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ON THE COMPUTATION OF THE DISTANCE TO
QUADRATIC MATRIX POLYNOMIALS THAT ARE SINGULAR
AT SOME POINTS ON THE UNIT CIRCLE∗
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Abstract. For a quadratic matrix polynomial, the distance to the set of quadratic matrix polynomials which have
singularities on the unit circle is computed using a bisection-based algorithm. The success of the algorithm depends
on the eigenvalue method used within the bisection to detect the eigenvalues near the unit circle. To this end, the
QZ algorithm along with the Laub trick is employed to compute the anti-triangular Schur form of a matrix resulting
from a palindromic reduction of the quadratic matrix polynomial. It is shown that despite rounding errors, the Laub
trick followed, if necessary, by a simple refinement procedure makes the results reliable for the intended purpose.
Several numerical illustrations are reported.
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1. Introduction. Robust stability of dynamic systems is often measured by the distance
to instability, or stability radius, which is equal to the norm of the smallest perturbation under
which the perturbed system loses its stability. For a continuous-time system dx/dt = Ax
with a square complex matrix A, the distance to instability (see [11, 12, 13, 26]) is given by
dc (A) = min σmin (iωI − A),
ω∈R

√
where i = −1, I is the identity matrix, and σmin denotes the smallest singular value of a
matrix. R. Byers [5] and other authors (see, e.g., [1, 2, 3, 4, 21]) have exploited the remarkable
fact that σ is a singular value of iωI − A for some ω ∈ R if and only if iω is an eigenvalue of
the Hamiltonian matrix


A −σI
,
H(σ) =
σI −A∗
where A∗ denotes the conjugate transpose of A. This means that the imaginary eigenvalues
of H(σ) determine the σ-level set of the multivalued function
iR ∋ iω 7→ singular spectrum of (iωI − A).
Note that H(σ) has no eigenvalues on the imaginary axis if and only if |σ| < dc .
When investigating the discrete-time stability of systems xk+1 = Axk , the distance to
instability is determined by
dd (A) = min σmin (eiω I − A),
ω∈R
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and the eigenvalues on the unit circle eiR = {λ ∈ C : |λ| = 1} of the linear symplectic matrix
pencil

 

A 0
I σI
−
λB(σ) − A(σ) = λ
σI I
0 A∗
determine the σ-level set of the multivalued function
eiR ∋ eiω 7→ singular spectrum of (eiω I − A).
More general formulations of the level set approach described above can be found
in [4, 8, 13]. The common feature of various variants of the level set approach is a reformulation of the initial problem to one that requires the decision whether a matrix or a matrix
pencil has an eigenvalue on the imaginary axis or the unit circle. It is important to find out
how this decision can be made reliable in spite of inaccuracies in the computed eigenvalues
caused by roundoff errors. In the paper [5], it has been demonstrated that such a reliability
can be achieved by the bisection method of [5] coupled with the structure-preserving methods
such as those discussed in [14, 15, 22, 23, 24].
Below we deal with the distance to instability for the second-order discrete-time system
(1.1)

A0 xk + A1 xk+1 + A2 xk+2 = 0,

where A0 , A1 , A2 ∈ Cm×m . When the system (1.1) is stable, that is, when all eigenvalues of
the quadratic polynomial
(1.2)

Q(λ) = A0 + λA1 + λ2 A2

are located in the open unit disk, the distance to instability (also called the complex stability
radius) is given by
n
d := d(Q) = min k∆k2 ∃λ ∈ C such that
o
(1.3)
det(A0 + ∆ + λA1 + λ2 A2 ) = 0 and |λ| ≥ 1 .

Formula (1.3) gives the size of the smallest perturbation of the coefficients A0 , A1 , and A2
that places an eigenvalue of the perturbed polynomial Q(λ) on the unit circle. It corresponds
to the distance of the matrix polynomial (1.2) to the set of unstable quadratic matrix polynomials. For matrices and matrix polynomials, this notion is important in control theory and
other engineering applications; see, e.g., [7, 8, 10, 11, 12, 13, 20, 25, 26].
Formula (1.3) has, in fact, a wider meaning: for an arbitrary quadratic matrix polynomial (1.2), it represents the distance to the set of quadratic matrix polynomials which have
singularities on the unit circle, i.e.,
(1.4)

d = min σmin (Q(eiω )).
ω∈R

The present work extends the investigation on the estimation of the distance d started
in [17]. We assume some familiarity with the results of that paper. While the main result
of [17] is a proof of the fact that the structure-preserving methods can provide reliable lower
bounds for the distance to a contour, the present paper justifies the use of the so-called Laub
trick as a structure-preserving method and recommends a deflation in addition to the Laub
trick. It also introduces an indicator function χ(σ) which suitably characterizes the distance
of the eigenvalues to the unit circle.
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The outline of this paper is as follows: in Section 2 the distance problem is recast as a
palindromic eigenvalue problem having or having not an eigenvalue on the unit circle. Section 3 introduces and justifies the use of the indicator function χ(σ). Section 4 studies the
Laub trick [18, 24], which is used to compute the anti-triangular Schur form of a matrix using
the standard QZ algorithm [19]. It is shown that this transformation can be done reliably
despite rounding errors. Section 5 summarizes the algorithms including a deflation procedure
which refines the anti-triangular Schur form to decide whether the computed eigenvalues are
on the unit circle and consequently estimates the sought distance using a bisection method.
Comparisons with the MATLAB optimization function fminbnd and other numerical illustrations are presented in Section 6. Concluding remarks are given in Section 7.
2. Reduction to a palindromic linear matrix pencil. Recent advances in eigenvalue
problems with palindromic structure motivated us to transform the distance eigenvalue problem (1.4) as follows.
First note that

(2.1)
σup = min σmin (A0 + A1 + A2 ), σmin (A0 − A1 + A2 )

is a rough upper bound for d. For each σ ∈ [d, σup ], there exist a suitable λ ∈ C on the unit
circle |λ| = 1 and singular vectors u and v such that


A0 + λA1 + λ2 A2 u = σv
and
A∗0 + λ̄A∗1 + λ̄2 A∗2 v = σu.



The equivalent equalities A0 + λA1 + λ2 A2 λu = λσv and λ2 A∗0 + λA∗1 + A∗2 v = λ2 σu
can be gathered as
 

 

σ 0 λu
0
A∗2 + λA∗1 + λ2 A∗0 λu
.
=λ
v
0 σ
v
A0 + λA1 + λ2 A2
0
Hence,
"

0
A0



−σI
A∗2
+λ
A1
0



0
A∗1
+ λ2
A2
−σI

A∗0
0

# 

  
λu
0
=
.
v
0

Denoting


0
Ak =
Ak


A∗2−k
,
0

k = 0, 1, 2,

and




λu
w=
,
v

we arrive at the eigenvalue problem P(λ)w = 0, where P(λ) is the quadratic matrix polynomial
P(λ) = A0 + λ (A1 − σI) + λ2 A2 ,
which depends on the parameter σ. Note that P(λ) is palindromic because A1 = A∗1
and A2 = A∗0 . As a consequence, its spectrum is symmetric with respect to the unit circle.
The distance d defines the partition [0, σup ] = [0, d) ∪ [d, σup ] such that P(λ) has a
singularity on the unit circle if σ ∈ [d, σup ] (σ < d). We continue with a transformation
of P(λ) into a linear pencil of double size which preserves the palindromic structure:


A0 A1 − σI
∗
(2.2)
X + λX
with X =
.
0
A0
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To avoid cumbersome notation, we will not exhibit the dependence of X on σ. The transformation (2.2) will be referred to as “Toeplitz reduction”. Note that the equality



−1
I 0 P(λ) A1 − σI
I 0
2 ∗
X +λ X =
λI I
0
P(−λ)
λI I
proves that the eigenvalues of X +λX ∗ are squares of those of P(λ). Moreover, it was shown
in [17] that
(
d − σ, when 0 ≤ σ < d,
∗ iω
(2.3)
min σmin (X + X e ) =
ω∈R
0,
when d ≤ σ.
3. An indicator function via the generalized Schur form. Let us consider the generalized Schur form of the palindromic pencil X + λX ∗ computed by the QZ algorithm in
floating point arithmetic
Q∗ (X + ∆x ) Z = Tx ,

(3.1)

Q∗ (X ∗ + ∆x∗ ) Z = Tx∗ ,

where Tx and Tx∗ are upper triangular, Q and Z are unitary, and the backward errors ∆x
and ∆x∗ are of sufficiently small norm
δ = max {k∆x k2 , k∆x∗ k2 } = O (ǫmachine ) kXk2 .

(3.2)

We introduce the indicator function
χ(σ) = min min (Tx )kk + eiω (Tx∗ )kk ,

(3.3)

ω∈R

k

where (T )kk designates the kth diagonal element of the matrix T . It is obvious that
χ(σ) = min |(Tx )kk | − |(Tx∗ )kk | .
k

P ROPOSITION 3.1. We have
χ(σ) ≥ max(0, d − σ − 2δ).
Proof. Since for any triangular matrix T it holds that
σmin (T ) ≤ min |(T )kk | ,
k

we have the inequality
σmin (Tx + eiω Tx∗ ) ≤ min (Tx )kk + eiω (Tx∗ )kk ,
k

∀ω ∈ R.

It follows that
min σmin (Tx + eiω Tx∗ ) ≤ min min (Tx )kk + eiω (Tx∗ )kk = χ(σ).
ω∈R

ω∈R

k

Moreover, (3.1) implies that
σmin (Tx + eiω Tx∗ ) ≥ σmin (X + eiω X ∗ ) − 2δ,
and therefore
χ(σ) ≥ σmin (X + eiω X ∗ ) − 2δ.
Applying (2.3) we arrive at the desired estimate χ(σ) ≥ max(0, d − σ − 2δ).
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The following practical upper bound
d ≤ σ + 2δ + χ(σ)

(3.4)

is a corollary of Proposition 3.1. Note that the upper bound (3.4) does not require structurepreserving methods for the computation of the Schur form. The next sections are devoted to
reliable lower bounds for d.
4. On the Laub trick. Structure preserving eigenvalue methods especially devised for
the palindromic pencil (2.2) are mostly based on the anti-triangular Schur form of a matrix [15, 24]. They include the U RV -type methods [22, 24], QR-type methods with the Laub
trick [23, 24], and Jacobi-type methods [24]. Another idea based on structured doubling algorithms is pursued in [6]. All these algorithms suffer from the presence of eigenvalues on
the unit circle. Nevertheless, we show below that when the pencil X + λX ∗ has no eigenvalues on the unit circle, the Laub trick followed, if necessary, by a deflation procedure is
satisfactory for our purposes.
The Laub trick for Hamiltonian and symplectic matrices is described, e.g., in [18]. The
first step in the palindromic version of the Laub trick is based on the QZ algorithm, and the
following proposition shows that despite rounding errors, some columns of Q and Z remain
almost orthogonal.
T HEOREM 4.1. Assume that the pencil X + λX ∗ of order 2n has no eigenvalues on the
unit circle, and consider its computed generalized Schur form (3.1) with a reordering of the
eigenvalues in non-decreasing order of magnitude and the backward errors ∆x and ∆x∗ that
satisfy (3.2) and 2δ < d − σ.
Denote by Z1 and Q1 the first n columns of Z and Q and recall that
d − σ = min σmin (X + λX ∗ ) ,
|λ|=1

when σ ≤ d.

Then
kZ1∗ Q1 k2

≤ min




4δ(kXk2 + δ)
,1 .
(d − σ − 2δ)2

Proof. First note that since the pencil X + λX ∗ has no eigenvalues on the unit circle, it
follows that σ < d; see Section 2. Therefore 0 < d − σ = min|λ|=1 σmin (X + λX ∗ ).
Let us denote by S and R the n × n upper triangular matrices formed by the first n rows
and columns of Tx and Tx∗ , respectively. Since the pencil X + λX ∗ is palindromic and the
eigenvalues are arranged in non-decreasing order of magnitude, the eigenvalues of S + λR
lie in the open unit disk, and, in particular, R is nonsingular. Moreover, from (3.1) we obtain
(X + λX ∗ + ∆x + λ∆x∗ )

−1
2

= (Tx + λTx∗ )

−1
2

≥ (S + λR)−1

and hence,
max (S + λR)−1

|λ|=1

2

≤
≤

k (X + λX ∗ )

1 − k (X +

−1
λX ∗ )

1
·
d − σ − 2δ

−1

k2

k2 k∆x + λ∆x∗ k2

Also, from (3.1) we have
XZ1 = Q1 S − ∆x Z1 ,

X ∗ Z1 = Q1 R − ∆x∗ Z1 ,

2
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and a premultiplication on the left by Z1∗ gives
(Z1∗ Q1 )S − R∗ (Q∗1 Z1 ) = ∆,
S ∗ (Q∗1 Z1 ) − (Z1∗ Q1 )R = ∆∗ ,

(4.1)
(4.2)

with ∆ = Z1∗ ∆x Z1 − Z1∗ (∆x∗ )∗ Z1 . Note that k∆k2 = k∆∗ k2 ≤ 2δ and that equation (4.2)
is simply the conjugate transpose of (4.1).
To eliminate the matrix Q∗1 Z1 from (4.1) and (4.2), we multiply (4.1) from the left
by S ∗ (R−1 )∗ and from the right by R−1 , multiply (4.2) from the right by R−1 , and add
the resulting equations. This leads to the following matrix equation for Z1∗ Q1 :


(4.3)
Z1∗ Q1 − (R−1 S)∗ (Z1∗ Q1 ) SR−1 = − (R−1 S)∗ ∆ + ∆∗ R−1 .
Since the eigenvalues of (R−1 S)∗ and SR−1 lie in the open unit disk, the unique solution
of (4.3) is given by (see, e.g., [9])
Z1∗ Q1

−1
=
2π

Z

2π

(R−1 S)∗ − e−iθ I

0

which simplifies to

−1


−1
(R−1 S)∗ ∆ + ∆∗ R−1 SR−1 − eiθ I
dθ,

Z1∗ Q1 = −S ∗ Y − R∗ Y ∗ ,
where
Z 2π
−1
−1
1
dθ.
∆ S − eiθ R
S ∗ − e−iθ R∗
Y =
2π 0

The proof follows by taking the norm and noting that kR∗ k ≤ kXk2 + δ, kS ∗ k ≤ kXk2 + δ,
−1
−1 2
1
k2 ≤ d−σ−2δ
k2 , and maxθ k S − eiθ R
kY k2 ≤ 2δ · maxθ k S − eiθ R
.
Using the notation of Theorem 4.1, let U = [Z1 , Q1 J], where J is the anti-diagonal unit
matrix of order n. Then
U ∗ XU = T + ∆1 ,
U ∗ U = I + ∆2 ,

(4.4)
(4.5)
with
(4.6)


0
R∗ J
,
T =
JS J(Q∗1 XQ1 )J

 ∗
(Z1 Q1 )S − Z1∗ ∆x Z1 −Z1∗ (∆x∗ )∗ Q1 J
,
∆1 =
−JQ∗1 ∆x Z1
0


0
Z1∗ Q1 J
.
∆2 = ∆∗2 =
∗
0
JQ1 Z1


Note that R∗ J and JS are lower anti-triangular and that

(4.7)

(4.8)

k∆1 k ≤ kZ1∗ Q1 k2 kSk2 + 2 max(k∆x k2 , k∆x∗ k2 )

4δ(kXk2 + δ)2
+ 2δ,
(d − σ − 2δ)2
4δ(kXk2 + δ)
k∆2 k2 = kZ1∗ Q1 k2 ≤
·
(d − σ − 2δ)2
≤
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It follows that the matrix U is close to being unitary and U ∗ XU is close to being lower block
anti-triangular provided that kXk2 /(d − σ) is not large.
In accordance with (3.4) we have, approximately, the bound σ ≥ d if χ(σ) is small.
We expect that σ < d holds approximately when χ(σ) is not small. The precise lower
bound (4.11) is justified as follows.
−1
From (4.5), it is easy to see that the matrix Û = U (I + ∆2 ) 2 is unitary and that
(4.9)

(I + ∆2 )

− 12

= I + ∆3 ,

with

k∆3 k2 ≤

k∆2 k2
·
2(1 − k∆2 k2 )

Then (4.4) becomes
(4.10)

Û ∗ X Û = (I + ∆3 )(T + ∆1 )(I + ∆3 ) = T + ∆4 ,

with
∆4 = ∆1 + T ∆3 + ∆3 T + ∆1 ∆3 + ∆3 ∆1 + ∆3 T ∆3 + ∆3 ∆1 ∆3 .
In view of (4.9), we have
k∆4 k2 ≤

k∆1 k2 + k∆2 k2 kT k2
,
(1 − k∆2 k2 )2

and from (4.4), (4.5), (4.7), and (4.8), we have at first order in kZ1∗ Q1 k2 and δ:
k∆1 k2 + k∆2 k2 kT k2
≈ 2 (kZ1∗ Q1 k2 kXk2 + δ) .
(1 − k∆2 k2 )2
Now from (4.10), we have



Û ∗ e−iω X + eiω X ∗ Û = e−iω T + eiω T ∗ + e−iω ∆4 + eiω ∆∗4 ,

and a result on palindromic perturbations of palindromic pencils (see [17, Section 4]) tells us
that
(4.11)

σ ≤ d + 2k∆4 k2 .

5. Algorithms. The arguments of Section 4 justify the Laub trick. Namely, when the
palindromic pencil (2.2) has no eigenvalues on the unit circle, the anti-triangular form can be
computed via the QZ algorithm despite rounding errors. However, the presence of eigenvalues near the unit circle makes this computation difficult, and a refinement procedure should be
used in this case. The numerical procedures are summarized in Algorithm 1 and Algorithm 2
below.
Algorithm 1 The Laub trick.
Input: 2n × 2n matrix X.
Output: Unitary matrix U , block anti-triangular T = U ∗ XU , vector r of n residual norms.
Compute a QZ factorization of the pencil X + λX ∗ with the eigenvalues ordered in non∗ ∗
decreasing magnitude
such that Q∗ XZ = T

 x and Q X Z = Tx∗ .
Compose U = Z(:, 1 : n) Q(:, n : −1 : 1) and orthonormalize the columns of U .
Set T = U ∗ XU .
for k = 1, . .q
. , n do
P
2
Set rk =
ij |Tij | , where the summation is taken over the indices satisfying
1 ≤ j ≤ k, 1 ≤ i ≤ 2n − j or 1 ≤ i ≤ k, 1 ≤ j ≤ 2n − i.
end for
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Algorithm 2 The Laub trick with deflation.
Input: 2n × 2n matrix X and tolerance tol.
Output: Unitary matrix U , block-anti-triangular T = U ∗ XU .
Call [U,T,r] = laub(X).
Compute the number k of residuals r, which are less than tol, and set i = k.
while k > 0 do
Call [V,T,r] = laub (T (k + 1 : end − k, k + 1 : end − k)).
U (:, i + 1 : 2n − i) = U (:, i + 1 : 2n − i)V .
Compute the number k of residuals r, which are less than tol, and set i = i + k.
end while
T = U ∗ XU .
Algorithm 1 is adopted from [23]. The MATLAB notation Z(:, 1 : n) and Q(:, n : −1 : 1)
denotes the first n columns of Z and the first n columns of Q in reverse order. The residual r
measures the gap between U ∗ XU and its lower anti-triangular part. More precisely, the kth
component of r contains the Frobenius norm of the first k rows and columns of the strictly
upper anti-triangular part of U ∗ XU . If the pencil X + λX ∗ has no eigenvalues near the
unit circle, then the vector r has small components and U ∗ XU has the desired lower antitriangular form. The presence of eigenvalues near the unit circle means that the dominant
eigenvalues of SR−1 are near the unit circle; see the proof of Theorem 4.1. This translates
into a large value of kZ1∗ Q1 k2 , as formula (4.8) shows. The matrix Z1∗ Q1 has tiny entries in
its leading principal part, which correspond to the eigenvalues well separated from the unit
circle, and larger entries elsewhere thus causing an increase in the last components of r. In
this case, we propose to re-apply Algorithm 1 only to the columns of U which contribute to
the increase of the components of r. Such an operation is repeated recursively until the last
components of r are small. The resulting matrix U ∗ XU has a block lower anti-triangular
form. The presence of upper diagonal elements is due to the presence of eigenvalues near or
on the unit circle. A formal description is given in Algorithm 2.
Algorithm 2 correctly computes the anti-triangular form for the pencil X + λX ∗ which
has no eigenvalues near the unit circle. In the following algorithm, Algorithm 3, it is implicitly
combined with a bisection to estimate the distance d.
Algorithm 3 Bisection.
Input: m × m matrices A0 , A1 , A2 , and a tolerance parameter tol.
Output: α and β such that either β/1.001 ≤ α ≤ d ≤ β or 0 = α ≤ d ≤ β ≤ 1.001 tol.
α = 0, β = min {σmin (A0 + A1 + A2 ), σmin (A0 − A1 + A2 )}.
while βp> 1.001 max(tol, α) do
d = β · max(tol, α).
if (2.2) has an eigenvalue on the unit circle then
β = d,
else
α = d.
end if
end while
Algorithm 3 is written in the style of [5]. It estimates the distance d within a factor
of 1.001. The upper bound (2.1) provides a first estimate for d and this bound is then refined
by the decision taken on the eigenvalues of (2.2). The problem of computing the eigenvalues
of (2.2) is reduced to the one for T + λT ∗ , where T is as defined in (4.6) and computed by
Algorithm 2.

ETNA
Kent State University
http://etna.math.kent.edu

173

DISTANCE TO THE UNIT CIRCLE

The computed bounds for d must be tuned to include the effect of roundoff errors. Thus,
the computed upper bound d1 should be increased by the value 2δ + χ(σ) with σ = d1 as
shown in (3.4). Concerning the correction of the computed lower bound d2 , the best way is to
compute the matrix Û ∗ X Û from (4.13) for σ = d2 , then compute the 2-norm of its part above
the anti-diagonal. Let us denote this by δ4 . This value δ4 yields k∆4 k2 satisfying (4.11). The
computed lower bound d2 should be decreased by the value 2δ4 .
6. Numerical tests. We present in this section results of numerical experiments with
by
the method summarized in Algorithm 3, where the anti-triangular form
 of X is computed

Algorithm 2. In all numerical tests, the parameter tol equals 10−14 A0 A1 A2 2 . We
also show comparisons with the MATLAB function fminbnd, which finds a minimum of the
functional

θ ∋ [0, 2π] 7→ σmin A0 e−iθ + A1 + A2 eiθ .
E XMAPLE 6.1.

1 1

1

A0 = 



Consider the quadratic matrix polynomial Q(λ) with coefficients



1 1 1
3.5 1
1
1
1
 1 3.5 1
1 1 1
1
1



∗

1 1 1
1
1
3.5
1
1
,
A
=
1


 , A2 = A0 .
1
1 1
1
1 3.5 1 
1
1
1
1
1 3.5

Algorithm 3 yields α = β = 4.246 × 10−2 . The function fminbnd yields d = 4.246 × 10−2 .
Figure 6.1 illustrates the fact that the function χ defined in (3.3) is large in the interval (0, d) and small in the interval [d, σup ]; see the discussion at the end of Section 3.
0
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χ(σ)
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−6
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−15
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−10
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−5
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σ

0
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5
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0.01

0.02

0.03
σ

0.04

0.05

F IG . 6.1. Behavior of the function χ(σ) for Example 6.1.

E XMAPLE 6.2. In this test case, the quadratic matrix polynomial is of size 3 and is
constructed as follows:
Ak = Ql Tk Qr ,

k = 0, 1, 2,

where the elements of Ql and Qr are chosen randomly with zero means and standard deviations one, Tk is strictly upper triangular with 1 on its strictly upper triangular part. The diagonal elements of T2 are all equal to 1, and those of T0 and T1 are chosen so
that T0 (k, k) = ρ2 /(1 + ǫk ) and T1 (k, k) = (ρ2 + T0 (k, k))/(1 + ǫk ), for k = 1, 2, 3, with
ǫ1 = 10−5 , ǫ2 = 10−4 , ǫ3 = 10−3 , and ρ is a parameter to be varied. The quadratic matrix
polynomial thus constructed has all its eigenvalues inside the circle of center 0 and radius ρ.
Table 6.1 displays results for two different values of ρ. Figure 6.2 shows the behavior of
the function χ.
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TABLE 6.1
Results for Example 6.2.

ρ
0.9
0.9
1.001
1.001

Method
algorithm3
fminbnd
algorithm3
fminbnd

Estimates of distance
[3.38 × 10−7 , 3.38 × 10−7 ]
3.38 × 10−7
[4.62 × 10−13 , 1.38 × 10−12 ]
1.38 × 10−12
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−6

10

−8
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−8

10 −14
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−12

−10

10

−8

10
σ

−6

10

10

10 −14
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−13

10

−12

σ

−11
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10

F IG . 6.2. Behavior of the function χ(σ) for Example 6.2. Left: ρ = 0.9. Right: ρ = 1.001.
TABLE 6.2
Results from Algorithm 2 for Example 6.2.

ρ = 0.9
r
9.82 × 10−14
1.48 × 10−13
1.28 × 10−13
4.66 × 10−14
9.33 × 10−2
2.24 × 10−1
5.03 × 10−1

σ
iter
4
3
3
3
2
1
1

10−14
10−12
10−10
10−8
10−6
10−4
10−2

iter
5
0
4
0
1
1
1

0

0

2

2

4

4

6

6

8

8

10

10

12
0

ρ = 1.001
r
6.65 × 10−14
9.09 × 10−3
6.86 × 10−3
6.63 × 10−2
1.42 × 10−1
1.09 × 10−1
5.11 × 10−1

12
2

4

6

8

10

12

0

2

4

6

8

10

12

F IG . 6.3. Antitriangular form of X for Example 6.2 with ρ = 0.9. Left: σ = 10−10 . Right: σ = 10−4 .

Table 6.2 displays information provided by Algorithm 2. In this table, the Frobenius
norm of the upper anti-triangular part of T = U ∗ XU is denoted by r, and the number of
refinement steps needed to reduce X to a block anti-triangular form is denoted by iter. Small
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(large) values of r indicate that T = U ∗ XU is reduced to an anti-triangular (block-antitriangular) form. An illustration is given in Figure 6.3. In the latter case, the quadratic
pencil P(λ) has an eigenvalue near or on the unit circle.
7. Concluding remarks. The tests examples presented in the previous section and several numerical tests not reported here have shown that the bisection method described in Algorithm 3 often gives very good estimates of the distance. At the heart of this algorithm are
the QZ algorithm, the Laub trick, and a refinement that enhances the reduction to (block) antitriangular form. The resulting algorithm takes into account to some extent the palindromic
structure and benefits from the error analysis for the palindromic reduction (2.2) developed in
[17]. Variants of Algorithm 3 have been tested where, instead of Algorithm 2, the QZ method
and methods developed in [6, 15, 16] were used to compute the eigenvalues of (2.2). With a
few exceptions, these methods delivered results comparable to those given by the proposed
method. However, they are either unstructured and/or computationally expensive or lack a
stability analysis. The MATLAB method fminbnd has the advantage of being fast but may
stagnate in a local minimum.
Acknowledgment. We would like to thank the referees for their helpful comments.
REFERENCES
[1] S. B OYD , V. BALAKRISHNAN , AND P. K ABAMBA, On computing the H∞ -norm of a transfer function
matrix, in Proceedings of the 1988 American Control Conference (Atlanta, 1988), IEEE Conference
Proceedings, Los Alamitos, 1988, pp. 396–397.
[2]
, A bisection method for computing the H∞ -norm of a transfer function matrix and related problems,
Math. Control Signals Systems, 2 (1989), pp. 207–219.
[3] S. B OYD AND V. BALAKRISHNAN, A regularity result for the singular values of a transfer matrix and
a quadratically convergent algorithm for computing its L∞ -norm, Systems Control Lett., 15 (1990),
pp. 1–7.
[4] N. A. B RUINSMA AND M. S TEINBUCH, A fast algorithm to compute the H∞ -norm of a transfer function
matrix, Systems Control Lett., 14 (1990), pp. 287–293.
[5] R. B YERS, A bisection method for measuring the distance of a stable matrix to the unstable matrices, SIAM
J. Sci. Statist. Comput., 9 (1988), pp. 875–881.
[6] E. K.-W. C HU , T.-S. H UANG , AND W.-W. L IN, Structured doubling algorithms for solving g-palindromic
quadratic eigenvalue problems, in Proceedings of the ICCM 2010, L. Ji, Y. S. Poon, L. Yang, and
S.-T. Yau, eds., AMS/IP Studies in Advanced Mathematics, 51, AMS, Providence, 2012, pp. 645–661.
[7] M. F REITAG AND A. S PENCE, A Newton-based method for the calculation of the distance to instability,
Linear Algebra Appl., 435 (2011), pp. 3189–3205.
[8] Y. G ENIN , R. S TEFAN , AND P. VAN D OOREN, Real and complex stability radii of polynomial matrices,
Linear Algebra Appl., 351/352 (2002), pp. 381–410.
[9] S. K. G ODUNOV, Modern Aspects of Linear Algebra, AMS, Providence, 1998.
[10] N. J. H IGHAM , F. T ISSEUR , AND P. VAN D OOREN, Detecting a definite Hermitian pair and a hyperbolic or
elliptic quadratic eigenvalue problem, and associated nearness problems, Linear Algebra Appl., 351/352
(2002), pp. 455–474.
[11] D. H INRICHSEN AND A. J. P RITCHARD, Stability radii of linear systems, Systems Control Lett., 7 (1986),
pp. 1–10.
, Stability radius for structured perturbations and algebraic Riccati equation, Systems Control Lett.,
[12]
8 (1986), pp. 105–113.
[13]
, Mathematical Systems Theory I. Modelling, State Space Analysis, Stability and Robustness, Springer,
Berlin, 2005.
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[22] C. S CHR ÖDER, URV decomposition based structured methods for palindromic and even eigenvalue problems,
Matheon Preprint 375, Technical University Berlin, Berlin, 2007.
[23]
, A QR-like algorithm for the palindromic eigenvalue problem, Matheon Preprint 388, Technical University Berlin, Berlin, 2007.
[24]
, Palindromic and Even Eigenvalue Problems—Analysis and Numerical Methods, Ph.D. Thesis, Department of Mathematics, Technical University Berlin, Berlin, 2008.
[25] F. T ISSEUR AND K. M EERBERGEN, A survey of the quadratic eigenvalue problems, SIAM Rev., 43 (2001),
pp. 235–286.
[26] C. F. VAN L OAN, How near is a stable matrix to an unstable matrix?, in Linear Algebra and its Role in
Systems Theory. Proceedings of the AMS-IMS-SIAM Conference 1984, R. A. Brualdi, D. H. Carlson,
B. N. Datta, C. R. Johnson, and R. J. Plemmons, eds., Contemp. Math., 47, AMS, Providence, 1985,
pp. 465–477.

