) = (z) (z)

L ()L (0)
To apply the construction in Lemma 2.3 with ¢; = 1, we need

q(@wy(s) _atl-o

wa () x

which is not a polynomial, so we have to modify the numerator in the definition of g, in order
to get a polynomial for C. Hence let

L%a)(o) [(a +1- Z’)Zk(.’l?) + 21’[7;9(1')] — (a + 1)Zk(0)L%a) (.’L')

gr(z) = )
zL{ (0)
and
L (z LY (@)L (@) [ L0
Ly (1) n[Ln” (7)) "k
n /z L (@) ge (t) — gx(@6) LS (1) dt
fork =1,...,n—1. Finally, the minimal degree polynomial R is of degree at most 3n — 1,

and it can be written in the form

n

Ry(z) =) Ay yk+ZBk yk+ZCk O

k=0

In a similar way we obtain the following result
THEOREM 4.5. If {z;}?, and {z;}}=) are zeros of L( and zL{® )’ , respectively,

3m

To = xo = 0 and the weight function is w(z) = e~ 2 , then the Pdl-type weighted
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(0, 2; 0)-interpolation is regular with the additional condition (ii) for any a > —1, but it is
regular with (iii) or (vi) only for o = £ %

THEOREM 4.6. If {z;}?, and {Z;}!, are zeros of LY and «L'?, respectively,
To = 2o = 0 and the weight function is w(z) = e~%, then the Pdl-type weighted (0,2;0)-
interpolation is regular with the additional condition (ii), (iii) or (vi).

Proof. Let pn, = L7(11), G =2, =p= L%O), q=qig2, w1 = e~ %, wy = e~®. Using
(cf. [18])

LV (@) - LY (2) = LO (2)

we have
(wae) (@) = =™ (L0 (@) + Ly (@) = =L (1) = 0
fori = 1,...,n, hence on using Theorem 3.1 with g = 0 we can verify the regularity of the

(0, 2; 0)-interpolation problem with the additional condition (ii), (iii) or (vi).
Applying (2.7)-(2.11) with

LY (z) T — 2
zk(w) = ! 7 gl (xk) = (k: 17"'7”)7
L @)@ -m) " 20
_ LY _ Tp — 1
Ek(.’lf) = (0)! (x) ’ e;c(:z.k) = el — (k = ]-7 . 5"):
Ln” (Zg)(z — Zx) 2T
we obtain the fundamental polynomials
(0) (0) (1) z
aule) =l gy o DD oy, [0
ox LY (z1,) 222 L) (24 ) L () 0

+Aw (:L‘k - 2)£k(t) - 2$k€§c(t) dt + (n +2— %) /)w Ek(t)dt} ’

t—.’L’k
L%O) Lg) z B T
Bu(a) =———n @n (@) {f:k + [ avde+ b [ L&l’(t)dt},
2xre” 2 Ly (.’L‘k)L" (.Z‘k) 0 0
2L () - 2L (2) LY (2)
Orle) =y @) = oy
Ty Ly’ (Ty) ZiLyn’ (Zk)Ln’ (Tk)
T T Y7 !
x {5k+bk / LY (t)dt + / (L= () + m’“(t)dt}
0 0 t—Tp
for k =1,...,n. The parameters are to be determined from the additional conditions. O
Using the fact

() @ = (2LD:) @) = 0L, (a)

Wwe€ can state

COROLLARY 4.7. On the zeros ofL%_l) the Pdl-type weighted (0, 2; 0)-interpolation is
regular with respect to the weight function w(z) = e~ 5.
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4.1.3. Pal-type weighted (0, 2; 0)-interpolation on the zeros of Jacobi polynomials.
Lety = PT(LO"'EZ ) denote the Jacobi polynomial of degree n, for which

1-2*)"(@)+[B—a—(a+B+2)z)y (z) +n(n+a+ B+ 1)y(x) =0,

where a, 8 > —1, with the normalization

(4.2) Pled) (1) = (" + O‘).

n

It is known [ 18], that

@.8) n+a+pf+1 1,6+1
P () = =PI @)

’

PP (—g) = (=1)" PP (),
and on the zeros of P.*?)

atl

(Ao +2)FPEP) @)=0  (i=1...n).

Furthermore let

plob) (z)
gk(x) = (a,ﬁ)/n ( = ]-7 - 7n)7
P (xp)(z — xp)
_ P(a’ﬁ)l T
Ek(w): (a’ﬁ)/tb_ ( ) ~ (kzla---an_l)a
Py (Z) (7 — Zn)
where Ty, (k = 1,...,n — 1) are the zeros of Pr(ba’ﬁ ) On using the properties of the Jacobi

polynomials we get

B—a—(a++2)x

PP () = 1— 22
k

P (g (k=1,...,n),

_ —a— Y
7 (30) = B—a 2((1a_+3—3§)+ )T

(k=1,...,n—1).

Based on Theorem 3.1 and Lemma 4.1 we can state )
THEOREM 4.8. If {z;}7_, and {T;}"=" are the zeros ofPéa’ﬁ) and PP respectively,
zo = —1, 41 = 1 and the weight function is

3(a+1) 3(8+1)
2

w(z)=1—-2)" 2 (1+z) 2,
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then the Pdl-type weighted (0, 2; 0)-interpolation is regular with the additional condition (i),
(ii) or (iv) for any o, B > —1, but it is regular with (v) only for f = —%, and with (iii) or (vi)
only for § = j:é. Furthermore, it is regular with (vii) for any a,, B > —1 if n is even, and for
a # B, ifnis odd.

THEOREM 4.9. If {z;}, and {Z; ?:_01 are the zeros of Pr(ba’ﬁ) and (z + I)P,(La’ﬁ)’,
respectively, Lo = xo = —1 and the weight function is

we) = (1-2) " (14+2) "5,

then the Pdl-type weighted (0, 2; 0)-interpolation is regular with the additional condition (i),
(ii) and (iv) for any «, B > —1, but it is regular with (iii) only for B = +L, with (v) only for
B = —%, and with (vi) for = % ifa>—-lorf = —% ifa # B.

THEOREM 4.10. If {z;}7, and {z;}1=, are the zeros ofP,ga’ﬂ) and (1 — x)P,(La’ﬂ)’,
respectively, o = 1, o = —1 and the weight function is

3(a+1) 38+1
—=2 3

(1+=x) ,

then the Pdl-type weighted (0, 2; 0)-interpolation is regular with the additional condition (ii)

for any o, B > —1, but it is regular with (iii) or (vi) only for § = —%.

w(z) = (1 - 2)

4.2, Pal-type weighted (0,1,...,r — 1;0, 2)-interpolation. Let us consider Hermite-
type interpolation problem on the zeros of

p(@) = c(z —71) ... (z — Zy),
where the derivatives up to the (r — 1)-st order are prescribed and weighted (0, 2)-interpola-

tion on the zeros of p' = p,_1.
LEMMA 4.11. If on the zeros of pn_1 = P' the weight function w satisfies

(4.3) (qlwﬁ’)”(xi) = 05 w(mz) # 07 (Z = 17 cees = 1)5

then the first and second kind fundamental polynomials of the Pdl-type weighted
(0,1,...,7 — 1;0,2)-interpolation are given by (2.7)—(2.10), where ¢ = ¢: p" and wy = 1.
Proof. Withws =1and ¢2 = p”

(w2g2)'(z:) = (") (ws) =7 (p7") (@)pn-1(z:) =0 (i=1,...,n=1),

and we can apply Lemma 2.2. O
For r = 1 we get the Pdl-type weighted (0; 0, 2)-interpolation problem, where Lagrange
interpolation is prescribed at the zeros of p and weighted (0, 2)-interpolation at the zeros of
p'. Based on Lemma 4.11 we can apply (2.7)-(2.11) for the fundamental polynomials.
THEOREM 4.12. If on the zeros of ' the weight function w satisfies (4.3) and g1 (z;) # 0
(i =1,...,n — 1), then for the Pdl-type weighted (0; 0, 2)-interpolation we obtain

Ay(z) = D@ oy (@PP)@) {Ck N / ACAIAORIACH

k

(@1P) (k) (@1pp") () 0 t—xp
_ (wq1)"(zr) | P () [
Fhep(e) - (2<w21)<m2) ¥ 2@(:1:2)) e (t)dt} ’

__(@pp)@) [ oo v
Be®) = Stwapr) (on) { et biple) + - e’“(t)dt}
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fork=1,...,n—1, where

_ p'(z)
ble) = p"(zr)(z — z)
and
@ n, apd)@) [
Che) = (e B~ oy % + o)

fork=1,...,n, where

4.2.1. Pal-type weighted (0; 0, 2)-interpolation on the zeros of Hermite polynomials.
Let {2;}7, and {z;}7=,' be the zeros of H,, and H},, respectively, where H,, denotes the
Hermite polynomial of degree n. Now

22 "
(e—TH,g) @)=0 (i=1,...,n—1),

hence withq = p = H,,, pp—1 = p and w = e‘é we can apply Theorem 4.12 to get the
fundamental polynomials A, B (k=1,...,n—1),and Cy, (k=1,...,n).

THEOREM 4.13. If {Z;}2, and {z;}?=' are zeros of H,, and H!, respectively, zo = 0
and the weight function is w(zx) = e_é, then the Pdl-type weighted (0; 0, 2)-interpolation is
regular with the additional condition (ii) for any n or with (vi) for odd n, but it is not regular
with (i), (iii), (iv) or (v).

Proof. We study only the case (ii), the other cases can be discussed in a similar way. In
case (ii) the additional condition is

Ry (0) = o
where yj is arbitrary real number, and the regularity is assured by
(aPn—1) (20) = (HoHy)' (0) = [H,(0))” + Ha(0)Hy (0) # 0.

On using the properties of the Hermite-polynomials and Theorem 4.11 with ¢4 = 1 and
p = H,, one can verify that the minimal degree polynomial Ry is

n—1 n—1 n
Ry(z) =Y Ar(@)ye + > Br(@)yi + > Ci(a)Fr + Do(x)yg
k=1 k=1 k=1

of degree at most 3n — 2, where

Hp(z)

t

Taee) [ ostelt) =600,

2nH72l(.’L'k) t—.’L‘k

n+1-—x22 [
+7n+2 x’“/ Ek(t)dt},
0
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Bi(e) =~ mek/f

fork=1,...,n—1,

@) o 2 (@)H(2) i (00) (1) — 2t ()
o) = i) - S (o [ P )

fork=1,...,n,and

H,(z)H] (z
Do(z) = n,( ) ,( ,
(HpHz) (0
where
H,,(x)
b(p) = ——2>——  (k=1,...,n—1
) Hyi () (2 — k) (k=1...,n=1),
= H,(x)
¢ e SR k=1,.
O e T
and
H,(0) 0 for odd n,
cp = { 2napHa(zi) for odd n, a={ mo foro n
for even n, T5zz  forevenm.

REMARK 4.14. P. Mathur and S. Datta [12] stated the regularity of the weighted
(0; 0, 2)-interpolation on the zeros of the Hermite polynomials with the condition (ii) at
zg = 0 only for odd n. For even n they presented a construction with the condition (i)
but it is not of minimal degree.

4.2.2. Pal-type weighted (0; 0, 2)-interpolation on the zeros of Laguerre polynomi-

als. Let {#;}?, and {z;}}-;' be the zeros of L and L%a)l, respectively, where L s the
Laguerre polynomial of degree n with the normalization (4.1). Now

AN
(e*5m5+1L%"‘)) () =0 (i=1,...,n—1),
hence we can apply Theorem 4.12 in order to get the fundamental polynomials Ay, By (k =

1,...,n—=1),and Cy, (k=1,...,n).
Let us use the notations

L ()
l(x) = - k=1,...,n—-1),
k( ) L%a) ( )(m—_’[;k) ( )
(a)
l(o) = —— 2 @) (k=1,...,n)

L @) (= — o)

THEOREM 4.15. If {z;}7, and {z;}7= are zeros of L' and Lsta)l, respectively,
xo = 0 and the weight function is w(z) = e~ 2x 211, then the Pdl-type weighted (0;0,2)-
interpolation is regular with the additional condition (i), (ii) or (iv) for any a > —1, but it is
regular with (v) only for a = 0 and with (iii) or (vi) only for a = 0 and 2.

Proof. For the regularity we apply Theorem 3.1 with ¢ = L%"), Pn_1 = L%a)l, 9 =0
and w = e 3x3+!. In regular cases we get the fundamental polynomials from Theorem
4.12withq; =1, ws = 1.
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For the sake of simplicity we discuss in details only the case (i), when the additional
condition is

RN(O) = Yo,

where yq is arbitrary real number. The regularity of the problem is approved by
(apn-1)(0) = (LLEY") (0) = —LEO)LEED(0) # 0.

On using the properties of the Laguerre-polynomials and Theorem 4.11 with ¢; = 1 and
p= L%a) one can verify that the minimal degree polynomial R is

n—1 n—1 n
Ry(z) =Y Ar(z)ye + > Br(@)yy + Y Ci(x)i
k=0 k=1 k=1

of degree at most 3n — 2, where

L@, @I (@) | 205 (0)
Ap(2)= 5 li(e @ @
Ly (zp) 2n[Ly" (zx)]? nLy "’ (zk)

* (zg — o — 2Lk () — il (1)
<,

t—.’L‘k

dt

oz —2(2n+ 24+ &)z + ala +2) /% ()t
4-75]9 0 k )

_g7(a) ()’ z
Buw= o 5O [
2ne 2 22 Ly (zx)]? Jo

fork=1,...,n—1,

L @)L (@)

A L) = —F—~ 77 >
o) = 7@ )L (0)
and
(0’ (@), 7(a) (o)
Cule) = Dy - LD (@) { y
Ln” (@) Tp[Ln” (Zr)] Tk
N / 22, L' (34) 0L (1) — (7~ - DL (1) dt}
0 t—Tp

fork=1,...,n. a
In a similar way we obtain the following result.

THEOREM 4.16. If {Z;}1 and {z;}}= are zeros of L' and L%a)l, respectively,
Zo = o = 0 and the weight function is w(z) = e~ 3 x %, then the Pdl-type weighted (0; 0, 2)-
interpolation is regular with the additional condition (ii) for any o > —1, but it is regular
with (vi) only for o = 0 and with (iii) only for o = 0 and 2.

Proof. On using Theorem 4.12 withg; =z andgs = p = LS{I) one can easily verify that
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2L (z)

Ap(x) = ti(x)

LS (a)
2L (@)L (2) {C . / (2 — o — 2)0s(t) — 2m L (1)
2z [LS ()2 0 t—
i =220+ 2+ )z + ala +2) /wé (t)de
4.Z'k 0 k

_ 7 e ()’ z

By(z) = arl;z (g:c)[zn) (z) {Ek +/ Ly, (t)dt}
2ne~ 2z [Ly (z1))? 0

fork=1,...,n—1,and

dt

w?Lﬁf‘)'(x)p(x) oL (@) LY (2)
a) /- k - _ ),
LY (Tr) B2 [LYY (34)]3

y {M [ [6(t) + 266, OVL (@) = @k = )L (1) dt}
0

Cr(z) =

t— Ty

for k = 1,...,n, where the parameters are to be determined by the additional conditions.
O

4.2.3. Pal-type weighted (0; 0, 2)-interpolation on the zeros of Jacobi polynomials.
Let {7;}7, and {z;}77' be the zeros of Pl*P) and p{eP) respectively, where plp)
denotes the Jacobi polynomial of degree n with the normalization (4.2). Now

AN
(1=2)3a+2) 8PP ) (@) =0 (=1,...,n-1),

hence we can obtain similar results to those in Section 4.1.3. Here we give details of the case
a = =0only.

THEOREM 4.17. Let {2;}1, and {z;}I=' be the zeros of P, and P, respectively,
where P, denotes the Legendre polynomial of degree n, andTg = —1, Tpy1 = 1. Ifzo = —1,
x, = 1, and the weight function is w(z) = 1, then on the nodes {z;}"*) and {x;}1=' the
Pdl-type weighted (0; 0, 2)-interpolation is regular with the additional condition (ii), (iii) or
(vi) for any n, but it is regular with (viii) or (ix) only for odd n.

Proof.Letn:=n—1,p, 1 =P, q1 = 1—22,¢2=p=P,,q=qiqo, w1 = wy = 1.
As (2.5) is fulfilled, on using Theorem 3.1 with o = —1 and z,, = 1 we can verify the
regularity of the (0, 2; 0)-interpolation problem with the additional conditions.

For the fundamental polynomials applying (2.7)-(2.11) with

_ P! (x) , 2 _
Ek(.’l})—m, Ek(.'ﬂk)—ﬁ (k—l,,n—l)
i _ Py () - _ Tk _
ék(»@—ma bp(zr) = -2 (k=1,...,n)
we obtain
_ (1 =2*)Py(x) (1 = 2) P, (x) Py ()
M) = B A T R (o )

2 T T _ —_ 2\
L n +2n+ 2/ (o)t +/ 2zl () — (1 — 27) 0, (2) dt},
-1

—1 t_a:'k
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(2 — 1) Po(2) Py (2)
2n(n + 1) P2(xy)

By(x) = {asbro+ [ awal,

fork=1,...,n—1,

(1 — (1’;2)2P’ (m) - 2(1 _ -'L'Z)Pn((E)PI ((E) {_ ~
C xr) = _—n_ z) + ~ _n z +b Pz
k( ) (1_5”%)2PA($19) k( ) (l_wi)g[PT,b(mk)]g k k n( )
T (1 _ 2\
+/ tle(t) — (1 - t2) k(t)dt}
-1 t— T
fork = 1,...,n. The parameters are to be determined from the additional conditions. O
Using the facts

and

4.4)

[0 -a)P, (@) = —nln ~ )P (o),

PIE) = (1= a)Pl ) = —nn=1) [ Pacs(o

we can state

COROLLARY 4.18. On the zeros of the integrated Legendre polynomial (4.4) the weight-

ed Pdl-type (0,2;0)-interpolation is regular with respect to the weight function w(z) = 1 if
and only if n is even.
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