Electronic Transactions on Numerical Analysis. ETNA
Volume 25, pp. 115-120, 2006. Kent State University
Copyright © 2006, Kent State University. etna@mcs.kent.edu
ISSN 1068-9613.

AN INTEGRAL REPRESENTATION OF SOME HYPERGEOMETRIC
FUNCTIONS*

K. A. DRIVER' AND S. J. JOHNSTON?

Dedicated to Ed Saff on the occasion of his 60th birthday

Abstract. The Euler integral representation of the 2 Fy Gauss hypergeometric function is well known and plays
a prominent role in the derivation of transformation identities and in the evaluation of 2 F (a, b; ¢; 1), among other
applications. The general ;4 Fy4 hypergeometric function has an integral representation where the integrand
involves , Fy. We give a simple and direct proof of an Euler integral representation for a special class of 441 Fy
functions for ¢ > 2. The values of certain 3 Fy and 4 F3 functions at z = 1, some of which can be derived using
other methods, are deduced from our integral formula.
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1. Introduction. The general hypergeometric function is defined by
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al@+1)...(a+k-1) , k>1,
() =
1 , k=0,a#0

is Pochhammer’s symbol. The Euler integral representation of the Gauss hypergeometric
function, or 5 F3 function, is well known in the literature (cf. [1], [3]) and is formulated as
follows (cf. [1], p. 65, Theorem 2.2.1):

THEOREM 1.1. IfRe(c) > Re(b) > O, then

1
oFi(a,b;c;z) = 7{))/ (1 — 1)t (1 — wt) %t
=9 Jo

in the z plane cut along the real axis from I to oco. Here, it is understood that arg t =
arg (1 —t) = 0and (1 — xt) 2 has its principle value.

This integral may be viewed as the analytic continuation of the 5 F series for Re(c) >
Re(b) > 0 and it yields the famous Gauss summation formula of 1812, namely

THEOREM 1.2 (cf. [1], p. 66, Theorem 2.2.2). For Re(c — a — b) > 0, we have
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The case where one of the numerator parameters is a negative integer, thereby making the
o F1 afinite sum, is known as the Chu-Vandermonde identity (cf. [1], p. 67, Corollary 2.2.3)

(C - a)n

(©)n

The values of 411 F, functions at 1 with ¢ > 2 encompass the beautiful identities due
to Pfaff-Saalschutz, Dougall, Dixon, Rogers, Ramanujan, Whipple and other authors. For
further discussion, see [1], Chapters 2 and 3.

o Fi(—n,a;¢;1) =

2. Results. In [3], Theorem 38, Rainville proves a general integral representation for
p+kFg+r where k is a positive integer and Re(a) > 0, Re(5) > 0, namely

a a a a+l atk—1
F 1, - y Up, y Tk N . tk
pkfatk | b, atB  etBtl atfrk_1;¢
1, oo 50 7 —fp > - T
tl—a=8 /t a a
_ a—1 B—1 1, --- 5 Up, k
=— | (t —x) F, cz® | dx.
B(a, 8) Jo PRO\b, oo 5 by

We begin with a direct proof of an Euler integral representation for the special class of hyper-
geometric functions 3F5 (a, £, 22, £ <o 7).
THEOREM 2.1. For Re(c) > Re(b) > 0,

b b + 1 C C + 1 F(C) 1 b—1 —p—1 2\ —
. - .z Z =, __ N\ 1 c 1 adt.
(2.1) 3F, (a, 5 5 5 g ,m) TOT(e b)/o "7 (1—-1¢) (1—zt*)~dt

Proof. Suppose that x| < 1. Then the left hand side of (2.1) becomes

= @k (8), (), o _ S @B
2.2) kzzo BRESNCE _kzzo Ok °

since (cf. [3], p. 22)

Now

Bar () TOG+2KT(c—b) _ T(o)
(C)zz - T (c—b) T(c+ 2k) ~T®)I(c-0) B(b+ 2k,c —b).

Therefore, for Re(c) > Re(b) > 0, || < 1, the right hand side of (2.2) becomes
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This proves the result for |z| < 1. Since the integral is analytic in the cut plane, the result

holds for « in this region as well. d
COROLLARY 2.2. For Re(c) > Re(b) > 0,

bbb+l cec+l 1\ _ I'(c) L b1 2\n
3F2< no it ’m)_l“(b)l“(c—b)/o P11 — 1)1 — g2t
THEOREM 2.3. If Re(c) > Re(b) > 0 and Re(c — a — b) > 0, then

23) 3B (a,ﬁ b+l cct 1.1) _T(9T(c—a—-b)

- -7/ M 7 F . _ ._1-
2’72 ' 2 T(e—bT(c—a) 21 (@be—a—1)

Proof. Putting x = 1 in equation (2.1), the left hand side of (2.3) becomes

71,(1))11:((?_ ) /01 =11 —)e7 (1 — )T (1 +t) Tt
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Now (%) = % and (@), = F(FOEI)'“ ) Therefore we have
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T ) 2F1(a,b;c—a;—1). a

c—a)l'(c—b)

REMARK 1. An alternative proof of Theorem 2.3 can be found in [4], formula (3.7).
COROLLARY 2.4. If Re(c) > Re(b) > 0, then

b b+1 cc+1 \ _ (c—b)y
3F2 <_n;§7 2 75; 9 7)_ (c)n

o Fi (—n,b;c +n;—1).

Generalising Theorem 2.1 in the obvious way yields the following result.
THEOREM 2.5. If Re(c) > Re(b) > 0, then

W (aé b+1 b+g—1cc+l c—}—q—1_$>
q q y q ) q 7q7 q ) ) q ’
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Proof. We use (cf. [3], p. 22, lemma 6)

= (5), (55 (),

and the proof proceeds as in Theorem 2.1. O
It follows from Theorem 2.5 with ¢ = 3 that for Re(c) > Re(b) > 0,

b b+1 b+2 ¢ ¢c+1 c+2
4F3 o ) e ’ 5
3 3 3’3 3 3

_ I'(c) 11;-1 _pye=b—171 _ 13\—a
_F(b)l“(c—b)/ot (1—4)°==1(1 — 2t%)="dt

and this leads to the following result.
THEOREM 2.6. For Re(c —a—1b) >0

I gb—kl b+2 ¢ c+1 c+2
41473 3 3 ) 3 737 3 ) 3 5
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Proof. Letting ¢ = 3 and z = 1 in Theorem 2.5, we have
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L(c)(c—b—a) i (@) (=1)* () z’“: (k) b+ k),
a (

[le—a)l(c—b) & kl(c—a)r Z\r c—a+k)
Now,
i(k) (b+ k),
—\r (c—a+k),
k
(=D"(=k)r (B+E), . k!
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k T
:Z (_k)r(b+k)r (_1)
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Hence,
b b+1 b4+2 ¢c c+1 c+2
4F3 ) Yo ’ 71
“3 73 373 3 3
T(c)T'( c—b—a 2 (a)k )
= o F1 (— ;C— ;—1
e o kZ:O 2Py (=k,b+ ke —a+k;—1)
as stated. O

As another application of Theorem 2.1, we consider the value of 3 F> (a, 2, 22 £, ¢t1: 1)
atx = % and obtain the following result.
THEOREM 2.7. If Re(c) > Re(b) > O, then

b b+1 cec+11 —a\ (c—b)g
F e Fi(=k,b;c+ k;—1).
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Proof. From Theorem 2.1 with x = %,
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But since (¢)p4x = (¢)k (¢ + k) (cf. [3], p. 65), we have that

n335 ) EECI R
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and hence
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COROLLARY 2.8. IfRe(c) > Re(b) > 0, then

bb+1 cc+11 W [(—a b b+1 c c+1
(05 55 ig) =2 I;J(k>3F2(_k’§’T’§’ ;1)

Proof. From Corollary 2.4, we can see that

2F1(=k,bc+k;—1)
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which along with Theorem 2.7 gives the result. d
REMARK 2. This corollary is a special case of a transformation given by Chaundy [2].
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