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EDGE-BASED SCHWARZ METHODS FOR THE CROUZEIX-RAVIART FINITE
VOLUME ELEMENT DISCRETIZATION OF ELLIPTIC PROBLEMS∗
ATLE LONELAND†, LESZEK MARCINKOWSKI‡, AND TALAL RAHMAN§
Abstract. In this paper, we present two variants of the additive Schwarz method for a Crouzeix-Raviart finite
volume element (CRFVE) discretization of second-order elliptic problems with discontinuous coefficients, where the
discontinuities may be across subdomain boundaries. The preconditioner in one variant is symmetric, while in the
other variant it is nonsymmetric. The proposed methods are quasi optimal, in the sense that the convergence of the
preconditioned GMRES iteration in both cases depend only poly-logarithmically on the ratio of the subdomain size to
the mesh size.
Key words. domain decomposition, Crouzeix-Raviart element, additive Schwarz method, finite volume element,
GMRES
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1. Introduction. We introduce and analyze two variants of the additive Schwarz method
(ASM) for a Crouzeix-Raviart finite volume element (CRFVE) discretization of second-order
elliptic partial differential equations with discontinuous coefficients, where the discontinuities
may be across subdomain boundaries. Problems of this type play an important role in scientific
computing. Discontinuities or jumps in the coefficient cause the performance of any standard
iterative method to deteriorate as the jump increases. The resulting system, which is in
general nonsymmetric, is solved using the preconditioned generalized minimal residual (or
preconditioned GMRES) method. We consider two variants of the ASM preconditioner, i.e., a
symmetric and a nonsymmetric variant. The proposed methods are almost optimal in the sense
that the convergence of the GMRES iterations in both cases depends only poly-logarithmically
on the ratio of the subdomain size to the mesh size.
The finite volume method divides the computational domain into a set of control volumes
whose centroids typically correspond to the nodal points of a finite difference or a finite
element discretization. Unlike the finite difference and the finite element method, the solution
from a finite volume discretization ensures conservation of certain quantities such as mass,
momentum, energy and species. This property is satisfied exactly for each control volume
in the domain as well as the whole of the computational domain, connecting the solution
to the physics of the system, and, as a consequence, making the method more attractive.
There are two types of finite volume methods: one which is based on the finite difference
discretization (also known as the finite volume method), and one which is based on the finite
element discretization (also known as the finite volume element (FVE) method). In the later
case the approximation of the solution is sought in a finite element space, and therefore it can
be considered as a Petrov-Galerkin finite element method. Typically, the finite element space
is defined on a mesh, called the primal mesh, and the equations are discretized on a mesh
which is dual to the primal mesh.
The CRVFE method is a variant of the FVE method, where the solution is sought in the
Crouzeix-Raviart (CR) or the P1 nonconforming finite element spaces, as opposed to, say, the
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linear conforming or the P1 conforming finite element spaces, which have been commonly
used in the earlier works on FVE methods. Although the primal meshes are the same in these
two methods, their dual meshes differ significantly since the degrees of freedom of a CR finite
element are associated with the edge midpoints and that of a P1 conforming finite element
are associated with the vertices. The CRFVE method, which we use in this paper, has been
introduced in [6]. For an overview on recent developments of the FVE method, we refer
to [15].
Additive Schwarz methods are considered among the most powerful iterative methods
for the numerical solution of partial differential equations. There exist quite many works on
additive Schwarz methods for symmetric systems arising from the finite element discretizations
of second-order elliptic problems; see, e.g., [23, 24] for a complete overview. There are also
quite a few works on such methods for the symmetric system resulting from the CR finite
element discretization of the problem, some of which can be found in, e.g., [2, 17, 20, 22].
Works on additive Schwarz methods for the nonsymmetric system arising from the FVE
discretization of the problem, on the other hand, have been very limited. We refer to [8, 16, 26]
for the very few that exist in the literature.
The purpose of this paper is therefore to propose two new algorithms based on the
additive Schwarz method for the CRFVE method. The algorithms are based on the edgebased discrete space decomposition, and their analysis is done using the abstract Schwarz
framework developed in [18], i.e., an extension of the original abstract Schwarz framework
for FE discretization to the FVE discretization. The proposed decomposition of the discrete
space is similar to the ones considered in [17] for a nonmatching discretization and in [9]
for a discontinuous Galerkin discretization; see also [1, 19, 24] for further references. The
proposed methods differ from each other as they use different bilinear forms, i.e., a symmetric
and a nonsymmetric bilinear form of the finite element and the finite volume formulations,
respectively.
We prove an almost optimal convergence rate for the GMRES iteration applied to the
resulting preconditioned systems by showing that one of the two GMRES parameters, which
describes the convergence of the GMRES iteration, is bounded above by a constant and the
other one, which is the eigenvalue of the symmetric part of the preconditioned system, grows
like (1 + log(H/h))−2 , where H is the maximal diameter of the subdomains and h is the
mesh size.
The rest of this paper is organized as follows. In Section 2, we present the differential
problem and the nonconforming finite volume element discretization. In Section 3 we briefly
describe the GMRES method and the corresponding parameters describing its convergence
rate. In Section 4 we introduce the two variants of the edge-based Schwarz preconditioner for
the CRFVE method and a theorem describing their GMRES convergence rate. In Section 5 we
show some numerical results which confirm the theory developed in the previous sections. We
also present numerical results to illustrate cases which are not covered by our convergence
analysis, namely the cases where the coefficients may have jumps inside subdomains or along
subdomain boundaries. Nevertheless the methods seem to work well.
For convenience we use the following notations. For positive constants c and C, independent of h and the coefficients, we define u ≍ v, x  y and w  z as
cu ≤ v ≤ Cu,

x ≥ cy

and

w ≤ Cz,

respectively. Here u, v, x, y, w, and z are norms of some functions.
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2. Preliminaries.
2.1. The model problem. We consider the following elliptic boundary value problem
(2.1)

− ∇ · (A(x)∇u) = f
u=0

in Ω,
on ∂Ω,

where Ω is a bounded convex domain in R2 and f ∈ L2 (Ω).
The corresponding standard variational (weak) formulation is: find u ∈ H01 (Ω) such that
Z
a(u, v) =
f v dx ∀v ∈ H01 (Ω),
Ω

where
a(u, v) =

N Z
X

k=1

∇uT A(x)∇v dx.
Ωk

We partition Ω into a set
SNof nonoverlapping subdomains, Ωi , open and connected Lipschitz
polytopes such that Ω = i=1 Ωi , and assume that they form a coarse triangulation of the
domain which
S is shape-regular with the subdomain size H = maxk Hk , where Hk = diam Ωk .
Let Γ = i ∂Ωi \ ∂Ω be the global interface.
The coefficient matrix A restricted to Ωk , i.e., Ak = A|Ωk , is in W 1,∞ (Ωk ), bounded,
and symmetric and positive definite, i.e.,
(2.2)

∃mk > 0 ∀x ∈ Ωk ∀ξ ∈ R2

(2.3)

∃Mk > 0 ∀x ∈ Ωk ∀ξ, µ ∈ R2

ξ T A(x)ξ ≥ mk |ξ|2
µT A(x)ξ ≤ Mk |µ||ξ|.

p
Here |ξ| = ξ T ξ. We can always scale the matrix functions A in such a way that mk ≥ 1,
for all k = 1, . . . , N . We also assume that the following bounds hold : kAk kW 1,∞ (Ωk ) ≤ C1 ,
and Mk ≤ C2 mk , with C1 , C2 positive constants, i.e., we assume that the coefficient matrix
locally is smooth, isotropic, and not too much varying.
2.2. Basic notations. Throughout this paper we will use the following notation for the
Sobolev spaces. The space of functions with generalized derivatives of orders up to s in the
space L2 (G) is denoted by H s (G). The norm on the space H s (G) is defined as

kukH s (G)


Z
=

X

G |α|≤s

1/2

|Dα u|2 dx

.

The space of functions with bounded weak derivatives of orders up to s is denoted by W s,∞ (G)
with the corresponding norm defined as
kukW s,∞ (G) = max kDα ukL∞ (G) .
0≤|α|≤s

The subspace of H 1 (Ω) with functions vanishing on the boundary ∂Ω in the sense of traces is
denoted by H01 (Ω).
We assume that there exists a sequence of quasiuniform triangulations Th = Th (Ω) = {τ }
of Ω, such that any element τ of Th is contained in only one subdomain, consequently, any
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V2

V1

τ2

τ1

be
F IG . 2.1. Control volume be (shaded region) associated with the edge e which is a common edge of the two
elements τ1 and τ2 of the triangulation Th .

subdomain Ωk inherits a sequence of local triangulations, Th (Ωk ) = {τ }τ ⊂Ωk ,τ ∈Th . With this
triangulation Th (Ω), we define the broken H 1 (Ω) norm and seminorm respectively as

1/2

1/2
X
X
and |v|Hh1 (Ω) = 
|v|2H 1 (τ )  .
kvkHh1 (Ω) = 
kvk2H 1 (τ ) 
τ ∈Th (Ω)

τ ∈Th (Ω)

Let h = maxτ ∈Th (Ω) diam(τ ) be the mesh size parameter associated with the triangulation. We introduce the following sets of Crouzeix-Raviart (CR) nodal points or nodes:
Ωh , ∂Ωh , Ωh,k , ∂Ωh,k , Γh , and Γkl,h are the sets of edge midpoints of Th , which belong to
Ω, ∂Ω, Ωk , ∂Ωk , Γ, and Γkl , respectively. Here Γkl is an S
interface, which is an open edge
shared by the two subdomains Ωk and Ωl . Note that Γh = Γkl ⊂Γ Γkl,h .

F IG . 2.2. The degrees of freedom of the Crouzeix-Raviart finite element.

Now we define a triangulation Th∗ which is dual to Th . Let e be an edge common to τ1 and
τ2 , two elements of the triangulation Th , such that e = ∂τ1 ∩ ∂τ2 . For k = 1, 2, let Vk ⊂ τk
be the triangle obtained by connecting the two endpoints of e to the centroid (barycenter) of
τk . The control volume associated with the edge e is then be = V1 ∪ e ∪ V2 ; cf. Figure 2.1. If
e is an edge on the boundary ∂Ω, then the control volume be associated with the edge will be
the triangle obtained by connecting the two endpoints of e with the centroid of the τ for which
e ⊂ ∂τ . Then Th∗ = {be }e∈Eh forms the dual triangulation with Eh being the set of all edges
of elements in the triangulation Th .
2.3. Discrete problem. In this section we present the Crouzeix-Raviart finite element
(CRFE) and the Crouzeix-Raviart finite volume element (CRFVE) discretizations of a model
second-order elliptic problem with discontinuous coefficients across subdomain boundaries.
The corresponding discrete spaces are defined as follows,
Vh := {v ∈ L2 (Ω) : v|τ ∈ P1 ,
v(m) = 0,
Vh∗ := {v ∈ L2 (Ω) : v|be ∈ P0 ,

τ ∈ Th ,

v is continuous in Ωh ,

m ∈ ∂Ωh },
be ∈ Th∗ ,

v(m) = 0 m ∈ ∂Ωh }.

ETNA
Kent State University
http://etna.math.kent.edu

447

EDGE-BASED SCHWARZ METHODS

Vh is the classical Crouzeix-Raviart finite element space, whose degrees of freedom are
associated with the edge midpoints; cf. Figure 2.2 for an illustration. Vh∗ is the space of
functions that are piecewise constant over the control volumes and zero on the boundary of the
domain. Both spaces are contained in L2 (Ω).
Let {φm }m∈Ωh be the standard CR nodal basis of Vh and {ψm }m∈Ωh be the standard
basis of Vh∗ consisting of characteristic functions of the control volumes.
We also introduce the two interpolation operators, Ih and Ih∗ defined as follows: for any
function u with properly defined and unique values at the edge midpoints m ∈ Ωh , we have
Ih (u) =

X

u(m)φm ,

Ih∗ (u) =

X

u(m)ψm .

m∈Ωh

m∈Ωh

Note that Ih Ih∗ u = u for any u ∈ Vh and Ih∗ Ih u = u for any u ∈ Vh∗ . Let the
nonconforming finite volume element bilinear form ah : Vh × Vh∗ → R be defined as:
a

CRF V

(u, v) = −

X

v(me )

in
e∈Eh

Z

A(s)∇u · n ds,
∂be

where n is the outward unit normal vector to ∂be , me is the midpoint of the edge e, and Ehin is
the set of all interior edges, i.e., those which are not on ∂Ω.
Then our discrete CRFVE problem is to find uF V ∈ Vh such that
(2.4)

aF V (uF V , v) = f (Ih∗ v)

∀v ∈ Vh ,

for aF V (u, v) := aCRF V (u, Ih∗ v). In general this problem is nonsymmetric unless the
coefficient matrix is a piecewise constant matrix over the elements of Th (Ω). One can prove
that there exists an h0 > 0 such that for all h ≤ h0 the form aF V (u, v) is positive definite over
Vh ; cf [18]. Thus, this problem has a unique solution. Some error estimates are also proven;
cf. [16] for the case of discontinuous coefficients and [6] for the case of smooth coefficients.
The corresponding symmetric nonconforming finite element problem is defined as: find
uF E ∈ Vh such that
ah (uF E , v) = (f, v) ,

v ∈ Vh ,

where the bilinear form ah (·, ·) is defined as
XZ
ah (u, v) =
∇uT A(x)∇v dx,
τ ∈Th

u, v ∈ Vh .

τ

The bilinear
p form ah (·, ·) also induces the so called energy norm which is defined as
k · ka = ah (·, ·).
The next lemma is crucial for the analysis of our method. It relates the two bilinear forms.
The proof can be found in [16].
L EMMA 2.1. For the bilinear forms ah (u, v) and aF V (u, v), there exists an h0 > 0 such
that, if h ≤ h0 , then the following holds:
|ah (u, v) − aF V (u, v)|  hkuka kvka ,

∀u, v ∈ Vh .
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3. The GMRES method. The linear system of equations which arises from problem (2.4) is in general nonsymmetric. We may solve such a system using a preconditioned
GMRES method; cf. Saad and Schultz [21], and Eistenstat, Elman and Schultz [11]. This
method has proven to be quite powerful for a large class of nonsymmetric problems. The
method, which was originally developed in the Euclidean norm, cf. [11], extends easily to the
energy norm; cf. [4, 5].
In this paper, we use the GMRES method to solve the linear system of equations
T u = g,
where T is a non-singular nonsymmetric operator, g ∈ Vh is the right-hand side, and u ∈ Vh
is the solution vector.
The main idea of the GMRES method is to solve a least-squares problem at each iteration.
At step m we approximate the exact solution u∗ = T −1 g by a vector um ∈ Km which
minimizes the norm of the residual, where Km is the m-th Krylov subspace defined as

Km = span r0 , T r0 , · · · T m−1 r0 ,
r0 = g − T u0 the initial residual, and u0 the initial guess. Equivalently if zm solves
min kg − T (u0 + z)ka ,

z∈Km

then the m-th iterate becomes um = u0 + zm .
The convergence rate of the GMRES method is usually expressed in terms of the following
two parameters,
(3.1)

a(T u, u)
u6=0
kuk2a

cp = inf

and

kT uka
,
u6=0 kuka

Cp = sup

where cp corresponds to the smallest eigenvalue of the symmetric part of T and Cp corresponds
to the largest eigenvalue of T t T . The convergence is given in the following theorem.
T HEOREM 3.1 (Eisenstat-Elman-Schultz). If cp > 0, then the GMRES method converges,
and after m steps the norm of the residual is bounded by
krm ka ≤

c2p
1− 2
Cp

!m/2

kr0 ka ,

where rm = g − T um is the m-th residual.
The two parameters describing the convergence rate of the GMRES method for the
proposed preconditioners will be estimated in Theorem 4.4.
4. The additive Schwarz method. In this section, we introduce the two variants of the
additive Schwarz method for the discrete problem (2.4), the symmetric and the nonsymmetric
variant, and provide estimates of their convergence rate following the abstract framework
of [18]. For each subdomain Ωk , define the restriction of Vh onto Ω̄k , and the corresponding
subspace with zero boundary conditions as

Vh (Ωk ) := v|Ω̄k : v ∈ Vh
and


Vh,0 (Ωk ) := v ∈ Vh (Ωk ) : v(m) = 0 for m ∈ ∂Ωh,k ⊂ Vh (Ωk ),
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respectively. These local spaces are equipped with the bilinear form
X Z
ak (u, v) =
∇uT A(x)∇v dx.
τ ∈Th (Ωk )

τ

Now let Pk : Vh (Ωk ) → Vh,0 (Ωk ) be the orthogonal projection of a function u ∈ Vh onto
Vh,0 (Ωk ), such that
ak (Pk u, v) = ak (u, v)

∀v ∈ Vh,0 (Ωk ),

and let Hk u = u − Pk u be the discrete harmonic counterpart of u, that is
(4.1)

ak (Hk u, v)
Hk u(m)

=0
∀v ∈ Vh,0 (Ωk ),
= u(m)
m ∈ ∂Ωh,k .

A function u ∈ Vh (Ωk ) is locally discrete harmonic if Hk u = u. We say that u ∈ Vh is
discrete harmonic if it is locally discrete harmonic in all subdomains, that is, if
u|Ωk = Hk u|Ωk

for k = 1, . . . , N.

For any function u ∈ Vh , this gives a decomposition of u into locally discrete harmonic parts and local projections, i.e., u = Hu + Pu, where Hu = (H1 u, . . . , HN u) and
Pu = (P1 u, . . . , PN u).
Discrete harmonic functions satisfy the minimal energy property, that is,
u = Hk u ∈ Vh (Ωk ) has the minimal energy among all functions which are equal to u
on ∂Ωh,k , that is,

ak (u, u) = min ak (v, v) : v(p) = u(p)

∀p ∈ ∂Ωh,k .

By (4.1) the values of a discrete harmonic functions at the interior CR nodal points of the
subdomains are completely determined by the values on ∂Ωh,k .
4.1. Decomposition of Vh . To define our additive Schwarz method we first need to
introduce a decomposition of the space Vh into subspaces equipped with local bilinear forms.
The space Vh is decomposed into the following subspaces: a coarse space V0 , local edge
spaces Vkl for Γkl ⊂ Γ, and local subdomain spaces Vk for k = 1, . . . , N .
We start by defining special edge functions that we will use to build our coarse space.
D EFINITION 4.1. Let Γkl ⊂ Γ be the edge common to Ωk and Ωl , and let θkl ∈ Vh be
the corresponding discrete harmonic function defined by its values at the CR nodal points of
Γh as follows,
• θkl (p) = 1
p ∈ Γkl,h ,
• θkl (p) = 0
p ∈ Γh \ Γkl,h .
The support of the edge function θkl is Ωk ∪ Γkl ∪ Ωl ; cf. Figure 4.1.
The coarse space is then defined as the span of all edge functions θkl associated with
Γkl ⊂ Γ, that is,
V0 = span{θkl }Γkl ⊂Γ ⊂ Vh .
The local edge space Vkl associated with the edge Γkl , where Γkl ⊂ Γ, is defined as the
space of discrete harmonic functions determined by their values at the CR nodal points of
Γkl,h and may be nonzero only at the nodal points of Ωk,h ∪ Γkl,h ∪ Ωl,h .
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Ωk

Ωl
Γkl

F IG . 4.1. Support of an edge function θkl corresponding to the interface Γkl .

The local subdomain space Vk associated with the subdomain Ωk , where k = 1, . . . , N ,
is the space Vh,0 (Ωk ) extended by zero to the remaining subdomains.
We have the following decomposition of our discrete space Vh ,
Vh = V0 +

X

Vkl +

Γkl ⊂Γ

N
X

Vk .

k=1

We now introduce the following symmetric projection-like operators based on the symmetric bilinear form ah (·, ·). For i = 0, . . . , N, the projection-like operators Tisym : Vh → Vi
associated with the coarse space and the local subdomain spaces are defined as
ah (Tisym u, v) = aF V (u, v)
sym
while the projection-like operators Tkl
:

∀v ∈ Vi ,

Vh → Vkl , associated with the edge Γkl for Γkl ⊂ Γ,

are defined as

sym
ah (Tkl
u, v) = aF V (u, v)

∀v ∈ Vkl .

sym
We note that computing Tisym u and Tkl
u corresponds to solving local symmetric CRFE
Dirichlet problems, and the solutions are unique.
The nonsymmetric projection-like operators based on the nonsymmetric bilinear form
aF V (·, ·) are defined analogously. For i = 0, . . . , N, the corresponding projection-like
operators Tinsym: Vh → Vi associated with the coarse space and the local subdomain spaces
are defined as

aF V (Tinsym u, v) = aF V (u, v)

∀v ∈ Vi ,

nsym
while the projection-like operators Tkl
: Vh → Vkl , associated with the edge Γkl for
Γkl ⊂ Γ, are defined as
nsym
aF V (Tkl
u, v) = aF V (u, v)

∀v ∈ Vkl .

nsym
Again, computing Tinsym u and Tkl
u corresponds to solving local nonsymmetric CRVFE
Dirichlet problems, the solutions of which are unique.
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We now introduce the additive Schwarz operator T type as
T type :=

X

N
X

type
Tkl
+

Γkl ⊂Γ

Tktype ,

k=0

where the super-index type denotes either sym or nsym, referring to the operator as symmetric
or nonsymmetric, respectively. We can now replace the original problem (2.4) with the
equivalent preconditioned system of equations
T type uF V = g type .

(4.2)
where g type is defined as

g type = g0type +

X

type
gkl
+

Γkl ⊂Γ

N
X

gktype

k=1

type
type F V
with g0type = T0type uF V , and gkl
= Tkl
u , gktype = Tktype uF V . Note that gitype can be
FV
computed without knowing the solution u ; cf., e.g., [23, 24].

4.2. Analysis. Before we state our main theorem on the convergence of our proposed
method, we mention two main lemmas which are needed in our analysis in order to estimate
the parameters describing the GMRES convergence. For their proofs, we refer to [17].
L EMMA 4.2. Let Γkl ⊂ Γ be an edge, and θkl the corresponding edge function from
Definition 4.1. Then for any u ∈ Vh we have



Hk
2
(4.3)
,
|θkl |H 1 (Ωk )  1 + log
h
h


2
Hk
|ukl |2H 1 (Ωk )  1 + log
(Hk−2 kuk2L2 (Ωk ) + |u|2H 1 (Ωk ) ),
h
h
h
where ukl is a function taking the
Psame values as θkl u at the CR nodal points on ∂Ωk .
L EMMA 4.3. For any u = Γkl ukl θkl ∈ V0 the following holds


ak (u, u)  Mk 1 + log



Hk
h






X

Γkl 6=Γik



(ukl − uik )2  ,

where Mk is from (2.3), ukl = u|Γkl , and the sum is taken over all pairs of edges Γkl ,
Γik ⊂ ∂Ωk .
We are now ready to state the main theorem for the convergence rate of our additive
Schwarz method applied to nonsymmetric problem (2.4).
T HEOREM 4.4. There exists an h0 > 0 such that for all h < h0 , k = 1, 2, and u ∈ Vh ,
we have
kT type uka  kuka ,

 −2
H
type
ah (u, u),
ah (T
u, u)  1 + log
h
Proof. Following the framework of [18] we need to prove three key assumptions; cf. Appendix A.
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A SSUMPTION 1’. There exists an h0 > 0 such that, if h ≤ h0 , for all u, v ∈ Vh , then the
following holds
|ah (u, v) − aF V (u, v)|  hkuka kvka ,
This is exactly Lemma 2.1.
A SSUMPTION 2’. For
Vh there exists a constant C > 0 such that there is a
PNall u ∈ P
representation u = u0 + i=1 ui + kl ukl , with u0 ∈ V0 , ui ∈ Vi , ukl ∈ Vkl , such that
ah (u0 , u0 ) +

N
X

ah (ui , ui ) +

i=1

X



ah (ukl , ukl ) ≤ C 1 + log

kl



H
h

2

ah (u, u).

This assumption is the same as what is known as the “stable decomposition” or the
“Assumption 1” in the abstract Schwarz framework; cf. [23, 24]. To verify the assumption we
first need to define a decomposition of the function u ∈ Vh . FollowingPthe lines of the proof
of Lemma 6.1 in [17], we start by letting u0 ∈ V0 be defined as u0 = kl ūkl θkl , where ūkl
is the average of u over Γkl .
Next, let w = u − u0 , and for each k = 1, . . . , N , define uk ∈ Vk as uk = Pk w on Ωk
and zero outside
PN the subdomain Ωk . Note that Pk w = Pk u since u0 is discrete harmonic and
also w − k=1 uk is discrete harmonic in each subdomain. Now define ukl ∈ Vkl at the CR
nodal points of Γkl,h as
ukl (p) = θkl (p)w(p),

∀p ∈ Γkl,h .

P
PN
Clearly u = u0 + i=1 ui + kl ukl .
To validate Assumption 2’ we start by estimating ah (u0 , u0 ). From Lemma 4.3 and the
Schwarz inequality we have
ah (u0 , u0 ) 

N
X

k=1



N
X

k=1




Hk
Mk 1 + log
h


Mk 1 + log



Hk
h



X

|ūkl − ūik |2

Γkl ,Γik ⊂∂Ωk

1
H

X

ku − ūkl k2L2 (Γkj ) ,

Γkj ⊂∂Ωk

where Γkl is an arbitrary edge of Ωk . Applying standard trace theorem arguments, Poincaré’s
inequality for nonconforming elements, cf. [2, 3, 22], and (2.2)–(2.3), we get
(4.4)

ah (u0 , u0 ) 


N
X
Mk

k=1





mk

1 + log

1 + log



Hk
h





Hk
h



ak (u, u)

ah (u, u).

Next, we estimate the term ah (uk , uk ) for uk ∈ Vk , for k = 1, . . . , N . Using the fact that Pk
is an orthogonal projection with respect to the local bilinear form ak (·, ·) and Lemma 4.3, we
have
N
X

k=1

ah (uk , uk ) =

N
X

ak (Pk w, Pk w) ≤ ah (w, w),

k=1

 ah (u0 , u0 ) + ah (u, u).
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From (4.4) it then follows that
N
X

(4.5)

k=1

ah (uk , uk ) 



1 + log



Hk
h



ah (u, u).

Finally, we estimate the term ak (ukl , ukl ) for ukl ∈ Vkl , for Γkl ⊂ Γ. Using (4.3) in
Lemma 4.2, the Poincaré inequality for nonconforming finite elements, and (2.2)–(2.3), we get
ak (ukl , ukl ) ≤ Mk |ukl |2H 1 (Ωk ) ,
h

2 


1
Hk
2
2
 Mk 1 + log
ku − ūkl kL2 (Ωk ) + |u − ūkl |H 1 (Ωk )
h
h
Hk2


2
2


Mk
Hk
Hk
 Mk 1 + log
|u|2H 1 (Ωk ) 
ak (u, u)
1 + log
h
h
mk
h


2
Hk
 1 + log
ak (u, u)
h
Summing the above estimate over all edges Γkl ⊂ Γ, we get
(4.6)

X
kl

N 
X

2
Hk
ak (u, u),
1 + log
ak (ukl , ukl ) 
h
k=1

 2
H
≤ 1 + log
ah (u, u).
h


Summing (4.4), (4.5) and (4.6) completes the proof.
For Assumption 3, which is the same as what is known as the “strengthened CauchySchwarz inequalities” in the standard abstract Schwarz framework, cf. [23, 24], it follows
immediately from the standard coloring argument that the constants from these inequalities
are bounded. The proof of the theorem now follows from the abstract framework.
R EMARK 4.5. In our analysis, we have used several technical tools, e.g., the trace
theorem and the Poincaré inequality for the CR finite element, Lemmas 4.3 and 4.2. They are
all based on the assumption that the subdomains are regular polygons. Therefore, we cannot
straightforwardly apply our analysis to the case of subdomains with less regular boundaries.
However, we think that using the results from [10, 14, 25], it will be possible to extend our
analysis to the case of less regular subdomains.
5. Numerical results. In this section, we present some numerical results for the proposed
method. All experiments are done for the model problem (2.1) on the unit square domain
Ω = [0, 1]2 , using the symmetric and the nonsymmetric variant of the method, i.e., for
type = {sym, nsym}. For the numerical experiments under consideration, the coefficient
A will be strongly varying with possible discontinuities across subdomain boundaries. For
completeness, in the last two numerical experiments, we allow the coefficient A to also have
discontinuities inside the subdomains and along the subdomain boundaries. The right-hand
side for all the numerical experiments under consideration is chosen as f = 1. We have
used direct solvers for the coarse and the subspace solves. We note that if the same exact
solver (based on for instance the LU factorization) is used for both the symmetric and the
nonsymmetric case, the two variants of the preconditioner will have the same computational
cost if the number of iterations are the same. In the case when one uses a direct solver
(based on the Cholesky factorization) exploiting the symmetric property of the local systems,
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the symmetric variant of the preconditioner will be slightly more computationally effective
than the nonsymmetric variant. This effect is very marginal for the numerical experiments
considered here.
The numerical solution is found by using the generalized minimal residual (GMRES)
method accelerated with either the symmetric or the nonsymmetric preconditioners. We run
the method until the l2 norm of the initial residual is reduced by a factor of 106 , that is, until
kri k2 /kr0 k2 ≤ 10−6 . For all the numerical experiments under consideration we report the
number of iterations and the estimate for the smallest eigenvalue of the symmetric part of
the preconditioned operator T , i.e., the smallest eigenvalue of 12 (T t + T ), with respect to the
a-inner product. This is the parameter cp in (3.1), which describes the convergence rate of the
GMRES method; cf. Theorem 3.1. In our case, it is also the main parameter describing the
GMRES convergence rate since both our analysis and numerical experiments have shown that
the other parameter Cp in (3.1) is a constant independent of the underlying mesh parameters
and the coefficient A.
5.1. Regular subdomains.
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(b) Test problem 2.

(a) Test problem 1.

F IG . 5.1. Test problems 1 and 2. The red (shaded) regions are where α1 equals α̂1 . The fine mesh consists of
48 × 48 rectangular blocks, while the coarse mesh consists of 4 × 4 rectangular subdomains.
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(b) Test problem 2.

F IG . 5.2. Relative residual norms versus GMRES iteration (minimizing the a-norm) for different values of α̂1 .
These values, as shown in the figure legends, are listed against α1 .

We first consider two test problems with the fine mesh size h = 1/48 and the coarse mesh
size H = 1/4 and discontinuities across subdomain boundaries. The coefficient A is equal
to α1 (2 + sin(100πx) sin(100πy)). The parameter α1 is piecewise constant and equal to α̂1
in the regions (subdomains) marked with red (shaded) and 1 elsewhere; cf. Figure 5.1. In
other words, α1 describes where the coefficient A has jumps. The preconditioner we employ
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TABLE 5.1
Number of GMRES iterations until convergence for the solution of (2.4), with different values of α̂1 describing
the coefficient A = α1 (2 + sin(100πx) sin(100πy)) in the red (shaded) regions; cf. Figure 5.1.

α̂1
100
101
102
103
104
105
106

Problem 1:
18 (2.15e-1)
25 (2.14e-1)
26 (2.14e-1)
27 (2.14e-1)
27 (2.14e-1)
27 (2.14e-1)
28 (2.14e-1)

Problem 2:
18 (2.15e-1)
26 (2.09e-1)
27 (2.07e-1)
27 (2.06e-1)
27 (2.06e-1)
28 (2.06e-1)
28 (2.06e-1)

for these experiments is the symmetric variant, i.e., for type = sym in (4.2). The number of
iterations is reported in Table 5.1 with estimates of the smallest eigenvalue of the symmetric
part of the preconditioned system (4.2) in parentheses next to the iteration count. In Figure 5.2
we have plotted the relative residuals for these problems, measured in the l2 norm.
We see from the number of iterations and the eigenvalue estimates in Table 5.1 that they
reflect well the theoretical results developed in Section 4.2. We do not see any dependency on
the contrast in the coefficient A, where the jumps are across subdomain boundaries.

F IG . 5.3. Test problem 3. The red (shaded) regions are where α1 equals α̂1 and 1 elsewhere. The fine mesh
consists of 48 × 48 rectangular blocks, while the coarse mesh consists of 16 irregular subdomains.

5.2. Irregular subdomains. Here we show a test case to illustrate that the method can
be applied to problems with less regular subdomains such as the ones stemming from a mesh
partitioning software, like METIS [13] or SCOTCH [7]. For this example we have used
METIS for the partitioning of Ω into subdomains. The coefficient distributions are as shown
in Figure 5.3, and the number of iterations and estimates of the smallest eigenvalues are given
in Table 5.2.
We see from the results that, although the iteration numbers are slightly higher than in
the regular case, both variants of the method seem robust with respect to the jumps in the
coefficient across subdomain boundaries.
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TABLE 5.2
Test problem 3. Number of GMRES iterations until convergence for different values of α̂1 in the coefficient
A = α1 (2 + sin(100πx) sin(100πy)); cf. Figure 5.3.

α̂1
100
101
102
103
104
105
106

Symmetric variant
♯ iter.
28 (1.93e-1)
32 (1.60e-1)
33 (1.37e-1)
34 (1.34e-1)
35 (1.34e-1)
35 (1.34e-1)
36 (1.34e-1)

Non-symmetric variant
♯ iter.
28 (1.92e-1)
31 (1.60e-1)
32 (1.37e-1)
33 (1.35e-1)
33 (1.35e-1)
35 (1.34e-1)
35 (1.34e-1)

5.3. Scalability. In the following experiments we show the asymptotic dependence of
the parameter cp on the mesh parameters H and h. For the purpose, we use two test cases
where the coefficient A is equal to 2 + sin(10πx) sin(10πy) and 2 + sin(100πx) sin(100πy),
respectively. The number of iterations and the estimates of the smallest eigenvalue are reported
in Tables 5.3 and 5.4 for the symmetric variant of the preconditioner. For comparison, we
also report in Table 5.5 the asymptotic dependency on the mesh parameters H and h for the
nonsymmetric variant of the preconditioner. The distribution of A here is the same as for the
problem considered in Table 5.4.
By looking at the number of iterations and the eigenvalue estimates in Tables 5.3–5.4,
we see that they change very slowly with respect to the change in h and H. This suggest a
logarithmic bound that is in line with our theory which states that the parameters describing
the convergence rate of the GMRES method depend poly-logarithmically on the mesh ratio
H
h . Also, by comparing Table 5.4 and 5.5, we see that the difference in the behavior of
the symmetric and the nonsymmetric preconditioner is negligible. The two preconditioners
perform almost identically for the problem at hand, both with respect to the iteration number
and the behavior of the smallest eigenvalue.
TABLE 5.3
Iteration number and estimate of the smallest eigenvalue for the for the symmetric preconditioner for increasing
values of h and H with A = 2 + sin(10πx) sin(10πy).

h/H
1/8
1/16
1/32
1/64
1/128
1/256

1/4
13 (5.31e-1)
16 (3.47e-1)
17 (2.26e-1)
19 (1.62e-1)
21 (1.24e-1)
24 (9.84e-2)

1/8

1/16

1/32

1/64

1/128

17 (4.86e-1)
20 (3.44e-1)
24 (2.51e-1)
28 (1.86e-1)
32 (1.41e-1)

17(4.85e-1)
20 (3.46e-1)
24 (2.60e-1)
29 (1.90e-1)

17 (4.85e-1)
20 (3.45e-1)
23 (2.63e-1)

16 (4.85e-1)
19 (3.47e-1)

16 (4.85e-1)

5.4. Jumps inside subdomains and along subdomain boundaries. Here we consider
two test problems for the symmetric and the nonsymmetric variant of the preconditioner where
the coefficients have large and possibly different jumps inside the subdomains and along the
subdomain boundaries. The motivation for these experiments is to show that even though our
convergence analysis does not cover these cases, both the symmetric and the nonsymmetric
variants of the method work well for the two examples given. For both experiments, the
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TABLE 5.4
Iteration number and estimate of the smallest eigenvalue for the symmetric preconditioner for increasing values
of h and H with A = 2 + sin(100πx) sin(100πy).

h/H
1/8
1/16
1/32
1/64
1/128
1/256

1/4
12 (5.32e-1)
14 (3.64e-1)
16 (2.64e-1)
19 (1.87e-1)
22 (1.39e-1)
24 (1.07e-1)

1/8

1/16

1/32

1/64

1/128

17 (4.85e-1)
19 (3.45e-1)
22 (2.60e-1)
28(1.82e-1)
35(1.26e-1)

18 (4.73e-1)
21 (3.36e-1)
25 (2.52e-1)
34 (1.66e-1)

18 (4.73e-1)
22 (3.37e-1)
25 (2.56e-1)

20 (4.65e-1)
25 (3.26e-1)

19 (4.78e-1)

TABLE 5.5
Iteration number and estimate of the smallest eigenvalue for the nonsymmetric preconditioner for increasing
values of h and H with A = 2 + sin(100πx) sin(100πy).

h/H
1/8
1/16
1/32
1/64
1/128
1/256

1/4
11 (5.35e-1)
13 (3.67e-1)
15 (2.62e-1)
18 (1.88e-1)
21 (1.39e-1)
24 (1.07e-1)

1/8

1/16

1/32

1/64

1/128

15 (4.98e-1)
19 (3.48e-1)
22 (2.53e-1)
29 (1.75e-1)
36 (1.24e-1)

17 (4.71e-1)
21 (3.31e-1)
26 (2.45e-1)
33 (1.61e-1)

17 (4.81e-1)
21 (3.41e-1)
26 (2.58e-1)

19 (4.73e-1)
24 (3.24e-1)

18 (4.83e-1)

coefficient is given as A = α1 (2 + sin(10πx) sin(10πy)) where α1 is shown in Figures 5.4–
5.5. The parameter α1 is piecewise constant and equal to α̂1 in the regions marked with colors
(shaded) and 1 elsewhere.
For the first of the two problems, we allow α̂1 to have three different values inside
the subdomains: these are regions marked with the colors red (squares), blue (horizontal
rectangles), and black (vertical rectangles); cf. Figure 5.4. In Table 5.6, we show the number
of iterations and estimates of the smallest eigenvalue in parentheses next to the iteration count.
The numerical results show that the two preconditioners work well for this case. This is
not so surprising. It is well known that domain decomposition methods with coarse spaces
based on functions which are discrete harmonic extension of some prescribed boundary values
are robust for problems with jumps inside the subdomains; cf. [12] or [16] for the case of
average extension. This has also been confirmed with extensive numerical testing for the two
methods considered in this paper.
In the last numerical experiments, we allow A to have large jumps along the subdomain
boundaries in addition to having jumps inside the subdomains. We see from the Table 5.7
that even for this coefficient distribution, the two preconditioners behave well in this case.
Here, the situation is less clear. The exact relation between the contrast in the coefficient and
the convergence estimate for the case where the coefficient has jumps along the subdomain
boundaries for this method, is unknown. The numerical testing carried out so far has shown
that, as long as the inclusions are away from the vertices/corner points of the subdomains or the
inclusions do not form a channel touching two or more of the interfaces between subdomains,
the two variants of the preconditioners work very well.
The extension of our convergence analysis to multiscale problems will be the topic of
further research.
Acknowledgments. The authors would like to thank Professor Petter Bjørstad and Professor Maksymilian Dryja for their valuable comments and discussions.
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F IG . 5.4. Test problem 4. The colored (shaded) regions, including the red (squared) regions, the blue (horizontal
rectangular) regions, and the black (vertical rectangular) regions, are regions where α1 equals α̂1 and 1 elsewhere.
α̂1 takes different values in different colored (geometrical) regions. The fine mesh consists of 64 × 64 rectangular
blocks, while the coarse mesh consists of 8 × 8 rectangular subdomains.
TABLE 5.6
Test problem 4. Number of GMRES iterations until convergence for different values of α̂1 in the coefficient
A = α1 (2 + sin(10πx) sin(10πy)); cf. Figure 5.4.

Red:
100
101
102
103
104
105
106

α̂1
Blue:
10−2
10−1
100
101
102
103
104

Black:
10−3
10−2
10−1
100
101
102
103

Symmetric variant
♯ iter.
32 (1.63e-1)
31 (1.83e-1)
27 (2.27e-1)
24 (3.00e-1)
22 (3.32e-1)
22 (3.36e-1)
22 (3.37e-1)

Non-symmetric variant
♯ iter.
32 (1.62e-1)
31 (1.82e-1)
27 (2.25e-1)
24 (2.98e-1)
22 (3.31e-1)
22 (3.35e-1)
22 (3.36e-1)

Appendix A. The abstract framework for FVE discretization; cf. [18]. Consider a
family of finite dimensional finite element subspaces Vh with mesh parameter h, an inner
product a(·, ·) on Vh , and a family of discrete problems. Find uh ∈ Vh such that
(A.1)

aF V (uh , v) = f (v)

∀v ∈ Vh ,

where aF V (u, v) is a nonsymmetric finite volume bilinear form.
Continuing, we decompose Vh into subspaces as follows,
Vh (Ω) = V0 +

N
X

Vi ,

i=1

where Vi ⊂ Vh for i = 0, . . . , N .
For each subspace Vi , we introduce a projection-like operators Ti : Vh (Ω) → Vi , such
that
(A.2)

a(Ti u, v) = aF V (u, v)

∀v ∈ Vi ,
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F IG . 5.5. Test problem 5. The red (shaded) regions are where α1 equals α̂1 and 1 elsewhere. The fine mesh
consists of 64 × 64 rectangular blocks, while the coarse mesh consists of 8 × 8 rectangular subdomains.
TABLE 5.7
Test problem 5. Number of GMRES iterations until convergence for different values of α̂1 in the coefficient
A = α1 (2 + sin(10πx) sin(10πy)); cf. Figure 5.5.

α̂1
100
101
102
103
104
105
106

Symmetric variant
♯ iter.
24 (2.51e-1)
22 (3.33e-1)
22 (3.46e-1)
22 (3.47e-1)
22 (3.47e-1)
22 (3.47e-1)
22 (3.47e-1)

Non-symmetric variant
♯ iter.
24 (2.50e-1)
22 (3.32e-1)
22 (3.45e-1)
22 (3.46e-1)
22 (3.46e-1)
22 (3.46e-1)
22 (3.46e-1)

and the symmetric additive operator
T := T0 + T1 + · · · + TN .
We replace the original problem (A.1) by the following operator equation
T uh = g,
PN

where g = i=0 gi and gi = Ti uh , which can be computed without knowing the solution u.
The nonsymmetric version of the operator T can be constructed completely analogously
by replacing the form a(·, ·) by aF V (·, ·) in (A.2).
A SSUMPTION 1. There exist positive constants CE , h0 such that, if h ≤ h0 , then for all
u, v ∈ Vh the following holds
|a(u, v) − aF V (u, Ih∗ v)| ≤ CE hkuka kvka .
A SSUMPTION 2. P
There exists a positive constant C0 such that for all u ∈ Vh there exists
N
a representation u = i=0 ui , ui ∈ Vi , such that
N
X
i=0

a(ui , ui ) ≤ C02 a(u, u).
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A SSUMPTION 3. Let 0 ≤ Eij ≤ 1 be the minimal values that satisfy
a(ui , uj ) ≤ Eij kui ka kuj ka ,

∀ui ∈ Vi , ∀uj ∈ Vj

i, j = 1, . . . , N.

We let ρ(E) be the spectral radius of the symmetric matrix E = {Eij }N
i,j=1 .
Assumption 1 yields that there exists 0 < h1 ≤ h0 such that the bilinear form aF V (·, ·) is
Vh -elliptic and Vh -bounded for h ≤ h1 , i.e., there exist positive constants α, M such that
aF V (u, u) ≥ αkuk2a

∀u ∈ Vh ,

|aF V (u, v)| ≤ M kuka kvka

∀u, v ∈ Vh .

With these assumptions satisfied, the estimates of the parameters describing the GMRES
convergence are given in the following theorem.
T HEOREM A.1. There exists an h1 ≤ h0 such that, if h ≤ h1 , then
a(T u, T u) ≤ β22 a(u, u),
a(T u, u) ≥ β1 a(u, u),
where β2 = (2M (1 + ρ(E))) and β1 = (α2 C0−2 − β2 CE h).
REFERENCES
[1] J. H. B RAMBLE , J. E. PASCIAK , AND A. H. S CHATZ, The construction of preconditioners for elliptic
problems by substructuring. I, Math. Comp., 47 (1986), pp. 103–134.
[2] S. C. B RENNER, Two-level additive Schwarz preconditioners for nonconforming finite element methods, Math.
Comp., 65 (1996), pp. 897–921.
, Poincaré-Friedrichs inequalities for piecewise H 1 functions, SIAM J. Numer. Anal., 41 (2003),
[3]
pp. 306–324.
[4] X.-C. C AI, Some Domain Decomposition Algorithms for Nonselfadjoint Elliptic and Parabolic Partial
Differential Equations, Ph.D. Thesis, Courant Insitute, New York University, New York, 1989.
[5] X.-C. C AI AND O. B. W IDLUND, Domain decomposition algorithms for indefinite elliptic problems, SIAM J.
Sci. Statist. Comput., 13 (1992), pp. 243–258.
[6] P. C HATZIPANTELIDIS, A finite volume method based on the Crouzeix-Raviart element for elliptic PDE’s in
two dimensions, Numer. Math., 82 (1999), pp. 409–432.
[7] C. C HEVALIER AND F. P ELLEGRINI, PT-Scotch: a tool for efficient parallel graph ordering, Parallel Comput.,
34 (2008), pp. 318–331.
[8] S. H. C HOU AND J. H UANG, A domain decomposition algorithm for general covolume methods for elliptic
problems, J. Numer. Math., 11 (2003), pp. 179–194.
[9] E. T. C HUNG , H. H. K IM , AND O. B. W IDLUND, Two-level overlapping Schwarz algorithms for a staggered
discontinuous Galerkin method, SIAM J. Numer. Anal., 51 (2013), pp. 47–67.
[10] C. R. D OHRMANN , A. K LAWONN , AND O. B. W IDLUND, Domain decomposition for less regular subdomains:
overlapping Schwarz in two dimensions, SIAM J. Numer. Anal., 46 (2008), pp. 2153–2168.
[11] S. C. E ISENSTAT, H. C. E LMAN , AND M. H. S CHULTZ, Variational iterative methods for nonsymmetric
systems of linear equations, SIAM J. Numer. Anal., 20 (1983), pp. 345–357.
[12] I. G. G RAHAM , P. O. L ECHNER , AND R. S CHEICHL, Domain decomposition for multiscale PDEs, Numer.
Math., 106 (2007), pp. 589–626.
[13] G. K ARYPIS AND V. K UMAR, A fast and high quality multilevel scheme for partitioning irregular graphs,
SIAM J. Sci. Comput., 20 (1998), pp. 359–392.
[14] A. K LAWONN , O. R HEINBACH , AND O. B. W IDLUND, An analysis of a FETI-DP algorithm on irregular
subdomains in the plane, SIAM J. Numer. Anal., 46 (2008), pp. 2484–2504.
[15] Y. L IN , J. L IU , AND M. YANG, Finite volume element methods: an overview on recent developments, Int. J.
Numer. Anal. Model. Ser. B, 4 (2013), pp. 14–34.
[16] A. L ONELAND , L. M ARCINKOWSKI , AND T. R AHMAN, Additive average Schwarz method for a CrouzeixRaviart finite volume element discretization of elliptic problems with heterogeneous coefficients, Preprint
on arXiv, 2014. http://arxiv.org/abs/1405.3494
[17] L. M ARCINKOWSKI, Additive Schwarz method for mortar discretization of elliptic problems with P1 nonconforming finite elements, BIT, 45 (2005), pp. 375–394.

ETNA
Kent State University
http://etna.math.kent.edu

EDGE-BASED SCHWARZ METHODS

461

[18] L. M ARCINKOWSKI , T. R AHMAN , A. L ONELAND , AND J. VALDMAN, Additive schwarz preconditioner for
the general finite volume element discretization of symmetric elliptic problems, Preprint on arXiv, 2014.
http://arxiv.org/abs/1405.0185
[19] T. P. A. M ATHEW, Domain Decomposition Methods for the Numerical Solution of Partial Differential
Equations, Springer, Berlin, 2008.
[20] T. R AHMAN , X. X U , AND R. H OPPE, Additive Schwarz methods for the Crouzeix-Raviart mortar finite
element for elliptic problems with discontinuous coefficients, Numer. Math., 101 (2005), pp. 551–572.
[21] Y. S AAD AND M. H. S CHULTZ, GMRES: a generalized minimal residual algorithm for solving nonsymmetric
linear systems, SIAM J. Sci. Statist. Comput., 7 (1986), pp. 856–869.
[22] M. S ARKIS, Nonstandard coarse spaces and Schwarz methods for elliptic problems with discontinuous
coefficients using non-conforming elements, Numer. Math., 77 (1997), pp. 383–406.
[23] B. S MITH , P. B JØRSTAD , AND W. G ROPP, Domain Decomposition: Parallel Multilevel Methods for Elliptic
Partial Differential Equations, Cambridge University Press, Cambridge, 1996.
[24] A. T OSELLI AND O. W IDLUND, Domain Decomposition Methods—Algorithms and Theory, Springer, Berlin,
2005.
[25] O. B. W IDLUND, Accomodating irregular subdomains in domain decomposition theory, in Domain Decomposition Methods in Science and Engineering XVIII, M. Bercovier, M. J. Gander, R. Kornhuber, and
O. Widlund, eds., vol. 70 of Lect. Notes Comput. Sci. Eng., Springer, Berlin, 2009, pp. 87–98.
[26] S. Z HANG, On domain decomposition algorithms for covolume methods for elliptic problems, Comput.
Methods Appl. Mech. Engrg., 196 (2006), pp. 24–32.

