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Abstract. The weighted (0,2)-interpolation with additional Hermite-type conditions is studied in a unified way
with respect to the existence, uniqueness and representation (explicit formulae). Sufficient conditions are given on
the nodes and the weight function, for the problem to be regular. Examples are presented on the zeros of the classical
orthogonal polynomials.
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1. Introduction. P. Turán [17] initiated the study of
���������

-interpolation in order to get
an approximate solution to the differential equation
�� ��������
�� ���
The weighted

���������
-interpolation is a generalization of this problem, introduced by J. Balázs

[2]. Let the system of nodes�����! �"�#%$&"!#%$�')(*" �+��� "!#,(*".-*�/�(1.1)

be given in the possibly infinite open or closed interval
�  � - � and let 0214365 �  � - � be a

given function (the weight function). Find a polynomial 7 $ of minimal degree satisfying the
conditions 7 $ � #,8 � �9
 8�: � 0*7 $ � � � � #;8 � �.
 � �8 �<�>= �@? �����+�A�CB : B 1ED �(1.2)

where 
 8 , 
 � �8 are arbitrary given real numbers.
If for any choice of 
 8 and 
 � �8 ��= �F? ���+���A�GBH� there exists a unique polynomial 7 $ of

degree � �IB � ? satisfying the conditions (1.2), the weighted
���������

-interpolation problem is
called regular on the given nodes (1.1) with respect to the weight function 0 . The question is
how to choose the nodal points and the weight function 0 so that the problem is regular, and
in the regular case how to find a simple explicit form of 7 $ .

J. Balázs [2] investigated the above problem on the interval J � ? � ?AK , when the nodes
are the zeros of the ultraspherical polynomial LNMPO�Q$ �SRUT � ? � , and the weight function is0 � # � � � ? �V# 5 � MWO�X ( QSY 5 . He showed, that in this case there does not exist a polynomial of
degree � �IB � ? satisfying the requirements (1.2). He proved, that if

B
is even, then under

the condition 7 $ ����� � $Z8\[]( 
 8_^ 5 8 �S�`�\�(1.3)

where ^ 8 � # � represent the Lagrange-fundamental polynomials corresponding to the nodal
points # 8 , there exists a unique polynomial of degree � �aB (if

B
is odd, then the uniqueness

fails). He gave the explicit form of this polynomial and proved convergence theorem.b
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Several authors investigated the weighted
�S�������

-interpolation with the additional Balázs-
type condition (1.3) on the zeros of the classical orthogonal polynomials (I. Joó [6], I. Joó and
L. Szili [7], J. Prasad [13], [14], [15], [16], L. Szili [19], [20]). The additional condition (1.3)
was replaced by interpolatory type conditions in special cases by J. Bajpai [1], S. Datta and
P. Mathur [4], S. Eneduanya [5] and J. Balázs [3]. Recently the author ([8], [9], [10]) studied
the weighted

�S�������
-interpolation with one and two additional interpolatory conditions in a

unified way with respect to the existence, uniqueness and representation (explicit formulae).
In this paper we study the following generalization of the problem: There are two disjoint

sets of the nodes, and weighted
�S�������

-interpolation is prescribed on the points of one of the
sets with Hermite-interpolation on the points of the other one. In the case where the second
set is empty, we recover the original problem of J. Balázs [2].

The paper is organized as follows. In Section 2 we describe the problem and we give
general forms of the explicit formulae for the fundamental polynomials. In Section 3 we give
necessary and sufficient conditions on the nodes and the weight function for the problem to
be regular with different additional interpolatory conditions. In Section 4 we present some
special cases, Pál-type weighted

�S����� : ��� - and
�S� : ������� -interpolation problems on the zeros of

the classical orthogonal polynomials.

2. The problem. On the finite or infinite interval J  � - K let h #jilk $i []( and h%m#%iCk_ni []( be dis-
joint sets of distinct points (nodes), and let 0o1�3p5 �  � - � be a given function, called weight
function. Find a minimal degree polynomial 7rq satisfying the weighted

���������
-interpolation

conditions 7*q � # i � �/
 i � � 0s7tq � � � � # i � �.
 � �i �vu �@? �����+�A�CBH�(2.1)

and the additional Hermite-type interpolation conditions7wMyxGQq � m# i � � m
 MyxGQi �Wz � �����+���A�{z i � ? : u �@? �����+�A�C|E�\�(2.2)

where 
 i , 
 � �i and m
 MyxGQi are arbitrary given real numbers.
As the number of conditions is D � �aB �~} , where }�� z ( � ����� � z n , the problem is

regular, if for any choice of the values 
 i , 
 � �i and m
 MyxGQi there exists a unique polynomial 7�q
of degree at most D � ? . (For

| � � there are no Hermite-type conditions, and we recover
the original problem of J. Balázs [2].)

The problem is not regular in general, because such a minimal degree polynomial might
not exist ([2]), or if it exists, it might not be unique. Therefore we study the problem with ad-
ditional interpolatory conditions and find conditions for the problem to be regular. In regular
cases we give simple explicit forms for 7 q . Finally we present examples on the zeros of the
classical orthogonal polynomials.

2.1. The fundamental polynomials. In what follows, let � $ and � be polynomials of
degree

B
and } , respectively, associated with the interpolation conditions, that is� $ � # i � � � �Su �@? ���+���+�CBH�\�(2.3) � M�xGQ � m# i � � � �Wz � ���+�������>z i � ? : u �@? ���+���A�G|��A�(2.4)

LEMMA 2.1. If � � � ( � 5 , 0 � 0 ( 0 5 and� � ( 0 ( � $ � � � � #%i � � �  B)� � 0 5 � 5 � � � #;i � � � �vu ��? �����+���GBH�\�(2.5)

then for any ��1E3r5 �  � - �� ��0�� $ � � � � � # i � � ��� ��0�� �$ � � �A� # i � �Su �@? ���+���A�GBH�\�(2.6)
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The general explicit formulae for the fundamental polynomials of first and second kind,
associated with the weighted

���������
-interpolation, can be proved in the same way as in [8].

LEMMA 2.2. If on the nodes h # i k $i []( and h�m# i k�ni []( the weight function 0 satisfies (2.5),0 � # i ���� �N�vu �o? ���+���A�GBH� , then the fundamental polynomials of first kind, which satisfy the
conditions � 8 � # i � ��� 8 i �<� 0 � 8 � � � � # i � � ��� �Su �@? ���+���A�GBH�\�� MyxGQ8 � m# i � � ��� �Wz � �����+���A�{z i � ? : u ��? �����+�A�C|E�\�
can be written in the form� 8 � # � � � � # �� � #;8 � ^ 5 8 � # � � � ��� $ �j� # �� ��� �$ �)� #,8 �,��� 8 �!�V��+� ^ � 8 � # 8 � ^ 8 �v�C� ��^ �8 �S�C�� �~#;8 ���
(2.7) �  8 ���� � ^ 8 �S�C�l��� � - 8 ���� � � $ �S�C�l�������
where  8 � � � 0*� � � � � # 8 ���� 0s� �A� #;8 � � � � 0 ( � ( � � � � # 8 ���� 0 ( � ( ��� #,8 � � � 0 5 � 5 � � � � # 8 ���� 0 5 � 5 �A� #;8 �(2.8)

and ^ 8 � # � � � $ � # �� �$ � #,8 �A� #��~#;8 � ��= �@? �+�������CBH�\�(2.9)

Furthermore, the fundamental polynomials of second kind are� 8 � # � � � ��� $ �j� # ���� ��0�� �$ �j� # 8 � ���� 8 �!� �� � ^+8 �v�C�l��� � �-�8 � �� � � $ �v�C�l�����(2.10)

for
= �@? ���+���A�GB , which satisfy the conditions� 8 � # i � � ���<� 0 � 8 � � � � # i � �.� 8 i � �Su ��? ���+���A�GBH�\�� MyxGQ8 � m# i � � ��� ��z � ���+���+�A�>z i � ? : u ��? �+�������C|E�\�
LEMMA 2.3. If on the nodes h # i k $i []( and h�m# i k�ni []( the weight function 0 satisfies (2.5),0 � # i �~�� ���vu � ? �+���+�A�CBH� , � 5 � # � � m� � # � � � � #�� m#j( �,�+���_� #�� m# n � , � ( � m#,8 �~�� �E��= �? �+���+�A�C|E� , and ¡l¢l£j¤¥£ ¥ is a polynomial, then the fundamental polynomials associated with the

additional Lagrange-type conditions at h%m#,i¦k�ni [§( be written in the form3 8 � # � � � �a5( � $ ��� # �� � 5( � $ �A� m# 8 � m^ 5 8 � # � � � ��� $ �A� # �� � 5( � 5$ m� � �A� m# 8 � � m� 8 � m -A8 � �� � � $ �v�C�C���(2.11) � ����+� � $ � m# 8 �{¨ 8 �S�C� � ¨ 8 � m# 8 � � $ �S�C�� � m#;8 �������
where ¨ 8 � # � �ª© � �( � � ( 0 �50 5�« � # � m^ 8 � # � � � � ( � # � m^ � 8 � # �
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with m^ 8 � # � � m� � # �m� � � m#;8 �A� #¬� m#,8 � ��= ��? �+�������C|E�\�
and fulfill the conditions3 8 � #;i � � ���­� 0*3 8 � � � � #;i � � ��� �Su ��? ���+���A�GBH�\�3 8 � m# i � ��� i 8 �Su ��? �+�������C|E�\�
for
= �@? ���+���A�G| .
Proof. The polynomials 3 8 for

= �@? �����+�A�C| are to be determined in the form3 8 � # � �­® �a5( � $�¯ � # �� � 5( � $ �j� m#,8 � m^ 5 8 � # � � � ��� $ � 8 �)� # �A�
where � 8 is a polynomial. On using (2.6) and® 0�� $ � 5( m^ 5 8 ¯ � � � #%i � � ® � ( 0 ( � $ � � ( 0 5 m^ 5 8 ¯ � � � #%i � � ��� � ( 0 ( � $ � � � #%i � ® � ( 0 5 m^ 5 8 ¯ � � #%i �� � ® � ( 0 ( � �$ m^+8�¯ � # i � ® � � ( 0 5 � � m^+8 � � � ( 0 5 m^ � 8 ¯ � # i �\�
from the conditions

� 0t3 8 � � � � # i � � �6�Su ��? ���+���A�GBH� we obtain� � 8 � # i � � � ?� � 5( � $ m� � �)� m#;8 � ¨ 8 � #;i �# i � m#;8 �
If ¡l¢C£j¤¥£ ¥ is a polynomial, then� � 8 � # � � � ?� � 5( � 5$ m� � �j� m#,8 � � $ � m# 8 �¦¨ 8 � # � � ¨ 8 � m# 8 � � $ � # �#¬� m#,8
is a polynomial, as well, and by integration we get (2.11) for the polynomial 3 8 .

3. Additional interpolatory conditions. We study the interpolation problem (2.1)–
(2.2) with different additional interpolatory conditions prescribed at the points #,° and #%$ X ( 1J  � - K . We find conditions on the nodes and the weight function for the problem to be regular.
The results can be summarized in the following

THEOREM 3.1. If on the nodes h # i k $i []( and h�m# i k�ni [§( the weight function 0 satisfies
(2.5), 0 � # i �p�� ���vu �4? ���+���A�GBH� , then the interpolation problem (2.1)–(2.2) is regular under
the additional condition(s) (i)-(ix) if and only if the condition(s) in the third column of Table
3.1 is(are) fulfilled.

Proof. For the sake of simplicity we will prove only the case
�v±��

, the other cases are
similar. We study the homogeneous problem: Find a polynomial of degree at most D �9?t��aB ��}��9? for whichm7 q � #%i � � ���<� 0 m7 q � � � � #;i � � ��� �vu � �����+���A�GBH�\�m76M�xGQq � m# i � � ��� ��z � �����+�����{z i � ? : u �@? �����+�A�C|E�\�
It is obvious that the polynomial m7*q can be written in the form m7*q � # � � � ��� $ � �j� # � , where� $ and � are defined in (2.3) and (2.4), respectively, and � is a polynomial of degree at mostB �9? . On using Lemma 2.1 the weighted (0,2)-interpolatory conditions are® 0 m7*q ¯ � � � # i � � ��� ��0�� �$ � � �j� # i � � � �vu ��? �����+���GBH�\�
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TABLE 3.1

Additional Interpolatory
Condition(s) Condition for Regularity Degree of ²§³

(i) ²§³�cW´IµAg�¶¸·Aµ cW¹{ºI»`g�c�´IµAg]¼¶&d ½ f�¾�¿NÀ
(ii) ²HÁ³ cW´IµAg�¶¸·�Áµ cW¹{ºI»`g Á cW´Iµ�g§¼¶�d ½ f�¾�¿NÀ
(iii) cWÂÃ² ³ g Á Á cW´IµAg�¶&· Á Áµ º » c�´Iµ\g]¼¶�d , cP¹GÂ,º » g Á Á cW´Iµ�g§¼¶�d ½ f�¾�¿NÀ
(iv)

²§³�cW´IµAg�¶¸·Aµ ,²HÁ³ cW´IµAg�¶¸·�Áµ cW¹{ºI»`g�c�´IµAg]¼¶&d ½ f�¾�¿NÀ�¿&Ä
(v)

²§³�cW´IµAg�¶¸·Aµ ,cWÂÃ² ³ g Á Á cW´IµAg�¶&·�Á Áµ cW¹{ºI»`g�c�´IµAg]¼¶&d_eÅ ¹�Â;ºI»ÃÆ�ÇÇ � ºI»�cWÈSgvÉ\ÈvÊ Á Á c�´Iµ\g§¼¶�d ½ f�¾�¿NÀ�¿&Ä
(vi)

²HÁ³ cW´IµAg�¶¸·�Áµ ,cWÂÃ² ³ g Á Á cW´IµAg�¶&· Á Áµ ºI»�c�´Iµ\g]¼¶�d ,cW¹{ºI»`g Á cW´Iµ�g Å ¹�Â,ºI» Æ ÇÇ � ºI»�cWÈSgvÉ\È Ê Á Á cW´Iµ\gË cW¹�Â,ºI»�g Á Á c�´IµAg¦cW¹{º�Ì» g{c�´IµAg§¼¶�d ½ f�¾�¿NÀ�¿&Ä
(vii)

² ³ cW´ µ g�¶¸· µ ,²§³�cW´ »_ÍjÎ g�¶¸· »�Í,Î cW¹{º » g{cW´IµAg]¼¶�d , cW¹{º » g{cW´ »_ÍjÎ g]¼¶�d ,Æ Ç\Ï+Ð ¢Ç � º�»�c�ÈSgSÉ\ÈÃ¼¶�d ½ f�¾�¿NÀ�¿&Ä
(viii)

²HÁ³ cW´IµAg�¶¸·�Áµ ,²HÁ³ cW´I»_ÍjÎGg�¶¸·�Á»�Í,Î cW¹{ºI»`g Á c�´IµAg¦cW¹{ºI»�g Á cW´ »_ÍjÎ g�ÆÃÇ\Ï+Ð ¢Ç � ºI»�c�ÈSgSÉ\È
+ cP¹{º » g Á cW´IµAg{cW¹{º Ì» g{cW´ »_ÍjÎ gË cW¹{º » g Á c�´I»�Í,ÎCg{cP¹{º Ì» g¦c�´ µ g§¼¶�d ½ f�¾�¿NÀ�¿&Ä

(ix)
cWÂÃ²§³Ñg Á Á c�´Iµ\g;¶¸· Á Áµ ,cWÂÃ² ³ g Á Á c�´ »�Í,Î g%¶&· Á Á»_ÍjÎ

Å ¹�Â;º »ÃÆ�ÇÇ � º » cWÈSgvÉ\È Ê Á Á c�´ µ g¦cW¹�Â;º » gvÁ Á�c�´I»�Í,ÎCgË Å ¹�Â,º »§Æ ÇÇ � º » cWÈSgvÉ\È Ê Á Á cW´I»_ÍjÎGg{cW¹�Â,º » gvÁ Á�c�´ µ g¼¶&d ½ f�¾�¿NÀ�¿&Ä
where � � # i �~�� �

, 0 � # i �Ò�� �
, � �$ � # i �Ò�� �

. Hence � � � # i � � �
for
u � ? ���+���A�GB , that is� � � # � � � � $ � # � and

� � # � � � ���� � � $ �S�C�l��� � �%�
From m7 q � # ° � � � ��� $ � ��� # ° � it follows � � # ° � � � and

� � � . Finally,

® 0 m7 q ¯ � � � # ° � � � © ��0�� $ � �� � � $ �v�C�C��� « � � � # ° � � �
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has the unique solution � � � if and only if© ��0�� $ � �� � � $ �v�C�l��� « � � � # ° �*�� �
which completes the proof.

4. Special cases.

4.1. Pál-type weighted
�S����� : ��� ? ���+���\�CÓ � ? � -interpolation. Let us consider the weight-

ed
���������

-interpolation problem on the zeros of� $ � # � � � � #¬�Ò# ( ��� #¬�~# 5 �,�+���+� #¬�~# $ �
with Hermite-type interpolation on the zeros of � ( � �$ , where the derivatives up to the

�vÓ � ? � -st
order are prescribed.

LEMMA 4.1. If on the zeros of � $� � ( 0 ( � $ � � � � # i � � ��� 0 ( � # i �*�� � �vu �@? ���+���A�GBH�\�
then the first and second kind fundamental polynomials of the Pál-type weighted�S����� : ��� ? ���+�����CÓ � ? � -interpolation with respect to the weight function 0 � 0 ( � � ( 0 ( � 5GÔ are
given by (2.7)–(2.10), where 0 5 � � � ( 0 ( � 5GÔ and � � � � ( � �$ � Ô .

Proof. It is easy to see that� 0 5 � 5 � � � # i � � ® J � � ( 0 ( � 5 � �$ K Ô ¯ � � # i �� Ó�Õ�ÖS� � ( 0 ( � 5 � �$`× � # i ��Ø Ô 'j( � ( � # i � 0 ( � # i �A� � ( 0 ( � $ � � � � # i � � �
for
u ��? �+���+�A�CB and we can apply Lemma 2.2.
For

Ó �Ù? we obtain the Pál-type weighted
������� : �`� -interpolation problem, which is

weighted
�S�������

-interpolation on the zeros of � $ with Lagrange interpolation on the zeros of� ( � �$ .

4.1.1. Pál-type weighted
������� : �`� -interpolation on the zeros of Hermite polynomials.

Let h # i k $i []( and h�m# i k $�'j(i [§( be the zeros of Ú $ and Ú �$ , respectively, where Ú $ denotes the
Hermite polynomial of degree

B
, for whichÚ � �$ � # � � � # Ú �$ � # � � �IB Ú $ � # � � �

with Ú $ �S�`� � � � for odd
B

,� � ? � Ï ¥ $�ÛM $ Y 5 Q Û for even
B

.

It is known [18], that Ú �$ � # � � �aB Ú $�')( � # �
and on the zeros of Ú $ Å_Ü 'ÞÝ ¥¥ Ú $ Ê � � � #%i � � � �vu ��? �+���+�A�CBH�A�
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Furthermore let ^ 8 � # � � Ú $ � # �Ú �$ � # 8 �A� #¬�Ò# 8 � �>= �@? �����+�A�CBH�A�m^+8 � # � � Ú �$ � # �Ú � �$ � m# 8 �A� #�� m# 8 � �>= ��? �+���+�A�CB � ? �\�
On using the properties of Ú $ we getÚ � �$ � # 8 � � � # 8 Ú �$ � # 8 �A� ^ � 8 � # 8 � � # 8 ��= ��? �+�������CBH�\�

Ú � �$ � m#,8 � � � �IB Ú $ � m#;8 �\� m^ � 8 � m#,8 � � m#,8 �>= ��? �+���+�A�CB � ? �\�
Based on Theorem 3.1 we can state the following result.

THEOREM 4.2. If h # i k $i [§( and h�m# i k $�'j(i [§( are the zeros of Ú $ and Ú �$ , respectively,#�° � �
and the weight function is 0 � # � � Ü 'àß Ý ¥¥ , then the Pál-type weighted

�S����� : ��� -
interpolation is regular with the additional condition (ii) for any

B
or with (vi) for even

B
, but

it is not regular with the condition (i), (iii), (iv) or (v).
Proof. We study only the case (ii), the other cases can be discussed in a similar way. In

case (ii) the additional condition is 7 �q ����� �.
 �° �
where 
 �° is arbitrary real number, and the regularity is assured by� ��� $ � � � # ° � � � Ú �$ Ú $ � � ����� � J Ú �$ �S�`� K 5 � Ú $ ����� Ú � �$ �����t�� ���
On using the properties of the Hermite polynomials and Lemma 4.1 with

Ó �á? , � ( �â? ,� � m� � Ú �$ and 0 ( � Ü ' Ý ¥¥ , one can verify by (2.7)-(2.11) that the minimal degree
interpolational polynomial is7 q � # � � $Z8\[§( � 8 � # � 
 8 � $Z8\[]( � 8 � # � 
 � �8 � $�'j(Z8\[]( 3 8 � # � m
 8 �Vã ° � # � 
 �°
of degree at most ä B � ? , where� 8 � # � � Ú �$ � # �Ú �$ � # 8 � ^ 5 8 � # � � Ú $ � # � Ú �$ � # �J Ú �$ � # 8 � K 5 � � 8 �å� �° #;8a^+8 �v�C� �Ò^ �8 �S�C�� �Ò# 8 ���� �aB �9? �æ# 58� � �° ^ 8 �S�C�l�����¸�� 8 � # � � Ú $ � # � Ú �$ � # �� Ü ' ß¥ � ¥ ç J Ú �$ � # 8 � K 5 ���° ^ 8 �S�C�l���
for
= ��? ���+���A�GB ,3 8 � # � � Ú $ � # �Ú $ � m#,8 � m^ 5 8 � # � � Ú $ � # � Ú �$ � # �B Ú 5$ � m#;8 � � m� 8 � �V�° m^ � 8 �S�C� � � m^ 8 �v�C�� � m#;8 �����

for
= ��? ���+���A�GB � ? , and ã ° � # � � Ú $ � # � Ú �$ � # �� Ú �$ Ú $ � � ����� �
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where� 8 �éè �
for odd

B
,';ê Ï M ° Q� ¥ ç ê ¤Ï M � ç Q for even
B

, m� 8 �Uè ';ê ¤Ï M ° Që $�ì� ¥ ç ê Ï M ì� ç Q for odd
B

,�
for even

B
.

REMARK 4.3. P. Mathur and S. Datta [11] stated the regularity of the weighted
�S����� : ��� -

interpolation on the zeros of the Hermite polynomials with the condition (ii) at #j° � � only
for odd

B
. For even

B
they presented a construction with the condition (i) but it is not of

minimal degree.

4.1.2. Pál-type weighted
�S����� : ��� -interpolation on the zeros of Laguerre polynomi-

als. Let í MWO�Q$ denote the Laguerre polynomial of degree
B

, for which# í MWO�Q ¤ ¤$ � # � � �SR �.? �~# � í MWO�Q ¤$ � # � � B í MWO�Q$ � # � � � ��RVT � ? �
with the normalization í MPO�Q$ ����� �ª© B � RB « �(4.1)

It is known [18], that í MWO�Q ¤$ � # � � � í MWO�X ( Q$�'j( � # �\�
and on the zeros of í MWO�Q$ Å+Ü 'àÝ¥ #Þî Ð ¢¥ í MWO�Q$ Ê � � � # i � � � �vu ��? �+���+�A�CBH�A�
Based on Theorem 3.1 we can state the following result.

THEOREM 4.4. If h # i k $i []( and h%m# i k $�'j(i []( are zeros of í MWO�Q$ and í MWO�Q ¤$ , respectively, #%° ��
and the weight function is 0 � # � � Ü ' ß Ý¥ # ß{ï î Ð ¢�ð¥ , then the Pál-type weighted

�S����� : ��� -
interpolation is regular with the additional condition (i), (ii) or (iv) for any

RVT � ? , but it is
regular with (v) only for

R � � (ñ and with (iii) or (vi) only for
R ��ò (ñ .

Proof. We discuss in details the case (i) only, when the additional condition is7 q �S�`� �/
 ° �
where 
 ° is arbitrary real number. The regularity of the problem is approved by� ��� $ �A� # ° � � � í MWO�Q ¤$ í MWO�Q$ ���S�`� � � í MWO�X ( Q$�'j( �S�`� í MWO�Q$ �����*�� ���

With the notations^+8 � # � � í MWO�Q$ � # �í MWO�Q ¤$ � # 8 �A� #��Ò# 8 � �>= ��? �+���+�A�CBH�A�
m^ 8 � # � � í MWO�Q ¤$ � # �í MWO�Q ¤ ¤$ � m#,8 ��� #¬� m#;8 � ��= ��? ���+���A�GB � ? �A�

and by the properties of the Laguerre polynomials we haveí MWO�Q ¤ ¤$ � #,8 � � #;8t� R � ?# 8 í MPO�Q ¤$ � #;8 �\� ^ � 8 � #;8 � � #;8t� R � ?� # 8 ��= ��? ���+���A�GBH�\�
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214 M. LÉNÁRDí MPO�Q ¤ ¤$ � m#;8 � � � Bm#;8 í MWO�Q$ � m#;8 �\� m^ � 8 � m#;8 � � m# 8 � R � �� m#;8 �>= �@? �����+�A�CB � ? �\�
On using the above properties and Lemma 4.1 with

Ó �ó? , � ( �ô? , � � m� � í�MWO�Q$ and0 ( � Ü ' Ý ¥ # î Ð ¢¥ , one can easily verify that� 8 � # � � í MWO�Q ¤$ � # �í MWO�Q ¤$ � # 8 � ^ 5 8 � # � � í MWO�Q$ � # � í MPO�Q ¤$ � # �� # 8 J í MWO�Q ¤$ � # 8 � K 5 è � í MWO�Q$ �����# 8 í MPO�Q ¤$ � # 8 ��æ� �° � # 8 ^ � 8 �S�C� � � # 8 � R � ? � ^ 8 �v�C�� �~# 8 ���� # 5 8 � �����IB �9?Ñ� RÃ� #,8 � R 5 � ?õ #;8 ���° ^ 8 �v�C�C�����&�� 8 � # � � í MPO�Q$ � # � í MWO�Q ¤$ � # �� Ü ' ß Ý ç¥ # ß{ï î Ð ¢�ð¥8 J í MWO�Q ¤$ � # 8 � K 5 � �° ^ 8 �v�C�l���
for
= ��? ���+���A�GB and � ° � # � � í MWO�Q$ � # � í MPO�Q ¤$ � # �í�MWO�Q$ �S�`� í�MWO�Q ¤$ �S�`� �

To apply the construction in Lemma 2.3 with � ( ��? , we need� ( � # � 0 �5 � # �0 5 � # � � R �9? �Ò##
which is not a polynomial, so we have to modify the numerator in the definition of

¨ 8 in order
to get a polynomial for 3 8 . Hence let¨ 8 � # � � í MWO�Q$ �S�`� Ö �SR �.? �~# � m^+8 � # � � � # m^ � 8 � # � × � �SR �.? � m^+8 ����� í MWO�Q$ � # �# í�MWO�Q$ �S��� �
and 3 8 � # � � í MWO�Q$ � # �í�MWO�Q$ � m#;8 � m^ 5 8 � # � � m#;8 í MWO�Q ¤$ � # � í MWO�Q$ � # �B J í�MWO�Q$ � m#,8 � K ñ è � í MWO�Q ¤$ �S�`�B m#;8�4� �° í MWO�Q$ � m# 8 �{¨ 8 �S�C� � ¨ 8 � m# 8 � í MWO�Q$ �S�C�� � m#;8 ���aö
for
= �@? �����+�A�CB � ? . Finally, the minimal degree polynomial 7rq is of degree at most ä B � ? ,

and it can be written in the form7tq � # � � $Z8\[j° � 8 � # � 
 8 � $Z8\[]( � 8 � # � 
 � �8 � $�')(Z8\[]( 3 8 � # � m
 8 �
In a similar way we obtain the following result.
THEOREM 4.5. If h #;ilk $i []( and h%m#%ilk $�')(i [j° are zeros of í MWO�Q$ and # í MWO�Q ¤$ , respectively,m#�° � #%° � �

and the weight function is 0 � # � � Ü ' ß Ý¥ # ß î Ð ¢¥ , then the Pál-type weighted
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WEIGHTED cWd_e>fAg -INTERPOLATION 215�S����� : ��� -interpolation is regular with the additional condition (ii) for any
R÷T � ? , but it is

regular with (iii) or (vi) only for
R ��ò (ñ .

THEOREM 4.6. If h # i k $i []( and h�m# i k $i [)° are zeros of í�M ( Q$ and # í�M ° Q$ , respectively,m#�° � #%° � � and the weight function is 0 � # � � Ü ' ß Ý¥ , then the Pál-type weighted
�S����� : ��� -

interpolation is regular with the additional condition (ii), (iii) or (vi).
Proof. Let � $ � í�M ( Q$ , � ( � # , � 5 � m� � í�M ° Q$ , � � � ( � 5 , 0 ( � Ü ' Ý ¥ , 0 5 � Ü ' � . Using

(cf. [18]) í M ( Q$ � # � � í M ( Q$�'j( � # � � í M ° Q$ � # �
we have � 0 5 � 5 � � � #%i � � � Ü ' �+ø Å í M ° Q$ � #;i � � í M ( Q$�'j( � #%i � Ê � � Ü ' �+ø í M ( Q$ � #%i � � �
for
u ��? �+�������CB , hence on using Theorem 3.1 with # ° � � we can verify the regularity of the�S����� : ��� -interpolation problem with the additional condition (ii), (iii) or (vi).
Applying (2.7)-(2.11) with^+8 � # � � í M ( Q$ � # �í�M ( Q ¤$ � #;8 ��� #��~#;8 � � ^ � 8 � #,8 � � # 8 � �� #;8 ��= �@? ���+���A�GBH�\�

m^ 8 � # � � í M ° Q$ � # �í�M ° Q ¤$ � m#,8 �A� #�� m#;8 � � m^ � 8 � m# 8 � � m# 8 � ?� m#;8 ��= �@? ���+���A�GBH�\�
we obtain the fundamental polynomials� 8 � # � � # í�M ° Q$ � # �# 8 í M ° Q$ � # 8 � ^ 5 8 � # � � # í�M ° Q$ � # � í�M ( Q$ � # �� # 5 8 í M ° Q$ � # 8 � í M ( Q ¤$ � # 8 � �§� 8 � -A8 ���° í M ( Q$ �v�C�C���� � �° � #,8t� ��� ^+8 �S�C� � � #;8_^ �8 �S�C�� �~#;8 ��� � Å B � � � #;8õ Ê � �° ^ 8 �S�C�l�����¸�� 8 � # � � # í�M ° Q$ � # � í�M ( Q$ � # �� # 8 Ü ' ß Ý ç¥ í M ° Q$ � # 8 � í M ( Q ¤$ � # 8 � ���� 8 � � �° ^ 8 �S�C�l��� � �- 8 � �° í M ( Q$ �v�C�C�����&�3 8 � # � � # 5_í M ( Q$ � # �m# 5 8 í M ( Q$ � m# 8 � m^ 5 8 � # � � # í M ° Q$ � # � í M ( Q$ � # �m# 5 8 í M ( Q$ � m# 8 � í M ° Q ¤$ � m# 8 �ù � m� 8 � m-A8 ���° í M ( Q$ �S�C�l��� �!���° � ? � �C� m^+8 �S�C� � �I� ^ � 8 �v�C�� � m# 8 ��� �
for
= �@? ���+���A�GB . The parameters are to be determined from the additional conditions.
Using the fact Å í M 'j( Q$ Ê � � # � � Å # í M ( Q$�'j( Ê � � # � � B í M ° Q$�'j( � # �

we can state
COROLLARY 4.7. On the zeros of ísM ')( Q$ the Pál-type weighted

�S����� : ��� -interpolation is
regular with respect to the weight function 0 � # � � Ü ' ß Ý¥ .
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4.1.3. Pál-type weighted
�S����� : ��� -interpolation on the zeros of Jacobi polynomials.

Let 
N� L MWO�ú û�Q$ denote the Jacobi polynomial of degree
B

, for which� ? �~# 5 � 
 � � � # � � J ü � R � �SR � ü � ��� # KP
 � � # � � B��vB � R � ü �.? � 
 � # � � ���
where

RÑ� ü T � ? , with the normalizationL MPO�ú û�Q$ � ? � � © B � RB « �(4.2)

It is known [18], that L MWO�ú û�Q ¤$ � # � � B � R � ü �.?� L�MWO�X ( ú û`X ( Q$�'j( � # �\�
L MWO�ú û�Q$ � ��# � � � � ? � $ L Mýû�ú O�Q$ � # �\�

and on the zeros of L�MPO�ú û�Q$Å � ? �Ò# � î Ð ¢¥ � ?Þ� # �Iþ Ð ¢¥ L MWO�ú û`Q$ Ê � � � # i � � � �Su ��? ���+���A�GBH�\�
Furthermore let ^+8 � # � � L�MWO�ú û`Q$ � # �L�MWO�ú û�Q ¤$ � #;8 �A� #¸�Ò#,8 � �>= ��? �+���+�A�CBH�A�

m^ 8 � # � � L�MWO�ú û�Q ¤$ � # �L�MWO�ú û�Q ¤ ¤$ � m#;8 ��� #�� m#;8 � ��= �@? ���+���A�GB � ? �\�
where m#;8 �>= �4? �����+�A�CB � ? � are the zeros of L�MWO�ú û�Q ¤$ . On using the properties of the Jacobi
polynomials we getL MWO�ú û�Q ¤ ¤$ � # 8 � � ü � R � ��R � ü � ��� #,8? �Ò# 58 L MWO�ú û�Q ¤$ � # 8 � ��= �@? ���+���+�CBH�\�

L MWO�ú û`Q ¤ ¤$ � m#;8 � � B��SB � R � ü �.? �? � m# 5 8 L MWO�ú û�Q$ � m#;8 � ��= �@? ���+���A�GB � ? �\�
^ � 8 � #;8 � � ü � R � ��R � ü � ��� #,8��� ? �Ò# 58 � ��= ��? �+�������CBH�\�
m^ � 8 � m# 8 � � ü � R � �SR � ü � õ � m#;8��� ? � m# 5 8 � ��= ��? ���+���A�GB � ? �A�

Based on Theorem 3.1 and Lemma 4.1 we can state
THEOREM 4.8. If h #;iCk $i []( and h�m#;ilk $�'j(i [§( are the zeros of L�MWO�ú û�Q$ and L�MWO�ú û�Q ¤$ , respectively,# ° � � ? , # $ X ( ��? and the weight function is0 � # � � � ? �~# � ß{ï î Ð ¢Sð¥ � ?Ñ� # � ß{ï þ Ð ¢�ð¥ �
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then the Pál-type weighted
�S����� : ��� -interpolation is regular with the additional condition (i),

(ii) or (iv) for any
R�� ü T � ? , but it is regular with (v) only for ü � � (ñ , and with (iii) or (vi)

only for ü �÷ò (ñ . Furthermore, it is regular with (vii) for any
RÑ� ü T � ? if

B
is even, and forR/�� ü , if

B
is odd.

THEOREM 4.9. If h # i k $i []( and h%m# i k $�'j(i [j° are the zeros of L MWO�ú û�Q$ and
� # �@? � L MWO�ú û�Q ¤$ ,

respectively, m#%° � #�° � � ? and the weight function is0 � # � � � ? �~# � ß î Ð ¢¥ � ?Ñ� # � ß¦ï þ Ð ¢Sð¥ �
then the Pál-type weighted

�S����� : ��� -interpolation is regular with the additional condition (i),
(ii) and (iv) for any

R�� ü T � ? , but it is regular with (iii) only for ü �@ò (ñ , with (v) only forü � � (ñ , and with (vi) for ü � (ñ if
RVT � ? or ü � � (ñ if

R.�� ü .

THEOREM 4.10. If h #;ilk $i []( and h%m#%iCk $�'j(i [j° are the zeros of L MWO�ú û�Q$ and
� ? ��# � L MWO�ú û�Q ¤$ ,

respectively, m# ° ��? , # ° � � ? and the weight function is0 � # � � � ? �~# � ß{ï î Ð ¢�ð¥ � ?Ñ� # � ß þ Ð ¢¥ �
then the Pál-type weighted

�S����� : ��� -interpolation is regular with the additional condition (ii)
for any

RÑ� ü T � ? , but it is regular with (iii) or (vi) only for ü � � (ñ .
4.2. Pál-type weighted

����� ? ���+���\�GÓ � ? : ������� -interpolation. Let us consider Hermite-
type interpolation problem on the zeros ofm� � # � � � � #¬� m# ( �j�����+� #�� m# $ �A�
where the derivatives up to the

�vÓ � ? � -st order are prescribed and weighted
�S�������

-interpola-
tion on the zeros of m� � � � $�'j( .

LEMMA 4.11. If on the zeros of � $�'j( � m� � the weight function 0 satisfies� � ( 0�m� � � � � � #;i � � ��� 0 � #%i �*�� ��� �Su ��? ���+���A�GB � ? �A�(4.3)

then the first and second kind fundamental polynomials of the Pál-type weighted�S��� ? �+���+�A�CÓ � ? : ������� -interpolation are given by (2.7)–(2.10), where � � � ( m�àÔ and 0 5 ��? .
Proof. With 0 5 �@? and � 5 � m�àÔ� 0 5 � 5 � � � # i � � � m� Ô � � � # i � � Ó ® m� Ô 'j( ¯ � # i � � $�')( � # i � � � �vu ��? �+���+�A�CB � ? �\�

and we can apply Lemma 2.2.
For

Ó ��? we get the Pál-type weighted
��� : ������� -interpolation problem, where Lagrange

interpolation is prescribed at the zeros of m� and weighted
�S�������

-interpolation at the zeros ofm� � . Based on Lemma 4.11 we can apply (2.7)-(2.11) for the fundamental polynomials.
THEOREM 4.12. If on the zeros of m� � the weight function 0 satisfies (4.3) and � ( � # i �t�� ��vu ��? �+���+���CB � ? � , then for the Pál-type weighted

�S� : ������� -interpolation we obtain� 8 � # � � � � ( m� ��� # �� � ( m� ��� # 8 � ^ 5 8 � # � � � � ( m��m� � ��� # �� � ( m��m� � � ��� # 8 � �Ã� 8 � � �� � ^ � 8 � #,8 � ^+8 �v�C� �Ò^ �8 �v�C�� �Ò# 8 ���� -A8 m� � # � � © � 0s� ( � � � � # 8 ���� 0s� ( ��� #,8 � � m� � � � # 8 �� m� � #;8 � « ����_� ^+8 �v�C�C��� � �� 8 � # � � � � ( m�¸m� � ��� # ���� 0*� ( m�¬m� � � ��� #,8 �t���� 8 � �- 8 m� � # � � � �� � ^ 8 �v�C�l�����
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for
= �@? ���+���A�GB � ? , where ^+8 � # � � m� � � # �m� � � � # 8 �A� #��~# 8 � �

and 3 8 � # � � � �a5( m� � �A� # �� � 5( m� � �A� m#,8 � m^ 5 8 � # � � � � ( m��m� � �A� # �� � 5( J>m� � K ñ_�j� m#,8 �,� m� 8 � m-�8 m� � # ��æ� �� � m� � � m#;8 �{¨ 8 �v�C� � ¨ 8 � m#;8 � m� � �v�C�� � m# 8 �����
for
= �@? ���+���A�GB , where ¨ 8 � # � � � �( � # � m^+8 � # � � � � ( � # � m^ � 8 � # �\�m^+8 � # � � m� � # �m� � � m#,8 ��� #¬� m#;8 � �
4.2.1. Pál-type weighted

�S� : ������� -interpolation on the zeros of Hermite polynomials.
Let h�m#%ilk $i []( and h #;iCk $�')(i []( be the zeros of Ú $ and Ú �$ , respectively, where Ú $ denotes the
Hermite polynomial of degree

B
. NowÅ Ü ' Ý ¥¥ Ú �$ Ê � � � #;i � � � �vu ��? �+���+�A�CB � ? �\�

hence with � � m� � Ú $ , � $�')( � m� � and 0 � Ü ' Ý ¥¥ we can apply Theorem 4.12 to get the
fundamental polynomials

� 8 , � 8 �>= ��? �+���+�A�CB � ? � , and 3 8 ��= ��? ���+���A�GBH� .
THEOREM 4.13. If h%m# i k $i []( and h # i k $�')(i []( are zeros of Ú $ and Ú �$ , respectively, #%° � �

and the weight function is 0 � # � � Ü ' Ý ¥¥ , then the Pál-type weighted
��� : ������� -interpolation is

regular with the additional condition (ii) for any
B

or with (vi) for odd
B

, but it is not regular
with (i), (iii), (iv) or (v).

Proof. We study only the case (ii), the other cases can be discussed in a similar way. In
case (ii) the additional condition is 7 �q �S��� �9
 �°
where 
 �° is arbitrary real number, and the regularity is assured by� ��� $�')( �j� #�° � � � Ú $ Ú �$ � � ����� � J Ú �$ ����� K 5 � Ú $ �S��� Ú � �$ �����*�� ���
On using the properties of the Hermite-polynomials and Theorem 4.11 with � ( �ÿ? andm� � Ú $ one can verify that the minimal degree polynomial 7rq is7 q � # � � $�'j(Z8\[§( � 8 � # � 
 8 � $�')(Z8\[]( � 8 � # � 
�� �8 � $Z8\[]( 3 8 � # � m
 8 ��ã ° � # � 
��°
of degree at most ä B � � , where� 8 � # � � Ú $ � # �Ú $ � # 8 � ^ 5 8 � # � � Ú $ � # � Ú �$ � # ��aB Ú 5$ � # 8 � � � 8 �!� �° #,8_^+8 �S�C� ��^ �8 �S�C�� �æ# 8 ���� �IB �9? �~# 58� � �° ^ 8 �v�C�C�����&�
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WEIGHTED cWd_e>fAg -INTERPOLATION 219� 8 � # � � � Ú $ � # � Ú �$ � # �õ B Ü ' � ¥ ç Y 5 Ú 5$ � #;8 � � �° ^ 8 �v�C�C���
for
= �@? ���+���A�GB � ? ,3 8 � # � � Ú �$ � # �Ú �$ � m# 8 � m^ 5 8 � # � � � Ú $ � # � Ú �$ � # �J Ú �$ � m# 8 � K ñ � m� 8 �!� �° Ú �$ � m#;8 � m^ � 8 �S�C� � m#,8 Ú �$ �v�C�� � m# 8 �����

for
= �@? ���+���A�GB , and ã ° � # � � Ú $ � # � Ú �$ � # �� Ú �$ Ú $ � � ����� �

where ^ 8 � # � � Ú �$ � # �Ú � �$ � #;8 ��� #��~#;8 � �>= ��? �+���+�A�CB � ? �\�m^ 8 � # � � Ú $ � # �Ú �$ � m#;8 ��� #¸� m#,8 � ��= �@? �+�������CBH�
and � 8 � è ê ¤Ï M ° Q5 $ � ¥ ç ê Ï M � ç Q for odd

B
,�

for even
B

,
m� 8 � è �

for odd
B

,ê Ï M ° Q5 ì� ¥ ç for even
B

.

REMARK 4.14. P. Mathur and S. Datta [12] stated the regularity of the weighted�S� : ������� -interpolation on the zeros of the Hermite polynomials with the condition (ii) at#�° � �
only for odd

B
. For even

B
they presented a construction with the condition (i)

but it is not of minimal degree.

4.2.2. Pál-type weighted
�S� : ������� -interpolation on the zeros of Laguerre polynomi-

als. Let h%m# i k $i []( and h # i k $�'j(i []( be the zeros of ísMWO�Q$ and í�MWO�Q ¤$ , respectively, where ísMWO�Q$ is the
Laguerre polynomial of degree

B
with the normalization (4.1). NowÅ Ü ' Ý ¥ # î ¥ X ( í MWO�Q ¤$ Ê � � � #%i � � � �vu ��? �����+�A�CB � ? �A�

hence we can apply Theorem 4.12 in order to get the fundamental polynomials

� 8 , � 8 ��= �? �+�������CB � ? � , and 3 8 ��= �@? ���+���A�GBH� .
Let us use the notations^+8 � # � � í�MWO�Q ¤$ � # �í�MWO�Q ¤ ¤$ � #;8 �A� #¬�Ò#,8 � �>= �@? �����+�A�CB � ? �\�

m^+8 � # � � í�MPO�Q$ � # �í MWO�Q ¤$ � m# 8 ��� #¬� m# 8 � ��= ��? ���+���A�GBH�\�
THEOREM 4.15. If h�m# i k $i []( and h # i k $�')(i []( are zeros of í�MWO�Q$ and í�MWO�Q ¤$ , respectively,#�° � � and the weight function is 0 � # � � Ü ' Ý ¥ # î ¥ X ( , then the Pál-type weighted

�S� : ������� -
interpolation is regular with the additional condition (i), (ii) or (iv) for any

RVT � ? , but it is
regular with (v) only for

R � � and with (iii) or (vi) only for
R � � and

�
.

Proof. For the regularity we apply Theorem 3.1 with � � í�MWO�Q$ , � $�'j( � í�MWO�Q ¤$ , #%° � �
and 0 � Ü ' Ý ¥ # î ¥ X ( . In regular cases we get the fundamental polynomials from Theorem
4.12 with � ( �@? , 0 5 ��? .



ETNA
Kent State University 
etna@mcs.kent.edu

220 M. LÉNÁRD

For the sake of simplicity we discuss in details only the case (i), when the additional
condition is 7tq ����� �.
 ° �
where 
 ° is arbitrary real number. The regularity of the problem is approved by� ��� $�'j( �A����� � Å í MWO�Q$ í MWO�Q ¤$ Ê �S�`� � � í MWO�Q$ �S��� í�MWO�X ( Q$�')( �S������ ���

On using the properties of the Laguerre-polynomials and Theorem 4.11 with � ( �@? andm� � í MWO�Q$ one can verify that the minimal degree polynomial 7 q is

7*q � # � � $�'j(Z8\[j° � 8 � # � 
 8 � $�')(Z8\[]( � 8 � # � 
 � �8 � $Z8\[]( 3 8 � # � m
 8
of degree at most ä B � � , where� 8 � # � � í MWO�Q$ � # �í�MWO�Q$ � #;8 � ^ 5 8 � # � � í MWO�Q$ � # � í MWO�Q ¤$ � # ��IB J í�MWO�Q$ � #;8 � K 5 è � í MWO�Q ¤$ �S�`�B í�MWO�Q$ � #;8 �� �V�° � #;8t� R � ��� ^+8 �v�C� � � #,8+^ �8 �v�C�� �~#;8 ���

� # 5 8 � �����IB � � � R§� #;8 � RÑ��R � ���õ # 8 � �° ^+8 �S�C�l��� � �� 8 � # � � � í MWO�Q$ � # � í MPO�Q ¤$ � # ��IB Ü ' Ý ç¥ # î ¥8 J í�MWO�Q$ � #,8 � K 5 ���° ^+8 �S�C�l���
for
= ��? ���+���A�GB � ? , � ° � # � � í�MWO�Q$ � # � í�MPO�Q ¤$ � # �í�MWO�Q$ �S�`� í�MWO�Q ¤$ �S�`� �

and 3 8 � # � � í MWO�Q ¤$ � # �í�MWO�Q ¤$ � m#;8 � m^ 5 8 � # � � í MWO�Q$ � # � í MWO�Q ¤$ � # �m#;8 J í�MWO�Q ¤$ � m#,8 � K ñ è í MWO�Q$ �����m#;8�E� �° � m#;8 í�MWO�Q ¤$ � m#,8 � m^ � 8 �v�C� � � m#,8t� R � ? � í�MWO�Q ¤$ �v�C�� � m# 8 ��� ö
for
= ��? ���+���A�GB .
In a similar way we obtain the following result.
THEOREM 4.16. If h�m# i k $i [j° and h # i k $�'j(i [§( are zeros of # í�MWO�Q$ and í�MWO�Q ¤$ , respectively,m#�° � #�° � � and the weight function is 0 � # � � Ü ' Ý ¥ # î ¥ , then the Pál-type weighted

�S� : ������� -
interpolation is regular with the additional condition (ii) for any

R@T � ? , but it is regular
with (vi) only for

R � � and with (iii) only for
R � � and

�
.

Proof. On using Theorem 4.12 with � ( � # and � 5 � m� � í�MWO�Q$ one can easily verify that



ETNA
Kent State University 
etna@mcs.kent.edu

WEIGHTED cWd_e>fAg -INTERPOLATION 221� 8 � # � � # í�MWO�Q$ � # �#,8 í�MWO�Q$ � #,8 � ^ 5 8 � # �� # í�MWO�Q$ � # � í�MPO�Q ¤$ � # ��IB # 8 J í MPO�Q$ � # 8 � K 5 �Ã� 8 �å���° � #,8t� R � ��� ^+8 �S�C� � � #;8_^ �8 �S�C�� �~# 8 ���
� # 5 8 � �����aB � � � RÃ� #,8 � RÞ�SR � ���õ # 8 �å�° ^+8 �v�C�C��� � �� 8 � # � � ��# í�MWO�Q$ � # � í�MWO�Q ¤$ � # ��IB Ü ' Ý ç¥ # î ¥8 J í MWO�Q$ � #,8 � K 5 � �� 8 �å� �° ^+8 �S�C�l��� �

for
= �@? ���+���A�GB � ? , and3 8 � # � � # 5+í MWO�Q ¤$ � # �m# 5 8 í�MWO�Q ¤$ � m#;8 � m^ 5 8 � # � � # í MPO�Q$ � # � í MWO�Q ¤$ � # �m# 5 8 J í�MWO�Q ¤$ � m#,8 � K ñù è m� 8 � � �° J m^+8 �S�C� � �a� m^ � 8 �v�C� K í MWO�Q ¤$ � m#;8 � � � m#,8t� RÃ� í MWO�Q ¤$ �S�C�� � m#,8 ��� ö

for
= � ? ���+���A�GB , where the parameters are to be determined by the additional conditions.

4.2.3. Pál-type weighted
�S� : ������� -interpolation on the zeros of Jacobi polynomials.

Let h%m#%i¦k $i [§( and h #%ilk $�')(i []( be the zeros of L MWO�ú û�Q$ and L MPO�ú û�Q ¤$ , respectively, where L MWO�ú û�Q$
denotes the Jacobi polynomial of degree

B
with the normalization (4.2). NowÅ � ? �~# � î ¥ X ( � ?Þ� # � þ ¥ X ( L MWO�ú û`Q ¤$ Ê � � � #;i � � � �vu ��? �+���+�A�CB � ? �\�

hence we can obtain similar results to those in Section 4.1.3. Here we give details of the caseR � ü � � only.
THEOREM 4.17. Let h�m# i k $i []( and h # i k $�')(i []( be the zeros of L $ and L �$ , respectively,

where L $ denotes the Legendre polynomial of degree
B

, and m#,° � � ? , m#;$ X ( ��? . If #%° � � ? ,#%$ �o? , and the weight function is 0 � # � �o? , then on the nodes h�m# i k $ X (i [j° and h # i k $�'j(i [§( the
Pál-type weighted

��� : ������� -interpolation is regular with the additional condition (ii), (iii) or
(vi) for any

B
, but it is regular with (viii) or (ix) only for odd

B
.

Proof. Let
B � � B � ? , � $�'j( � L �$ , � ( �@? �¸# 5 , � 5 � m� � L $ , � � � ( � 5 , 0 ( � 0 5 �@? .

As (2.5) is fulfilled, on using Theorem 3.1 with # ° � � ? and # $ �â? we can verify the
regularity of the

�S����� : ��� -interpolation problem with the additional conditions.
For the fundamental polynomials applying (2.7)-(2.11) with^+8 � # � � L �$ � # �L � �$ � #,8 ��� #¬�~#;8 � � ^ � 8 � #,8 � � � # 8? �Ò# 58 ��= �@? ���+���A�GB � ? �m^ 8 � # � � L $ � # �L �$ � m#;8 ��� #¸� m#,8 � � m^ � 8 � m# 8 � � m# 8? � m# 5 8 �>= �@? �����+�A�CBH�

we obtain� 8 � # � � � ? �Ò# 5 � L $ � # �� ? �~# 58 � L $ � #;8 � ^ 5 8 � # � � � ? �Ò# 5 � L $ � # � L �$ � # �B��vB �9? �A� ? �Ò# 58 � L 5$ � #,8 �)�§� 8 � -A8 L $ � # �� B 5 � B � �� � �'j( ^ 8 �S�C�l��� � � �'j( � # 8 ^ 8 �S�C� � � ? �Ò# 58 � ^ � 8 �v�C�� �Ò#,8 �������
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222 M. LÉNÁRD� 8 � # � � � # 5 � ? � L $ � # � L �$ � # ��IB��vB �.? � L 5$ � #;8 � ���� 8 � �- 8 L $ � # � � � �'j( ^ 8 �v�C�l�������
for
= ��? ���+���A�GB � ? ,3 8 � # � � � ? �~# 5 � 5_L �$ � # �� ? � m# 5 8 � 5 L �$ � m# 8 � m^ 5 8 � # � � ��� ? �Ò# 5 � L $ � # � L �$ � # �� ? � m# 5 8 � 5 J L �$ � m# 8 � K 5 � m� 8 � m -A8 L $ � # �� � �')( � m^+8 �v�C� � � ? � � 5 � m^ � 8 �v�C�� � m#;8 �����

for
= �@? ���+���A�GB . The parameters are to be determined from the additional conditions.
Using the facts �� # Öv� ? �Ò# 5 � L �$�')( � # � × � � B��vB � ? � L $�'j( � # �\�

and L M ')( Q$ � # � � � ? �~# 5 � L �$�')( � # � � � B��vB � ? � � �'j( L $�')( �S�C�l���(4.4)

we can state
COROLLARY 4.18. On the zeros of the integrated Legendre polynomial (4.4) the weight-

ed Pál-type
�S����� : ��� -interpolation is regular with respect to the weight function 0 � # � �4? if

and only if
B

is even.
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